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Prove that
0 S\ ( Cos Tl x) = Ji-x?
L) find sin(cos™ (%))

Let O = COS‘l%

S, CoS 6 =L

z

G

Z— \5»;.:7\3:.‘)50‘-(2)4\935“@‘5“1—3—.&%
z 2 2 Py
| =X + 2 = Z= \| | — X

A S\ (cos“x) — SN (g)

S‘\V\<Q>: X :J\“?CZ' /




7. (5+5 =10 pts)

X

V14 a2

(b) Find the exact value of sin (tan_l (%)) .

(a) Show that sin (tan™' z) =

Let G:taw"x
S tond =




70-72 Simplify the expression.

70. tan(sin"'x) 71. sin(tan'x)

l

70 ) Let & = swn X

RSN =

US\W\? Ptfﬂ/mgmfear\ \'\ncorcm

15— x*




4. [10 pts.] Find the exact value of each expression

(b) logig4 + 2logqq 5.

1Og10 4 + 2 loglo 5 — 10g10 4 + loglo 52 — 1Og10 4 ‘|‘ 1Og10 25 — loglo 100 — 2 .




Q2. [5+5+10=20 pts.] Let f(x

(b) If f(1) =2, find f

(¢) Find g~ "(z).

(b) Since f(1
(c) Find ¢

] ;
We first write y -. Then we solve this equation for z as a function ol

r 1 l _
Finally, we interchange zand y: y = — I'herefore the inverse function 1s| g




2. [54+5=10 pts.] The graph of f is given below.

(a) Explain why f is one-to-one.

(b) Find f~*(2).

Figure 2: The graph of y = f(x).

(a) Any horizontal line intersects the graph of f at most once. Therefore, the function is

one-to-one by the horizontal line test.

(b) | f71(2) = 0 since f(0) = 2|.

r+1

2. [5+5+5=15pts] Let f(z) = w1

(a) Show that f is one-to-one.

LDy =iy » At Eme

Bl

(X, 1—1)(ZLL+\) = (2x+1)(z2, +\)

2acx, + A a4 = Z—?rxz* 2% T, f

~

3(, ‘i’ZZZ = le ‘V?CZ = ZZZ’QCZ = Z?L'-—QQI

2| :xz .. —C is one to one




3. [10 pts.] Let f(x) =In(2° —1). Find f~'(x).




/ Find 104(62)




find the domown -

Foy =

) S>ne™ >z

2L > \ln2

o ox"-14 O

= (X -3]) (x+3) #0
SN ([£-3,3%

(lnz,3) U(3,0)




et £fo) =Y+ @UC—S)

10'\\/\& The domawn y . -l(l) ) Vonge of

X le lR :(—ao/oo)

¥ for the nverse function -

(X-3) x
Yy=9%t¢E > yY-4=€

x -3

\h ( ¥V-4) n e
\wm(y-¢) =2 -3
ln(y-%)+23 =

ST =\ (e-d) 43
D | : (q/ 0()) :Ravxg,e, O‘F ‘ch}

£ oy




o) Domain (- 0 ) ob)

bl |n (;:J




Loy = 142

) Domain o £ ()
2) laverse of £ (x)
3> Romge ot F(X)

2) £ ) = \nlx-1) —|




x
20 — 1

3. [10 pts.] Let f(x) =1In (

). Find f~'(z).




2. [15 pts.] Find the domain, range and a formula for the inverse of the function f(z) = In(e** — 2).

for domoin -

2 X X
£ — 2 70 :)62 s

e slnz = 2x>Inz

Iln 2
x
ln 2

W The domain S (7 ; 0

%0}’ thﬂ Vang e ' nyerse \—

Y ln(e”"-2)
N = n(e®*-2) = e = e

a3¥ gall e INJT s AILSS
GBI Gk Y-Jl Gug
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2" -3
2. [10 pts.] Let f(x) = o1 Find f~(x).
2. [10 pts.] Let f(z) = ;z:i’ Find f~1(z).
(1) Let y = Zz:?
(2) Solve for = in terms of y: |z = logy <z—::1))> :
r—3

£ @) =g (3 ‘

1> . Therefore, 1

(3) Interchange x and y: y = log, (
x —

3. [104+5=15pts.] Let f(z) =In (% =+ 3).

