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Section 3-9 : Chain Rule

We've taken a lot of derivatives over the course of the last few sections. However, if you look back they
have all been functions similar to the following kinds of functions.

R(z)=vz  f(t)=¢" y =tan(x) h(w)=e"  g(x)=Inx

These are all fairly simple functions in that wherever the variable appears it is by itself. What about
functions like the following,

R(z)=+5z-38 f(t)=(2t3+cos(t))

h(w) eV g(x) =ln(x’4 + x4)

50

y= tan(3 3x° +tan(5x))

None of our rules will work on these functions and yet some of these functions are closer to the
derivatives that we’re liable to run into than the functions in the first set.

Let’s take the first one for example. Back in the section on the definition of the derivative we actually
used the definition to compute this derivative. In that section we found that,

R(z)=—2

245z-8

If we were to just use the power rule on this we would get,

| gl | ><
~(5z-8) 2= ——
2( ‘ ) 245z-8

which is not the derivative that we computed using the definition. It is close, but it’s not the same. So,
the power rule alone simply won’t work to get the derivative here.

Let’s keep looking at this function and note that if we define,
f(z):\/; g(z)zSz—S
then we can write the function as a composition.
R(z)=(f>g)(z)=1(g(2)) =528

and it turns out that it’s actually fairly simple to differentiate a function composition using the Chain
Rule. There are two forms of the chain rule. Here they are.

Chain Rule
Suppose that we have two functions f(x) and g(x) and they are both differentiable.

1. If we define F(x) = (fog)(x then the derivative of F(x) is,

Fix)=/(e(x) &) =

2. Ifwehave y= f(u) and u = g(x) then the derivative of y is,

&y _dy du
dx du dx




Example 1 Use the Chain Rule to differentiate R(z)=+/5z-8.

Solution
We've already identified the two functions that we needed for the composition, but let’s write them
back down anyway and take their derivatives.

g(z)=5z-8

And this is what we got using the definition of the derivative.

In general, we don’t really do all the composition stuff in using the Chain Rule. That can get a little
complicated and in fact obscures the fact that there is a quick and easy way of remembering the chain
rule that doesn’t require us to think in terms of function composition.

Let’s take the function from the previous example and rewrite it slightly.
1
R(:)z (5:—8) .

" outside
inside function fynetion

derivative of
outside function

inside function derivative of
left alone inside function

In general, this is how we think of the chain rule. We identify the “inside function” and the “outside
function”. We then differentiate the outside function leaving the inside function alone and multiply all
of this by the derivative of the inside function. In its general form this is,
F'(x)= ' X "(x
()= _s  (e(x) &)

derivative of jnside function  times derivative
outside function left alone of inside function




Example 2 Differentiate each of the following.
@ f(x)= sin(3x2 +x)

) f(1)=(2r +cos(r))50
(© h(w) ="

(e) y =sec(1-5x)
(f) P(t)=cos* (f)+C0s(t4)




Example 3 Differentiate each of the following.
@ f(x)=[g(x)]
(b) f(x)= v
~ (© f(x)=In(g(x))

(a) The outside function is the exponent and the inside is g( )

)=n[2(x)]" ¢'(x)

(b) The outside function is the exponential function and the inside is g(x) .

71(0)=g'(x)e"




Example 4 Differentiate each of the following.

L oladeall gd Jall 30










Example 5 Differentiate each of the following.

2
® h(z)= (4z+e )10

0 1()= 20+ (3y+4°)

(d) g(¢)=sin’ (el" +3 sin(6t))




(d) g(¢)=sin’(e"" +3sin(6t))

We'll need to be a little careful with this one.

/ : St d . (10 ..
g'(t)=3sin’ (e1 +3s1n(6z‘))5sm(e1 +3sm(6t))

=3sin’ (e” +3sin (6t)) COS (el_’ +3 sin(6t))%(e]_’ +3sin (6t))

=3sin’ (eH +3 sin(6t))cos(e1_’ + 3sin(6t))(e1_’ (-1)+3 cos(6t)(6))

= 3(—e1_’ +18 cos(6z‘))sin2 (eH +3 sin(6t))cos(el_t + 33in(6t))




CHAIN RULE




3.4 The Chain Rule

Suppose you are asked to differentiate the function

F(x) =+/x2+1

The differentiation formulas you learned in the previous sections of this chapter do not
enable you to calculate F'(x).

The Chain Rule If g is differentiable at x and f is differentiable at g(x), then
the composite function F = fo g defined by F(x) = f(g(x)) is differentiable at x
and F’ is given by the product

F'(x) = f"(g(x)) - ¢'(x)

In Leibniz notation, if y = f(u«) and u = g(x) are both differentiable functions,
then

dy dy du
dx du dx

The Chain Rule can be written either in the prime notation
2] (fo9)'(x) = f(g(n) - g'(x)

or, if y = f(u) and u = g(x), in Leibniz notation:

@ dy dy du
dx du dx

DOUBLE-ANGLE FORMULAS

Formula for sine: sin 2x = 2 sin x cos x

Formulas for cosine: cos 2x = cos’x — sin’x
=1 — 2sin’x
=2cos’x — 1

2 tan x
Formula for tangent: tan 2x = 3
1 — tan“x




To do the chain rule:
1. Differentiate the outer function, keeping the inner
function the same.

2. Multiply this by the derivative of the inner function.

) e = (4x ~3)

2) q(x) =cos(2x)

3) hex) = (s‘wx?.x)q




EXAMPLE 1 Find F'(x) if F(x) =

“d 1,




EXAMPLE 2 Differentiate (a) y = sin(x*) and (b) y = sin*x.




@ The Power Rule Combined with the Chain Rule If 7 is any real number
and u = g(x) is differentiable, then
, du

e W) =t

d
Alternatively, Ix [g(x)]" = n[g(0)]"" - g'(x)

EXAMPLE 3 Differentiate y = (x> — 1)'%,

1
Jxr+x+ 1

EXAMPLE 4 Find f'(x) if f(x) =




EXAMPLE 5 Find the derivative of the function

EXAMPLE 6 Differentiate y = (2x + 1)°(x* — x + 1)*.