(a) Find the inverse function of f.

(b) Find the range of f.

ey —

2 2 2 : :
We let y = In <— + 3) then e = — 4 3. It is clear that 3 =% Therefore, f~!(z) =
x B

. Now the range of the function f is the domain of the inverse function that is R\ {In 3}.

et —

m (Z£+3)
Y:‘V\<%+5) —_—>67/:: 6V‘

Y N ,
€ =243 =De -3
- |
Y 2— —I
7(—<€ —3)22 :Dx:—=>')C(x):_
e”-3 ™3
D, =Range of fay = -2 #0 =2 e 43
L Fcny —> x #1n3 .'.fh)/{ln




Sections 1.2, 1.4-1.5

Question 1. For each of the following functions, find (1) Dy, (2) f ) and (3) R;:

R ()

e +‘) R{: (-a()/oé)

(R, 00) (x) \n(x-4)+3 R (4 /)

d) ch ‘. (R/f-l} f"mo:(\x—“ RF\. R/

— X

or (=20, -1) V()
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1. The graph of f is given.

VA

|
/

(a) Find each limit, or explain why it does not exist.

() lim f() (i) lim f()  GiD) lim £y

(iv) lim £(x) V) limf() i) lim f(x)

(c) State the equations of the vertical asymptotes.

1. (a) (1) 3 (1) O (111) Does not exist (1iv) 2
(v) © (vi) —

c) x=0,x=2




1

545+ 10 = 20 pts.] Use the given graphs of f and g to find each of the following limits, if

it exists.

() lim [f(x)g(a)] =DNE. (2 pts)

z—0

Since lim [f(z)g(z)] = lim f(z) lim g(z) = (2)(1) =

and

x—0t =0+t xz—0t

lim [f(z)g(x)] = lim f(z) Im g(x) = (2)(3)

z—0~ r—0~ z—0~




8. For the function A whose graph is shown, state the following.
(a) lim A(x) (b) lirgl_ A(x)

x—-—3

(©) lim A(x) (d) lim A(x)

x——1

(e) The equations of the vertical asymptotes

I
/\
i

o) Lvm A (x) = + o0
x—> -3

(\o> Lim Ay = — 06
’

—2 2

Acx) = + ob




3-20 Find the limit.

. 3 _
3. ime*

x—1

(-3)% -
(-2)% +2(-3) -3

L—>-3 x> 42x-3

—_—

[ m x’ - A - lilm
9£_>'37(2+27c—3 9£—>—3(>C+3) <?L—[)

-3 -3

(%’3><K+3)_:“m n =3

L—=>-3 20 — |




Question 4. The graph of the function f(x) is shown below. Use the graph to evaluate the following
limits:

(a) lim f(x)
(b) ]il'll f(x)

(¢) lil'llb f(x)

(d) ‘Iiml f(x)




o |4
L8 AL

Date: 2022 Chapter 2: Limits & Derivatives EW
Calculus A

Chapter 2: Limits & Derivatives

Sections: 2.3 Calculating Limits Using the

Limits Laws
Review

A

:ﬁ A+

05! T4

Twitter: @Precalculusg8

YouTube: Precaclulusg3



6. [8+7 = 15 pts.] Evaluate each of the following limits, if it exists.