EXAMPLE 7 Differentiate y = ",




7-A6 Find the derivative of the function.

1. y = Y1 + 4x




2. y=(2x° + 5)°

4. y = sin(cot x)




7. F(x) = (5x°% + 2x°)*




7-46 Find the derivative of the function.

9. f(x) =+5x + 1

L) = s+







11. £(0) = cos(6?)

12. g(0) = cos°0




15. f(t) = e“sin bt

18. g(x) = (x* + 1)°(x* + 2)°




19. h(t) = (r + D322 — 1)



















59. Find all points on the graph of the function
f(x) = 2sin x + sin’x at which the tangent line is horizontal.




60. At what point on the curve y = /1 + 2x is the tangent line
perpendicular to the line 6x + 2y = 1?




dy _dy dv _dy du dx

dt  dx dt  du dx dt

EXAMPLE 8 If f(x) = sin(cos(tan x)), then

EXAMPLE 9 Differentiate y = %<,




45. y = cos+/sin(tan 7mx)




71. Let r(x) = f(g(h(x))), where A1) = 2,9(2) = 3, h'(1) = 4,
g'(2) = 5,and f'(3) = 6. Find r'(1).




II. If h(z) = g(f(z)), where f(2) =3, f'(2) =4, g(3) =6, and ¢'(3) = —5, then h'(2) =

a)

b) 24

c) | —20} e
)

12.

d

None of the above.




65. If f and g are the functions whose graphs are shown, let
u(x) = f(g(x)), v(x) = g(f(x)), and w(x) = g(g(x)). Find
each derivative, if it exists. If it does not exist, explain why.

(@) u'(1) (b) v'(1) (c) w'(1)

yl

il




The Chain Rule can be written either in the prime notation

2 (fog)(x) = f(g9(x) - g'(x)

II. If f(x) = 5x and g(x) = 2cosz, then (f o g) (1) =

b) . ¢) 10. d) —10. e) None of the above.
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3.5 Implicit Differentiation

dy

—— @l sy (implicit Differentiation ) gieall GLEELEY 46,k audti
4L e X e VI il gule am (15< UL

eXomples: —

2 2
— X + Y =25

— 72Xy Lswmx = fx swnx) —|

— swm(x+y)= X

d

\) 7CL£_> 2
4 1

) v 2y Y
d

S\nx — | swwx

3)\/6 _“’1>7/€ +Y €




el BELEY] Ja T,k

EXAMPLE 1
dy

(a) If x* + y* = 25, find —.
dx

(b) Find an equation of the tangent to the circle x* + y* = 25 at the point (3, 4).
q g P




o dlbys Lw ..chain rule 3.4 aSis 48 )b yuds Leda G ol uds
..dsbk le chain ruledls Ja3 u88 3,0 JS

Jad T, Glaad L Jl5ew Lag s Sk g0 YJI st W Bole 1 daadls
oecall By

EXAMPLE 1
dy

(a) If x> + y* = 25, find —.
dx

(b) Find an equation of the tangent to the circle x> + y* = 25 at the point (3, 4).




EXAMPLE 2
(a) Find y" if x> + y* = 6xy.
(b) Find the tangent to the folium of Descartes x* + y’ = 6xy at the point (3, 3).




EXAMPLE 3 Find y’ if sin(x + y) = y*cos x.

EXAMPLE 4 Find y" if x* + y* = 16.




5-20 Find dy/dx

7. 4 2,2
x*+xtyr+y’=5

2
5. x> —4xy +y* =4







1 [ J




14. e’sinx = x + xy

d
4. [10 pts.] Find d—y by implicit differentiation: eYsinz = = + zy.
T







21. If £(x) + ¥*[ £(x)]® = 10 and (1) = 2, find f'(1).




22. If g(x) + xsin g(x) = x?, find ¢4'(0).




@ Derivatives of Inverse Trigonometric Functions

d(,_]) 1
—(sin” 'x) = ——
dx 1 — x2

d . 1
I (cos™'x) =

1

d—(tan’lx) B 1+ x2

X

N

Derivatives of Inverse Trigonometric Functions

1
xyx2 =1
_
xyx2 =1

1
1 + x?

_— -1 T
I (csc™x)

- -1 —
I (sec”'x)

d
—_— t lx) = —
I (cot™'x)

EXAMPLE 5 Differentiate (a) y =

and (b) f(x) = x arctan+/x.

sin” 'x




49-60 Find the derivative of the function. Simplify wher
possible.

49. y = (tan 'x)*

50. y = tan '(x?)




51. y =sin"'(2x + 1)




52. g(x) = arccos+/x




54. y = tan '(x — /1 + x2)




55. h(t) = cot™'(¢) + cot™'(1/7)




57. y = xsin 'x + /1 — x2

III. If sin™!' z + €Y = e, then

dy

dx 1(0,1) B







IV. If sin(z) +3° = 2?4+ 1, then dy —
dx 1(0,1)

b)1/3.  «¢)o0. d) 1. e) None of the above.




I. If f(z) =sin"'(27), then f'(z) =
1

V1 — 422
—1

V1 — 42

9
D) A=

(E) None of the above.

(A)

(B)




-

II. The slope of the tangent line to the graph of 2% — 3y* = —2 at (1,1) is
(A) 1/3.
(B) —9/2.

©) [2/9] 1/

(D) 3/2.

(E) None of the above.




_
Show thot or preve

3) 4 (sin'gx) = 2
dx | - 4x*




0 }—0J

Thamrah

Kuwait University

Calculus 1 — Derivatives of
Logarithmic

(Section 3.6)

For Contact and Support:

YouTube: Precalculusq8 Twitter: Precalculusq8




Derivatives of Logarithmic Functions

d
_1 —
dx(ogbx) * In

d 9 '(x)
_— 1 3(1} —
dx (log.») 9(x) In b

d

_1 —
dx(HX) X

g'(x)
g(x)

< [in g()] =

EXAMPLE 1 Differentiate y = In(x’ + 1).