—4
(a) lim - :
=2 \/x + —2

~ x - Y
\im o NX¥Z *2
H—>2 Xtz -2 Nx+2 +2

\iw (xz_%/)(W tz)

7 ((xxz -2) (Wxgz +2)

(9(1— ‘/)( A+Z +2) — \im (x"—4)({x+z +2)
X—>2  x42 -4 X2 T2

\\ym

\iv (M“‘fz)( KD Vi (e (e +2
X —2 VZ x—2

—(z2+2)(dz2+2 v2) =4(2+2)

L_/
Y (4) =

i lim ($2 ~ YWz +2+2)
2 \/m727x~>2 (\/me)(\/mﬁLQ)

(x—2xx+2x¢515+2):
x—2

(a) zir

= lim
r—2

lim (2 +2)(Vz +2+2) =16,
T—




I 15 r—2

. 111 =
=220 —3 —1
a) 0.

b) 1.
) 2.

d) Does not exist.

e) None of the above.




2. [10 + 10 = 20 pts.] Evaluate each of the following limits, if it exists.

(a) lim tan~’ (f)

rz—0t X

(a) lim tan—
x—0T

. ., | &Li— 1 o
(b £ & <x2_1) =

. . =1 z—1Y\ . (1
(b) 111311 sin <.T2 1) = sin <§

. L1 . . . . z—1
[Sm(:o, sin~! is continuous on its domain and lim 1
r—1 xré —




=

6. [84+7 = 15 pts.] Evaluate each of the following limits, if it exists.

(b) lim a7 ()

x—0
AW (10) v 9
- 0 € = 0 € J.Squeeze
\ - theorem
-1 Lsw (L)L |
X
| sim(E
e S N
2 | z s\wm(X) 2
X e S xe ' L X e
z s\wm(X) . 2
\\MX@\\MX \QI \<\lmx€,
X—D>O0 X—0 X—0
‘ 2 -l |
\im e zoxl -—o
X —>o <
“ \im xe = Oxe = O
X —>o
| ) S\v\(£;t
By S.T \\w» x e = O
xX—> O
Since —1 < sin (g) < 1, it follows that e ! < (%) < e | Hence, |27 < 22en(%) < 2el M

- > oo\
Since hn% rie T = hr% z?e = 0, it follows from the Squeeze Theorem that lim 22 " in($) — ¢ <?
Tr—r T—r

z—0 ) I




3-20 Find the limit.

o (h—1Y+1
7. lim
h—0 h

3
(o) = o - 3?b+3ak" - b £

3
\im Cha —1) i e 3 5+ 300~ 4\
W —>0 \A Woo W

\"\m _ \r13—3\r\2'+3\4—‘+\: \43—3\12+31«

W50 W

| { m M(h'-3h+3) = im W2
W—O0 W W—>o

:O—g(())‘i's :3




3-20 Find the limit.

1 1 —
20. Li + _
xlg}<x—1 x2—3x—|—2>

' m ('_ |
X — | g * (’X‘l)()c~2)>

i ( (x-2) | | >
X—\ \(z-\(z-2) (x=1)(x-2)

i <(%—2) + |

(x-\)(x-2) CxX =) (x-2) >

X — |

ord Al ol 50 o aalslly X-2 g B

k (x-7) ] - x|
I m = \\\m<
X —| (x-\)(x-12) x—1 \ -0 (2-7)
‘ \
L1
A — | X-=17

)







5. |10 pts.] Evaluate the given limit, if it exists.

: , 1
(b) ilil%b— 1| sin PO

1
(b) We have —1 < sin < 1. Thus, we obtain —|z — 1| < sin < |z —1).
2 —1 r? —1

It is easy to see that lim —|x — 1| = 0 = lim |z — 1|. Therefore, by Squeeze Theorem lim |z —
z—1 z—1 1

1
1] si =0.
|sm(x2_1> 0

T—




3-20 Find the limit.

o ~b = (oo-b)(a*+ob+b ) };3

|\ t - ¢ — \im (t~<2)(t+2)
t—2 3_g t —2 (t=2)(t*+2t+Y)

:\\\YY\ t+2 p— 2+2
t 2 t*t2tty4 9t £ 2(2)tY

(

| Z 3




Sections 2.2, 2.3

Question 1. Evaluate each of the following limits, if it exists.