Ol L L SX10g 57 INJ Galsd ansios £ Jileakl (aay o
d“ sot ‘l |.*| I -

LAWS OF LOGARITHMS
Let a be a positive number, with a # 1. Let A, B, and C be any real numbers with A > 0 and B > 0.

Law Description

1. log,(AB) = log,A + log, B The logarithm of a product of numbers is the sum of the logarithms of the
numbers.

A
28 loga<E> = log,A — log, B The logarithm of a quotient of numbers is the difference of the logarithms of the
numbers.

3. log,(A€) = Clog, A The logarithm of a power of a number is the exponent times the logarithm of the
number.

- In(AR) = lnA 4+ B

n A) = InA-1nB

3
v AX = X \nhA

L>€x; \n XL( = ‘f\n?( / \V\XSMM :(3\\47()\7\1

PROPERTIES OF NATURAL LOGARITHMS

Property Reason

1.In1=0 We must raise e to the power O to get 1.
2.lne=1 We must raise e to the power 1 to get e.
3. Ine* =x We must raise e to the power x to get e”.

4. " =x In x 1s the power to which e must be raised to get x.




EXAMPLE 2 Find i In(sin x).

dx

EXAMPLE 3 Differentiate f(x) = +/In x.

EXAMPLE 4 Differentiate f(x) = logo(2 + sin x).




EXAMPLE 5 Find




EXAMPLE 6 Find £'(x) if f(x) = In|x]|.




2-22 Difterentiate the function.

2. f(x) =xInx — x

3. f(x) = sin(In x)

7. f(x) = logio(1 + cos x)




I. Let f(x) = log,o(z* + 1). Then:

2%
241
2%
(22 +1)In10°
1
2+ 1
1
(22 +1)In10
(E) None of the above.

A f(z) =

B) f(z) =

(© f'(z) =

(D) f'(z) =




9. g(x) = In(xe )

11. F(t) = (Int)*sin ¢













16. y=1In|1 + ¢ — ¢

17. T(z) = 2°log,z




19. y =In(e™* + xe™)







21. y = tan[In(ax + b)]

5. [10 pts.] Find v if y = In(1 + Inx).




23-26 Find y' and y".

23. y = \/;lnx




B Logarithmic Differentiation

The calculation of derivatives of complicated functions involving products, quotients, or
powers can often be simplified by taking logarithms. The method used in the following
example is called logarithmic differentiation.

Sin Jx \nac DU gda Gkl auaii
gx: x y L Y, \)_;C - s Gl Ay -

Lide 3u8ae Uly -Y

)(3/4\/x2 + 1
(3x + 2)°

EXAMPLE 7 Differentiate y =




Dl BN 23-‘
il Gl @y Sl Ja B,k

9(X)
< [#oa]
d

9 (x)

l) y = L) s
hy :‘\hF(n

)
ny = 90 \ntx

)\
9 (X) L(x) + 9 ()‘

l e |
Lf) 7 fw 0’9\‘;\‘
-7 <9(x)# ,+ (nh ﬁ :
s y'= "

ZT (R




2 You should distinguish carefully between the Power Rule [(x")" = nx""'], where the
base is variable and the exponent is constant, and the rule for differentiating exponential
functions [(»*)" = b* In b], where the base is constant and the exponent is variable.

In general there are four cases for exponents and bases:

l“ d

—_—

Constant base, constant exponent ) d (b") =0

b and n are constants) —— 2 -0y
dx ( ) dx dx

3 z
Variable base, constant exponent . ;—[ [f0)]" = n[f()]""f'(x) j‘; (ZX + 3) =3 (21 t3) (2)
dx

d d sinx S\nx
Constant base, variable exponent . I[b”m] = b™(In b)g'(x) EJL 3 =3 lVl (3) (osx

Variable base, variable exponent . To find (d/dx)[ f(x)]*?, logaritmic differentiation can be used, as in the next
example.

EXAMPLE 8 Differentiate y = xV*.




I1I. The derivative of f(z) = 2V*™ at x = 1 is

e) None of the above.




3. [10 pts.] Let f(x) = (34 4x)°*". Find f'(x).

d
1. [10 pts.] Let y = (z* + 1)°%. Use logarithmic differentiation to find é at x = 0.




2. [10 pts.] Find an equation of the tangent line to the curve y = 2'(*) at the point (1, 1).

d
3. [10 pts.] Let y = (z* 4+ 1)*. Find d—y
T




39-50 Use logarithmic differentiation to find the derivative of the
function.

39. y = (x? + 2%(x* + 4)*













47. y = (cos x)*




6. |10 pts.]

d
Find 22 if 2¥ = y”.
dx




: d
3. [10 pts.] Let y = (v/x)™"*. Find d—y
T

[IL. If f(z) = 2°¢® ', them f'(1).

one of the above.
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S=Surface Area = A = Area.

Rectangle
A=lw
P=2] +2w

Triangle
A = 5bh

P zat+tbtC

S:Z‘“’V\A-\- Z'WVL

P = Perimeter = Circumference = C. Volume =V

Square

A=x"”

P = 4x
2

Cube

V=

X

X

S=6x"

Pyramid

RECTANGULAR SOLID
[ = length, w width.

h height

Volume: | hah
Surface Area:

S = 2w + 2h + 2wh

ey




Name

Side

Length

Height

Base

Radius

Diameter

Area

Surface

Area Zw\ ?%A \M
Volume W\

Rate J s= 0

Increasing NUSYI

Decreasing

P\ 0

-

ex . Areo intreasing by 3m/s Al Cias gl ana T ol g dilis Jl5ealls i 13]

PA LR RV RYARAY

- dA 3wl 63 i o3l sle ppeie &l sk o1 £ L5,
4 €




PART II: Related Rates

Related rates problemﬁ/ can be 1dentilied by their

request for finding how quickly some quantty is

changing when you are given how quickly another

variable 1s changing. There exist a few classic
types of related rates problems with which you

should famihianze yourself.