(a) L

3z% + 5x — 2
(b) lim i T - :
z—»-2732 — 3z — 10

. t2—14
(c) lim

t—2 {3

tt —4
(d) lim )

t—212 — 4

r—1
(e) lim cos™! I~ )

r—1 _1'2 +1

4* — 1
(f) lim

r—0 2'14 — l

2z
. eT —
(g) lim —

r—0 eT —

h—4)? —16
(h) lim (7 ) ().
h—0 h

Question 2. Evaluate the following limits:

(@) lim ( — — —
x—0 b r“ T+

2 — T
(b) lim =
z—4 4 — x°
dr+1-3
(¢) lim Vi
r—2 r—2

Question 3. Evaluate the following limits:

- ( l>
(a) imz°cos | —
x—0 o P4

(b) lim ze sin( ;)

r—0

(c) lim(z — 1)* cos (

z—1

I

(d) lim(z — 1)?sin

r—1




Sections 2.2, 2.3

Question 1. Evaluate each of the following limits, if it exists.

3x% + 51 — 2

a) lim
(‘) T——2 xr — 2

3x% + 5r — 2
(b) lim i—”
z—-273%— 3z — 10

i
(c) [112 73

a_) 3¢-2) +5(-2) -2 _
-2-2

W::) 3(-2)°45(-2) =2 _ it-le-2 _
(-2)2-3(-2-t0  {xb-le

i (3X =D (x+2) — \im

or—>—p (X=5)(x+2) o —5_p %72

(t<2)(t+12)
t 52 (t~2)(t*+2t+Y)

o -’ = (ou=b) (o’tab+b) S

2 t 2

=S




l —
(d) }in} 5 :

. af T

(e) lim cos =
z—1 r° 4

& Fio B
(f) }-lil'l, T
(g) lim ==
z—0 eT —

(h—4)> - 16

li
(h) hlLllll ]}

)

6) cos™( L

V4

o _| -\ o
£) = =

2% -1 \ =1

e (25D (271
X —o 2Z

> lim h’=8h+\ -\

W—o h
}\*\‘M(\n—g) = —Z

=0




Question 2. Evaluate the following limits:

l = lim | (2 +0) _ l
X(X-H) - o X(x+l) xX(X+1)

\ _ . . l
\\vn Xt1='  — \\wm X —\Wwm

€A—->06 X (X+\) x—0 X (x%1) xo0 *F

U —

o +t|

b) Z = i 2-\x 2 +J3x - H -2 ‘{"".
- s l—/u—)c‘ z2 A x4 x-x*) (2+8x x(‘/;x’)cuﬁc
=24

\.\Y"\ | ( = l =

l
x>y 2(24E) 4(2+Jy) Y4) 16

C) \'vyn Yx+) -3 x+' +3

AxA—>2 X —2Z \|V7C+I +3

L 42t1-1 _4x8 y(x=D)
x—>2 (X=2)({fx+1 +3 (x-nclExs 3) oz )
y 4 -4 =

\iw T s e ¢




Question 3. Evaluate the following limits:

(a) lim z° cos | —
-l T

(b) lim xe sin( 1) => xXEe S p v

r—)

\ o (%)

')
ala3 Jsla (¢) !lllll(l 1)* cos <,1- — |> = O

(d) !llnl(l l)3gin<‘l' - l) = O b\/ ST

~

< X€é

o) Ocas(i-) = O (oS O
o

—1¢cos (1) &

2 |
— X SCOS(?) SX

2

LS

* X

T

2




Sections 2.2, 2.3

Question 1. Evaluate each of the following limits, if it exists.