The Falling Ladder (and other
Pythagorean Problems)
The Leaky Container

The Lamppost and the Shadow

The Change in Angle Problem

Triangle similarity theorem




STEPS:

1. As you read the problem pull out essential information &

make a diagram 1f possible.

el o sllally LglS olibaall S
2. Write down any known rate of change & the rate of change
you are looking for, e.g.

dt dr

3. Be careful with signs...1f the amount 1s decreasing, the rate
ol change 1s negative.

4. Pay attention to whether quantities are fixed or varying. For
example, 1f a ladder 1s 12 meters long you can just call 1t 12.
And 1f a radius 1s changing a changing rate, just call 1t r You
will plug 1n values for varying quantities at the end.

csllally ldasll s by (o1 sl (g3 A1
6. Set up an equation involving the appropriate quantities.

7. Differentiate with respect to ¢ using imphicit differentiation.

8. Plug in known items (you may need to find some quantities
using geometry).

9. Solve for the item you are looking for, most often this will
be a rate of change.

10. Express your final answer in a full sentence with units that
answers the question asked.

4 cidgl] go Gailis sl Lol gy LS (T

= - _ | Lle Laaj
c“: e :J&

gl ¢ anall Gals ¢ (a3l de ]




1. If V 1s the volume of a cube with edge length x and the cube
expands as time passes, find dV/dt in terms of dx/dt.

2. (a) If A is the area of a circle with radius r and the circle
expands as time passes, find dA /dt in terms of dr/dt.
(b) Suppose oil spills from a ruptured tanker and spreads in
a circular pattern. If the radius of the oil spill increases at
a constant rate of 1 m/s, how fast is the area of the spill
increasing when the radius is 30 m?




3. Each side of a square is increasing at a rate of 6 cm/s. At what
rate 1s the area of the square increasing when the area of the
square is 16 cm*?




3.9 Related Rates

EXAMPLE 1 Air is being pumped into a spherical balloon so that its volume increases
at a rate of 100 cm’/s. How fast is the radius of the balloon increasing when the diam-
eter 1s 50 cm?




Example 2: “The Leaky Container”

Gas 1s escaping from a spherical balloon at the rate of 2 cubic feet per minute. How fast 1s the surface area

shrinking when the radius of the balloon 1s 12 feet?




e

EXAMPLE 2 A ladder 10 ft long rests against a vertical wall. If the bottom of the lad-

der slides away from the wall at a rate of 1 ft/s, how fast is the top of the ladder sliding
down the wall when the bottom of the ladder is 6 ft from the wall?

wall

10 Y

-

3%
|

ground

FIGURE 1 FIGURE 2




Example 1: “The Falling Ladder”

A ladder 1s shiding down along a vertical wall. If
the ladder 1s 10 meters long and the top 1s
slipping at the constant rate of 10 m/s, how fast 1s
the bottom of the ladder moving along the
ground when the bottom 1s 6 meters from the
wall?




EXAMPLE 4 Car A is traveling west at 50 mi/h and car B is traveling north at
60 mi/h. Both are headed for the intersection of the two roads. At what rate are
the cars approaching each other when car A 1s 0.3 mi and car B is 0.4 mi from the

intersection?




EXAMPLE 5 A man walks along a straight path at a speed of 4 ft/s. A searchlight is
located on the ground 20 ft from the path and is kept focused on the man. At what rate
is the searchlight rotating when the man is 15 ft from the point on the path closest to

the searchlight?




4. The length of a rectangle is increasing at a rate of 8 cm/s and
its width is increasing at a rate of 3 cm/s. When the length is
20 cm and the width is 10 cm, how fast 1s the area of the
rectangle increasing?




5. A cylindrical tank with radius 5 m is being filled with water
at a rate of 3 m’/min. How fast is the height of the water
increasing?




6. The radius of a sphere is increasing at a rate of 4 mm/s. How
fast 1s the volume increasing when the diameter is 80 mm?




14. If a snowball melts so that its surface area decreases at a rate of
1 cm*/min, find the rate at which the diameter decreases when
the diameter 1s 10 cm.




9. Suppose y = +/2x + 1, where x and y are functions of 1.
(a) If dx/dt = 3, find dy/dt when x = 4.
(b) If dy/dt = 5, find dx/dt when x = 12.




10. Suppose 4x* + 9y* = 36, where x and y are functions of 7.
(a) If dy/dt = %, find dx/dt when x = 2 and y = 3/5.
(b) If dx/dt = 3, find dy /dt when x = —2 and y = 5./5.




1. If x> + y* + 2z =9, dx/dt = 5, and dy/dt = 4, find dz/dt
when (x, y, z) = (2,2, 1).




3. [10 pts.] The height of a triangle is increasing at a rate of 1 cm/min while the area of the
triangle is increasing at a rate of 2 cm?/min. At what rate is the base of the triangle changing

when the height is 10 cm and the area is 100 cm??

2. [10 pts.] Two people start running from the same point P. One runs east at 6 km/h and the other

runs north at 8 km/h. How fast is the distance between the two people changing after 0.5 hour?




3. [10 pts.] A rectangle has a fixed area of 24 ¢m?. The length is decreasing at

a rate of 2 ecm/min. At what rate the width is increasing when the length is 8

cm.




3. [10 pts.] A cylindrical tank of diameter 6 m is being filled with water at a rate of 2 m?3/hr, how
fast 1s the water level rising?

3. [10 pts.] A ladder 10 m long rests on horizontal ground and leans against a vertical wall.
If the top of the ladder is being pulled up the wall at a rate of 1 m/min, how fast is the bottom
of the ladder approaching the wall when the bottom of the ladder is 8 m away from the wall?

5. [10 pts.] The radius of a circle is decreasing at a rate of 2 cm/min.

At what rate is the area of the circle changing when the area is 257 cm??




=

6. [10 pts.] Air is being bumped into a spherical balloon so that its volume increases at a rate

of 100 em®/s. How fast is the radius of the balloon is increasing when the radius is 25 cm?

S JERrNY
30. A kite 100 ft above the ground moves horizontally at a speed
of 8 ft/s. At what rate is the angle between the string and the
horizontal decreasing when 200 ft of string has been let out?
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3.10 S o8 A ¢ I3

I) Find the linearization

L(x) = fla) + f(a)(x — a)

Z) Use a linear approximation (or differentials) to estimate

) = f@ + @) — a

> 25 e

\

eX. \|o~‘\ ;X =09 0= ) i Jlsdl al iad dile g 1)
o-\ 2all (s 05 o ol ad) dad s
c ) X =0l o=0 Jlsell 153Y |

a ,lbas el
o X1 (o 8 Lk 053 )
\|‘\‘l~% ;X =48 =10 f(a)J! Lasd yle oy -

3) Find the differential of each function.

dy = f'(x) dx Ay = f(x + Ax) — f(x)




3.10 Linear Approximations and Differentials

is called the linear approximation or tangent line approximation of f at a. The linear
function whose graph is this tangent line, that is,

2] L(x) = f(a) + f'(@)(x — a)

is called the linearization of f at a.

EXAMPLE 1 Find the linearization of the function f(x) = /x + 3 ata = 1 and use it
to approximate the numbers 4/3.98 and /4.05 . Are these approximations over-
estimates or underestimates?




1-4 Find the linearization L(x) of the function at a.

1. fx)=x>—x*+3, a= -2







11-14 Find the differential of each function
4x

11. (a) vy = xe




11-14 Find the differential of each function

1 + 2u

12. @) y=71773,

(b) y = 6% sin 20

(b) y = 6°sin 26




11-14 Find the differential of each function

13. (a) y = tan \/t_




~ 11-14 Find the differential of each function

14. (a) y = In(sin 0) (b) y=




18

15-18 (a) Find the differential dy and (b) evaluate dy for the
given values of x and dx.
x+ 1

x—1’

x=2, dx=0.05

. Y =




19-22 Compute Ay and dy for the given values of x and
dx = Ax.

21. y=+x—2, x=3, Ax=0.38




23-28 Use a linear approximation (or differentials) to estimate
the given number.

23. (1.999)*




23-28 Use a linear approximation (or differentials) to estimate
the given number.

27. ¢!




23-28 Use a linear approximation (or differentials) to estimate
the given number.

28. cos 29°




\) \QiWO( JV\/\C\\V\ea./ aPProximd'iow

S\W (46 °)







Use linear approximation to estimate

ln ({.0l3)




7. [10 pts.] Use linear approximation to estimate 2¢™ + (0.1)%




4. [10 pts.] Let f(z) = 32* + 4z — In(cos ).

(a) Find the linearization of f at z = 0.

(b) Estimate f(0.01).




6. [10 pts.] Let f(z) =

(a) Find the linearization of f at x = 1.

(b) Use part (a) to estimate f(1.02).

4. [10 pts.] Use linear approximation to estimate f(2.1), where f(z)= Va3 + 1.




5. [10 pts.]  Find the linearization of the function f(z) = xIlnz at « = 1 and use it to
approximate f(1.1).

3. [10 pts.] Let f(z) =tan *(z) — % Use linear approximation to estimate f(1.05).

4. [10 pts.] Let f(x) = €” cos z. Use linear approximation to estimate f(0.1).
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3.11 Hyperbolic Functions

Definition of the Hyperbolic Functions

X =X
) e — e
sinh x =
2

e+ e
coshx = ——
2

sinh x
tanh x =
cosh x

Hyperbolic Identities
sinh(—x) = —sinh x cosh(—x) = cosh x
cosh’x — sinh’x = 1 1 — tanh’x = sech’x
sinh(x + y) = sinh x cosh y + cosh x sinh y

cosh(x + y) = cosh x cosh y + sinh x sinh y




EXAMPLE 1 Prove (a) cosh’x — sinh>x = 1 and (b) 1 — tanh*x = sech’x.




d
dx

d
. (sinh x) =

(1] Derivatives of Hyperbolic Functions

d d
— (sinh x) = cosh x — (csch x) = —csch x coth x
dx dx

d .
— (cosh x) = sinh x — (sech x) = —sech x tanh x
dx dx

d d
— (tanh x) = sech’x — (coth x) = —csch’x
dx dx




1-6 Find the numerical value of each expression.

1. (a) sinh O

(b) cosh 0

(a) sech(




1-6 Find the numerical value of each expression.

2. (a) tanh O

(b) tanh 1




1-6 Find the numerical value of each expression.

3. (a) cosh(In 5) (b) cosh 5

(b) cosh 5




1-6 Find the numerical value of each expression.

4. (a) sinh 4 (b) sinh(In 4)




7-19 Prove the identity.

7. sinh(—x) = —sinh x
(This shows that sinh is an odd function.)

8. cosh(—x) = cosh x
(This shows that cosh is an even function.)




7-19 Prove the 1dentity.
9. cosh x + sinh x = e

X

10. cosh x — sinh x = e~




7-19 Prove the identity.

11. sinh(x + y) = sinh x cosh y + cosh x sinh y




30-45 Find the derivative. Simplify where possible.
30. f(x) = e*coshx

31. f(x) = tanh /x




30-45 Find the derivative. Simplify where possible.

32. g(x) = sinh*x

33. h(x) = sinh(x?)




35. G(¢) = sinh(In ?)




30-45 Find the derivative. Simplify where possible.

37. y — ecosh3x




I11.

lim sinh(z) _
T—00 Kex

(A) oc.

1
(B) T
(C) 0.

1
(D) i

(E) None of the above.




e.
None of the above.




1. [10 pts.] Let f(x) = zsinh(2® —1). Find f'(1).

2. [10 pts.] Find the slope of the tangent line at the point (0, 0) to the curve with equation

e™ + sin(z?) = cosh(z) + ¥.