3x% + 51 — 2

a) lim
(‘) T——2 xr — 2

3x% + 5r — 2
(b) lim i—”
z—-273%— 3z — 10

i
(c) [112 73

a_) 3¢-2) +5(-2) -2 _
-2-2

W::) 3(-2)°45(-2) =2 _ it-le-2 _
(-2)2-3(-2-t0  {xb-le

i (3X =D (x+2) — \im

or—>—p (X=5)(x+2) o —5_p %72

(t<2)(t+12)
t 52 (t~2)(t*+2t+Y)

o -’ = (ou=b) (o’tab+b) S

2 t 2

=S




l —
(d) }in} 5 :

. af T

(e) lim cos =
z—1 r° 4

& Fio B
(f) }-lil'l, T
(g) lim ==
z—0 eT —

(h—4)> - 16

li
(h) hlLllll ]}

)

6) cos™( L

V4

o _| -\ o
£) = =

2% -1 \ =1

e (25D (271
X —o 2Z

> lim h’=8h+\ -\

W—o h
}\*\‘M(\n—g) = —Z

=0




Question 2. Evaluate the following limits:

l = lim | (2 +0) _ l
X(X-H) - o X(x+l) xX(X+1)

\ _ . . l
\\vn Xt1='  — \\wm X —\Wwm

€A—->06 X (X+\) x—0 X (x%1) xo0 *F

U —

o +t|

b) Z = i 2-\x 2 +J3x - H -2 ‘{"".
- s l—/u—)c‘ z2 A x4 x-x*) (2+8x x(‘/;x’)cuﬁc
=24

\.\Y"\ | ( = l =

l
x>y 2(24E) 4(2+Jy) Y4) 16

C) \'vyn Yx+) -3 x+' +3

AxA—>2 X —2Z \|V7C+I +3

L 42t1-1 _4x8 y(x=D)
x—>2 (X=2)({fx+1 +3 (x-nclExs 3) oz )
y 4 -4 =

\iw T s e ¢




Question 3. Evaluate the following limits:

(a) lim z° cos | —
-l T

(b) lim xe sin( 1) => xXEe S p v

r—)

\ o (%)

')
ala3 Jsla (¢) !lllll(l 1)* cos <,1- — |> = O

(d) !llnl(l l)3gin<‘l' - l) = O b\/ ST

~

< X€é

o) Ocas(i-) = O (oS O
o

—1¢cos (1) &

2 |
— X SCOS(?) SX

2

LS

* X

T

2




Question 4. The graph of the function f(x) is shown below. Use the graph to evaluate the following
limits:

(a) lim f(x)
(b) ]il'll f(x)

(¢) lil'llb f(x)

(d) ‘Iiml f(x)




Question 5. The graph of the function f(xz) is shown below. Use the graph to evaluate the following
limits:

(a) lim f(x) = 3
r—1"
(b) lim f(x) = Z
r—1
(c) ‘!‘ilfi_/.(.l') = D N E
@ lim f(r)= Y

(e) lim f(z) = C/

Question 6. The graph of the function f(x) is shown below. Use the graph to evaluate the following
limits:

(a) !il}ll'/'(.l') = L/
(b) ‘!‘il}:l{‘(/(.l‘) = DN E i
() lim f(z)g(x) :(\\V"' F(I)) ( \‘M“ﬁ(”): ( 2) (L/) = 8

x=>3°* x-3

(d) ‘lil_ll f(x)g(x) =

(e) !Iil}:l"/'(.l').(/(.l') 7\> (Z) (l) =2




Question 7. If
vr—4, ifxz >4,
h(x) - :
8—2x, ifx<A|4,
evaluate the followings:
@) f(4)= 0O
(b) lim f(z)= O
r—4
(¢) lim f(z)= O
r—4*
(d) l_imlf(.r) = O

A
Question 8. If f(r) = l , evaluate the followings:

9

A
@ f1)= 2 =DM E&
by lim f(x)— -V
()’1!111.(.: 7

(¢) _lipll. flz)= % \(rL
(d) lim f(z) = DNVE ; \'\VV\ Lecxy :7‘: \\\W ‘GC%]
2x—>\* 2\~
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Prove the statement using the precise definition of a limit.
|

25, lim (14 — 5x) = 4

x—2

‘C'C’)C):\“{‘Sx
L =4
o= 2

N Fov awny ¢ >0 , > 5 7 0O suhthe

‘€C)()——L|<€
|14 -5x-4 | <¢
[lo-5x] <¢ = |5 (x-2)]|<¢

—> Sl -2l<g = |x-2l<=
S
~ c
2) (et Oél%—ZWZSﬁO<UUU<%-
s|a-2]<e —> |52c —lo| < ¢
UL e siialy ot Jale Ll ! Buia

> |lo-sx| <L —> |IH-9-5x|<&

Co\iwm (\d -5 = ¢

n—> 2




15-18 Prove the statement using the &, 0 definition of a limit

18. lim (3x +5) = —1

x—>—2

Loo=3x+5
L = -\
o= -2

) Fov a-wy £>O 2 5 20 suw

ok
[ fex) -L | ¢
|%?c+5+\ | <¢

[3x+6 [ <¢ = [3 Cxa+2)|<t
— 3zl =tz <L

Z) let 0o lxt21<C§— 0<\1+2\<£/3

3| x4z <e — |3 (xx2)| <8
—|3x %6 | <f — | 3xestl |«

o \vw CEDK_TS) = —
L= -2




1. [10 pts.] Use the (¢, 0)—definition of the limit to show that lin% f(x) =3, where f(z) =2z +1.
T

(a) Guessing a value for §. Let € be a given positive number. We want to find a number § > 0
such that |if 0 < |x — 1] < § then |(22 4+ 1) — 3| < €| But [(22+1)—3| = [22—2| = 2|z—1].
Therefore, we want to find § such that if 0 < |z — 1] < § then 2z — 1] < e
That is, if 0 < | — 1| < § then |x — 1] < ¢/2. This suggests to take |§ < €/2|.

(b) Showing that § = ¢/2 works. Given € > 0, choose 0 = €/2. If 0 < |z — 1| < § then

|2z 4+ 1) =3| =2z —2|=2|z— 1| < 20 = €|

Thus, if 0 < |z — 1] < § then |2z + 1) — 3| < e.
Therefore, by the definition of a limit lirr{ f(z)=3
T—r

R
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8. [104+10 = 20 pts.] Use the graph of y = f(x) shown below to answer the followings:

Figure 1: The graph of y = f(z).

a) Find each of the following limits, if it exists:

i) lim f(z) =

z——3

ii) lim f(x) =

z—0~ A n S W 6f 'S‘
i) lim f(x) = i) lim f(z)=
i) tim f(2) =[0]

iv) lim f(x) = i) lim f(z) =
v) lim f(r) = v) lim f(@) =[1]

v) lim f(z) =

r—6

b) Find and classify the discontinuities of f as removable, infinite or jump.

f is discontinuous at x = —3,0,2,6 |.

f has a removable discontinuity at at x = —3

f has a jump discontinuity at at z =0

f has a removable discontinuity at at z = 2

f has an infinite discontinuity at at © = 6|




(/=%  ifx<0
f) =43 —-—x if0o<x<3
((x—3) ifx>3

(a) Evaluate each limit, if it exists.
(1) lim f (x) (i) im f (x) (i) lim f (x)
(v lim f0) () lim () (D) lim /()

(b) Where 1s f discontinuous?

29. (a) 1) 3 (1) O (1) Does not exist

(v) 0 (v) 0 (vi) O

(b) At0O and 3

Lo elual (s pyd o] ogllas 5




[20 pts.] Find nonzero values for the constants A and B, if any, that make the function

f continuous at z = 1, where

‘FOY ‘g to be continous a.i‘x=|/ We musf
have \im Fcy = \lm £y = FQ

o> —2 |t

A

= \im
=17 (L-9)




B+ |
Find B so that F 1o cont
ot o =2

e By (7o) @)

x—2% ¥ | x—2" RF T

lim B = B -
A —> 27

LWyre e ol oilbey palll (agsais (agas Jylad Ssba Sl

\ i g- 2% _

X—py &K

= \im 2(2+2x)
AL —2

]C 1S cont S im Foo = lim Fa )
X —o3% x—2”




L

\]51—5 -‘\J Ix-2

W& x> |

XE+yYxX -5

Slx-1|

x-3x 42

Vo=

+B '\Q’ Z<\

J;]V\CL A O\V\A B So’\’\/\a't_ 1C 1S COV\{“ a‘{‘

X = |




if x < a,
1. [10 pts.] Let f(z) =

if x > a.