IV. The derivative of cosh® x — sinh? z is
(A) 0
(B, 4 cosh x sinh z.
(C —2cosh xsinh z.
(D) 2cosh z sinh z.

(E) None of the above.




II. The value of lim tanh z is
r—r0o0

a) does not exist.

e) None of the above.




[. If x=1In (;), then cosh(x) =

29
a) —.

20
b) 2L
20
) 2
C 21
d) 0.

e) None of the above.
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SPECIAL VALUES OF THE TRIGONOMETRIC FUNCTIONS

The following values of the trigonometric functions are
obtained from the special triangles.

0 in 0 in
degrees | radians || sin@® cos@® tan@® cscO secO coth
0 0
30°
45°
60°
90°

1 0o  —

A s
V0]
iy

YRS RS ERENE]

R emav IC -




SIGNS OF THE TRIGONOMETRIC FUNCTIONS

Quadrant Positive Functions Negative Functions
I all none

II sin, csc cos, sec, tan, cot

tan, cot sin, CSC, COS, SecC

IV COsS, sec sin, csc, tan, cot

Rewark: - 'l

Sine

Tangent Cosine

You can remember this as “All
Students Take Calculus.”




=

What are critical numbers?

Critical numbers or critical points are values of « where the first derivative of a function is either equal
to zero or undefined. Let’s say we have £ = c, the critical numbers of the function, f (), will satisfy either

of the following:
f'le) =0
f'(c) = DNE (Does Not Exist)

This means that £ = c is a critical number when a tangent line passing through  — cis either a

horizontal or vertical line.

y

f(z)

» Local Maximum

— Local Minimum

» (zlobal Minimum

» Plateau Point

How to find critical numbers?

We can use the definition of critical numbers to determine the critical numbers — by finding the values of
where f'(z) = 0 or f'(z) = DNE. These are some guide points to help you find a function’s critical

numbers:

e Use the derivative rules to find f'(z)'s expression.
e Find the values of x where f'(z) = 0.
® Include the values of = where f'(x) is undefined.

Only include critical numbers that are within the function’s domain. This means that values of x where f’(a:)

is undefined will only count when the point is within the domain of f(z).




Horizontal Line: f'(z) = 0
Vertical Line: f’(z) = DNE

e When the tangent line at z = cis vertical, f'(¢) = 0 and we have critical point at z = c.

e Similarly, when the tangent line passing through z = c is horizontal, f'(c) is undefined and * = cis
also a critical point.

Example 1 8ol

What are the critical numbers of the function, f(z) = 2z3-8z% + 2z-1?

f(z) = 225827 + 221 O ™ gt

44, ,lIla e critical!

f/(w) — 6$2—16$ —|— 2} Since f’(il?) 1S Dﬂg\y\ CA e\/e/\/wkcn

We can only find /
T h itica) number -
preenticturee - fi(p) = ()
N K Usladl ¥ “ aiud
6x°—16x +2 =0 LolS lall ¥ isle ot

dlac¥l jaal Lad]

322-8x+1=0

8) + /(—8)24(3)(1) _ 4++13
2(3) 3

4+ /13
T

This means that f(x) has critical numbers at =




Example 2

What are the critical numbers of the function, g(x)

Domoin of 361) = (R /ZFL/}
2z (x — 4)—(z°-6)
(z —4)°
r°—8x + 6
(z —4)

We can find the critical numbers of g(z) by equating g'(sc) to zero or by finding undefined values within its

domain. For ¢'(z) to be undefined, the denominator must be zero.

It may be tempting to include = 4 as one of g(x)’s critical numbers, but keep in mind = 4 is not part of

9(x)’s domain. Hence, we disregard it.

g(z) =0

-8 +6 =0 z- —(—8) £ /(—8)%4(1)(6) _ Si\/6254—24

2(1)

~ 8+2¢/10

— 4+ 410

This means that g(z) has critical numbers at = 4—/10 and = 4 4 /10.




@ Definition A critical number of a function f is a number c¢ in the domain of
f such that either f'(c) = 0 or f'(c) does not exist.

. function 1 - critical numberJ! <3 oo 13) oLl

l
\> 1[\' (x) =0 salls Lo sl dainll 9525 -

(A plall golos] giay ) Wyme e (6<S UL dial) Cgus -Y

sunge o cilS 1) olelal] ..3;.51 ) CL\;? 2 ?AJ daadle

EXAMPLE 7 Find the critical numbers of f(x) = x¥3(4 — x).




29-44 Find the critical numbers of the function.

39. F(x) = x"3(x — 4)?




29-44 Find the critical numbers of the function.

41. f(0) = 2 cosH + sin’0




29-44 Find the critical numbers of the function.

43. f(x) = x’e™ ™




local Maximum and Minimum

Functions can have "hills and valleys": places where they reach a minimum or maximum value.

It may not be the minimum or maximum for the whole function, but locally it is.

yl

> \ﬁ/
/ Local Minimum

>
>

X

We can see where they are,
but how do we define them?

Local Maximum

First we need to choose an interval:

Then we can say that a local maximum is the point where:

f(a) = f(x) for all x in the interval

In other words, there is no height greater than f(a).

Note: a should be inside the interval, not at one end or the other.




Local Minimum

Likewise, a local minimum is:

f(a) < f(x) for all x in the interval

The plural of Maximum is Maxima
The plural of Minimum is Minima

Maxima and Minima are collectively called Extrema

Global (or Absolute) Maximum and Minimum

The maximum or minimum over the entire function is called an "Absolute" or "Global" maximum

or minimum.

There is only one global maximum (and one global minimum) but there can be more than one local

maximum or minimum.

Global
Maximum

Global
Minimum

l_k\‘\,]

K\l}:l:mum

Assuming this function continues downwards to left or right:

e The Global Maximum is about 3.7

e The Global Minimum is —Infinity




The Closed Interval Method To find the absolute maximum and minimum values
of a continuous function f on a closed interval [a, b]:

1. Find the values of f at the critical numbers of f in (a, b).
2. Find the values of f at the endpoints of the interval.

3. The largest of the values from Steps 1 and 2 is the absolute maximum value;
the smallest of these values is the absolute minimum value.

\> ’QMV\CJ‘TlOVT |§ CﬁVl‘l"\VlOlLS cogjﬁr):)i”aﬁ:

2,) ‘IClV\A JD\nc Cﬂh((x\ numb ers € Domon

ol critical valuesJ! St
3) 70 [N (,L e nd Po'\wJFS

domaindl ;saiis agialls
WLyl ol

o F(X) JLs Lpase 5531 3l L

critcal numbers/!

8 dll o8 yaeal Lo aas

L/) T\/l € \4{9@5*’ \/0~\V“€- ,sM:jcc;ucL:ﬁ:
| | e sy ol ol i
| € *‘\v\ e Q.\oSolkL{'ﬂ Mo Xlinwin abs maximum

oass Lo aay

The qmallest Value R
. o abs 9
(S hie obsolute Minimam TR




Example . Determine the absolute maximt

1
and minimum of f(x) = —§x3 + 4x on the interval [0, 3]. Also, verify that the function

satisfies the hypothesis of the Extreme Value Theorem.




The Closed Interval Method To find the absolute maximum and minimum values
of a continuous function f on a closed interval [a, b]:

1. Find the values of f at the critical numbers of f in (a, b).
2. Find the values of f at the endpoints of the interval.

3. The largest of the values from Steps 1 and 2 is the absolute maximum value;
the smallest of these values is the absolute minimum value.

EXAMPLE 8 Find the absolute maximum and minimum values of the function

fx)=x3—-3x>+1




47-62 Find the absolute maximum and absolute minimum
values of f on the given interval.

47. f(x) =12 + 4x — x*, [0, 5]




Find the absolute maximum and minimum values of the function

53. f(x) =x+ % 0.2, 4]




Find the absolute maximum and minimum values of the function

59. f(x) = xInx, [1.4]

2) The \IOL(LLCS O\c @ &JV ‘H\e QV\J Po"\omjrs 5e1,8

l

ﬁ(—;):(%)‘z(ln_'z_) “dinl, =dlnz =-4lnz

1(:(\]?) —;(\,I__e)"-( \v\e‘/L

The absolute magimuer Valwe of £ ATp¥ gl L
_ / §all agll . dula
The absolufe minimam valwe of £ ( gl




47-62 Find the absolute maximum and absolute minimum

values of f on the given interval.

62. f(x) =x — 2tan 'x,

[0, 4]

CH&](A\ nuwmber |S X

2)f0) = p-2ton'o
L(4) = 4 -2 ton'y
(1) = | =2 tan~"| =
. ¢
The absolufe magimwer Value of 13../
The albsolute mutimbm \/plue of £

| —2 X

olglantly 8 <4l NJ




Find the absolute maximum and minimum values of the function

fo) = S X — COoSX




5. [10 pts.] Find the absolute maximum and the absolute minimum values, if

any, of f(x) = sin(2x) — 2x on the interval [0, 27].




8. [10 pts.] Find the absolute maximum and absolute minimum values of

f(x) = cos® x + sinx on the interval {O, g} :




5. [10 pts.] Find the absolute maximum and minimum values of the function f(z) = 3z — 5z%/°

on the interval [—1, 32].




II. Let f(x) = 2* + 1. On the interval [-1, 1]:

(A) | 1 is the absolute minimum value of f and 2 is the absolute maximum value of f|.

(B) f(0.5) is a local minimum value of f.
(C) f has no absolute extreme values.
(D) f(0.5) is a local maximum value of f.

(E) None of the above.

. [10 pts.] Find the absolute maximum and absolute minimum values of f(z) = z%¢~** on the interval
[—1,1].

1
III. The function f defined by f(x) = — has a critical point at:
T

&) =0, b) z= L. c)x = —1. d)z=2. e) ] None of the above ‘




7. [10 pts.]

Find the absolute maximum and absolute minimum values of

xe~* on [0, 2].
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Rolle’s Theorem Let f be a function that satisfies the following three hypotheses:
1. f is continuous on the closed interval [a, b].

2. f is differentiable on the open interval (a, b).

3. fla) = f(b)

Then there is a number c in (a, b) such that f'(c¢) = 0.

T\

Ll e Lda

The Mean Value Theorem Let f be a function that satisfies the following
hypotheses:

1. fis continuous on the closed interval [a, b].
2. f is differentiable on the open interval (a, b).

Then there is a number c in (a, b) such that

m f/(c): f(b) _f(a)

G
b—a
or, equivalently, 7
[

(2] f(b) = fla) = ()b — a)




Remar K

Theorem The following types of functions are continuous at every number in
their domains:

e polynomials  rational functions » root functions

o trigonometric functions e inverse trigonometric functions

o exponential functions o logarithmic functions

Contradict = jasls
Applicable = kil dlls
Hypothesis = oL s
Root = dulaall Ja

or <ritical nuwbe

» To prove the function has exactly one root :

P section 2.5

l - ITVT Theorem (to show t\at o roof exist)

- oW Prate

2 - R()Hﬁj +hCO fem Ox.VlJ Oufc()ue. b)/ Con*fa\tjid\'a

Q.V\A W e SU‘PPOSe 't Wad two voots

O 0»“0\10 )(F(A):‘F('\a) =0 /Fumcﬁow

Cont. £ J\QQ T hen \oy Rolles ¥hweorem T here s
number ¢ bvetween o and Vo such Jc%o.)(

\ trla s (a8 T, gy il skaall
-@ (C)=C© __-_--. aluatols e L o el £« Ualaal
Sladl da (o8 gt Thg .0 cpls Ll suemy




e To prove the function at most one real solution
P Oh\\/ US'\V\? R0“€,$ H\eove\m orgue and

Con‘rmdic’rion root sé &1 s sal i (i
root ,e dbe o) ST g

weladle gia plaas . aaly

@8 O IVT 4k 3ok e o]

J3YI sle sy at least root

root s

R@MQWKP

@ Theorem If f is differentiable at a, then f is continuous at a.