Find all values of a, if any, for which f is continuous everywhere.

The function f is continuous for x < a, and for x > a |.

Now f is continuous at =z = a

if lim+f(w) = lim f(z) = f(a)| That is; if a = a® — 2. Therefore, |a =2 or a = —1|,
Tr—a T—a—

6. [10 pts.] Use the Intermediate Value Theorem to show that tke equation cosz —In(z+1) =0
has a real root.

Let f(z) =cosx —In(x + 1) |

The function f is continuous on its domain (—1,00), hence its continuous on [0, 7]. Since

f(0)=1>0and f(r) = —1—In(7m+ 1) < 0, therefore by the IVT there is a number ¢ € (0, )
s.t. f(c) = 0. Hence, the given equation has a real root.




3. [10 pts.] Use the Intermediate Value Theorem to show that the equation z°+2° —2r—1 =0

has a real root.

let oy = 13+xz'—29£—] =0

D 6 moin OP 10 S [R oondl (onkinugus
“it icpo\ynomial

Fci)= (|)3+(|)2' 2(1) = =-(<0

1£(~l): (‘|)3‘(‘ (’|)2’ 26) —| = 7 70

f s cont on (-1, 1)
B\/ I.v.1 /T\qe\/& exist o ‘¢’
W C=1 1) such that L) =0

s C 1S O~ roof

Let f(z) =2+ 2° — 2z — 1| S A

The function f is continuous everywhere (it is a polynomial). Since|f(1) = =1 <0 and f(2) =7 >0},

therefore, by the IVT | 3 ¢ € (1,2) s.t. f(c) = 0| Hence, the given equation has a real root.




Q6. [10 pts.] Let f{z) = 2 + zsin(zx) and g(2 r*. Use the Intermediate Value Theorem to show that the
graphs of f and g intersect at least once

Let h(z) = 2 4 2 sin(z)

We have:

)

(1) | h is continuous on [0, — | (since sin(z), z and z* are continuous everywhere).

[

(i) | A(0)

Hence by the IVT there is at least one ), ) such that| h(c) = f(c) — g(c) = 0| Thus, the graphs

of f and g intersect at least once.




7. [10 pts.] Use the Intermediate Value Theorem to show that the equation e® + cosz =4 has a real root.

Let ‘ f(z) =¢€"+cosx —4 | The function f is continuous everywhere as e®, cos(x) and 4 are continuous everywhere.

Moreover, ’ fO)=14+1-4=-2<0 ‘ and | f(27) = €?™ + 1 —4 > 0| Thereafter, the IVT implies that there exists

at least one ¢ in (0, 27) such that f(c¢) = 0. Thus, the given equation has a real root.

I. Suppose f and g are continuous functions. If liIn3(2f(:17) + f(z)g(x)) =20 and f(3) =5, then: g(3) =
T—

2+(2) +f(3)9¢3) = 20
o £ (3) =5

2 (S) t(9)9g3) =20

= o T 59c2) =20




5. [3+7=10 pts.] Let f(z) = ——

(a) Find all points of discontinuity of f, if any.

f is discontinuous at x = 0,1 |.

(b) Classify each discontinuity as removable, jump, or infinite (justify your answers).

+ +1
lim f(z)= lim 2‘@ = lim — = lim
x—0% r—0t T4 —xI r—0* :C(ﬂj — 1) r—0% (Z’ — 1)

Thus, f has a jump discontinuity at x = 0.

lim f(z)= lim i = F00

= r—1E 332 — X

Thus, f has an infinite discontinuity at z = 1|.




1 k
4. [10 pts.] Find a value for k, if any, such that lim < — 1> exists and is finite.

r—1 2

r—1 T4 —

Gale Lelad giny ) Lyae UMl oI35 75 oIl kJT Lasd an .Gy oo OF Jl3all G sllal
Liyre dls o5 (I KJI dans 055 0Sae gl gty calll Ja 3 kas

\\vn ( |
X —5 | X - | (2= +1)

\\m ( | (A +1) B I< )
X —5 | (x=1)(x+1)  (Ax=0A+1)

‘ X+ 1) el sl 5l Lo pia Lk
\\W\ ( X+ | -K ) ¢ il . ad o .
X —5 | (x = 1) (A +1)

t - X1 AlELT s bacadl il a1 Aall sin

\ X+ 1=y _ \im
x\fﬂ <(X-|)(7£+l)) xX—5 | (Qﬁ/uﬂ))

- l
| i m
— | X+ |
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1. The graph of f is given.

|
+

|
|
i
|

(a) Find each limit, or explain why it does not exist.

() lim f() (i) lim f()  GiD) lim £y

(v) lim f (x) (v)  lim f (x)  (vi) lim_f (x)
(vii) lim f(x)  (viii) lim f(x)
(b) State the equations of the horizontal asymptotes.

(c) State the equations of the vertical asymptotes.
(d) At what numbers is f discontinuous? Explgin. Types

1. (a) (1) 3 (1) O (1) Does not exist (iv) 2 .. Jemoyable
i

(v) o (vi) —oo (vii) 4 (viii)) —1 ¢ e ) dicontia

b)) y=4y=-1 (©x=0x=2 () —-3,0,2,4
_ : / o/

(04 \im b2 = = 00

F‘m{\‘&
Sco

x=
:)_Uump
d iS(om‘hv\u'&s{




Find the limit.

17. lim (Vx2 + 4x + 1 —x)

xX—>00

|\
X—> 0o |

2 2
|\ X441+ - x
X—> e

IX2+4a+1 +x
g + |

IX%49x 41 +x

o X
| x( x

l
t—)

Xt —x

X%+ 9x+1 +x
X2+ 9x+1 +x

X292 x| |
XZ
« |

\im %(‘1 +7)

X o

|+ p Ll 4

x  x?




28. lim (v/4x2 + 3x + 2x)

xX—>—00

\‘\\m 4‘7’1‘-&31 +2x ¥ 4‘11‘-&31 -2
L—>-° | N2 432 -2

\\m L/'Zz-\-3x— qxz = \\m,m 3X
H—>-20 (Yxtysy -2x X—>-08 \Yxt43z -2

- X(3)

P 2
\Iz?—(‘/x 3 2%

12




et £(x) = 31”1 X2
X -8

‘la[let ‘r\/\ﬁ V&V%icak &WA Horizontal
asympto Tes

2
foa) = B2 1x=2
(X-2)(x%+22+Y¢)

> x-1, F71

. 7C — Z_ [%—zl{r(%‘”/"‘z

\(yy, iBZZ(X‘Z)
=22 (X=2) ([ X?41x +¢)

\\p E3x®
-2 (X*42x+4%)

2
t3(2) _ X2

—

ZZ-I-Z(Z)-F‘/ 41-‘/1“/

Ne V.4




Lov H-A

| * 37(2(9(—2)
Lot oo (X=2) (1 +22+Y)

i + Ix”

X —t o0 (At 2x+y)

\/:-% /(\/:3 ave H A




‘C\\\/\Ok J\'\f\e, \//AY OL,\AA H/AY \Q am/

WQ Cxy = SX 4+ X
|| (x-3)

for /. A

5 )¢, K70

x — O J 7& — _3 Dcl:i,gc,ym

w25+ SX 4|
x—0t X (-3 x—o LT (x-3)

O + |
T (—3)

x—>3 L(x=3)

\{







3 2
AL +X - 2X

| x| (x®-1)

let fox) =

79 C\&Sgi{i}[ fhe o((ScoMLiwu(er
L) find VA L H.A fany

&) WC iS (Al‘sconhmuaus
ot X =0, -1 |
3 2
X +X -2X

I—DOt IXI (x ‘\)

| 1 x* (A +x-2) _