The Intermediate Value Theorem Suppose that f is continuous on the
closed interval [a, b] and let N be any number between f(a) and f(b), where
f(a) # f(b). Then there exists a number ¢ in (a, b) such that f(c) = N.

da> @k S5 Q 53. x' +x-3=0, (1,2)
L.V.T N

¢ Usladl 1 ST 239
LEJC ’GCXJ:I, +I—3:O calS Lo 3] .. yha

[ IR TRETO PYENSE FYv W0
DO\MOJV\ ot ‘F (s IR ond  continnous
£() :(”4 +l -3= -1 <o

P(Z):(z)quz—a = {52

Fis cont. on (1,2)  Thew
\o\/ T .V T, There exists a ¢ (l,2)
Such ot () =0 . C (s o Vool




5-8 Verify that the function satisfies the three hypotheses of
Rolle’s Theorem on the given interval. Then find all numbers ¢
that satisfy the conclusion of Rolle’s Theorem.

5. f(x) =2x*—4x+5, [—1,3]




1
9. [10 pts.] Verify that the function f(z) = x + — satisfies the hypotheses of Rolle’s Theorem
x

1
on the interval li, 21. Then find all numbers ¢, if any, that satisfy the conclusion of Rolle’s

Theorem.

6. [5+5=10 pts.] Let f(z) = In(z? + 1).

(a) Verify that f satisfies the conditions of Rolle’s Theorem on [—1, 1].

(b) Find all ¢ € (—1, 1) that satisfy the conclusion of Rolle’s Theorem.




9. Let f(x) = 1 — x*3. Show that f(—1) = £(1) but there is
no number c in (—1, 1) such that f'(¢) = 0. Why does this
not contradict Rolle’s Theorem?




EXAMPLE 2 Prove that the equation x° + x — 1 = 0 has exactly one real root.







19-20 Show that the equation has exactly one real root.
20. x>+ " =0







19-20 Show that the equation has exactly one real root.

19. 2x + cosx =0







23. (a) Show that a polynomial of degree 3 has at most three
real roots.




21. Show that the equation x° — 15x + ¢ = 0 has at most one
root in the interval [ =2, 2].




Q4. [10 pts.] Show that, if a > 0, then the equation: 2% + az — 1 = 0 has at most one real root.

1
8. [10 pts.] Verify that f(z) = 22 + 3z + 4 satisfies the hypotheses of Rolle’s Theorem on the interval [—2, 5} .

Then find all numbers ¢ that satisfy the conclusion of Rolle’s Theorem.




The Mean Value Theorem Let f be a function that satisfies the following
hypotheses:

1. fis continuous on the closed interval [a, b].

2. f is differentiable on the open interval (a, b).

Then there is a number c in (a, b) such that

i

or, equivalently,

f,(C) _ f(bb)_—z:(a)

f(b) = fla) = f(c)b — a)

i = f(b) — fla)

b—a

which is the same expression as on the right side of Equation 1. Since f'(c) is the slope of
the tangent line at the point (c, f(c)), the Mean Value Theorem, in the form given by Equa-
tion 1, says that there is at least one point P(c, f(c)) on the graph where the slope of the
tangent line is the same as the slope of the secant line AB. In other words, there is a point
P where the tangent line is parallel to the secant line AB. (Imagine a line far away that
stays parallel to AB while moving toward AB until it touches the graph for the first time.)

FIGURE 3 FIGURE 4




EXAMPLE 3 To illustrate the Mean Value Theorem with a specific function, let’s
consider f(x) = x* — x,a = 0, b = 2. Since f is a polynomial, it is continuous and
differentiable for all x, so it is certainly continuous on [0, 2] and differentiable on (0, 2).
Therefore, by the Mean Value Theorem, there is a number c in (0, 2) such that

f(2) = f(0) = f'(c)(2 = 0)
Now f(2) = 6, f(0) = 0, and f'(x) = 3x> — 1, so this equation becomes

6=03c*—1)2=6c*—-2

which gives ¢ = 1, that is, ¢ = +2/+/3. But ¢ must lie in (0, 2), so ¢ = 2/4/3.

EXAMPLE 5 Suppose that f(0) = —3 and f'(x) < 5 for all values of x. How large can
f(2) possibly be?




11-14 Verify that the function satisfies the hypotheses of the
Mean Value Theorem on the given interval. Then find all num-

bers c that satisfy the conclusion of the Mean Value Theorem.

11. f(x) =2x*—3x+ 1, [O0,2]

\




17. Let f(x) = (x — 3)72 Show that there is no value of ¢
in (1, 4) such that f(4) — f(1) = f'(c)(4 — 1). Why does
this not contradict the Mean Value Theorem?




25. If f(1) = 10 and f'(x) = 2 for 1 < x < 4, how small can
f(4) possibly be?




26. Suppose that 3 < f'(x) < 5 for all values of x. Show that
18 < f(8) — f(2) < 30.




=
27. Does there exist a function f such that f(0) = —1, f(2) = 4,
and f'(x) < 2 for all x?




4. [10 pts.] Verify that f(z) = V4 — 22 satisfies the hypotheses of the Mean Value Theorem on
the interval [—2,0]. Then, find all numbers ¢ that satisfy the conclusion of the Theorem.

PROPERTIES OF ABSOLUTE VALUE INEQUALITIES

Inequality Equivalent form Graph
1. |x| <c e X< @

2.

3.

4.

5. [10 pts.] _Given a function f(z) such that f(6) = 5 and f'(x) < —5 for all z € [6,10]. How
large can f@) possibly be? -




31. Use the Mean Value Theorem to prove the inequality

|sina — sinb| < |a — b for all @ and b




|

Let {HCX):

VY x € R
34+ 2xt

oond £ (1) =0 y Show That

< P L
| 5




Dse MVT to show Hhat for x>0
ton ' <X




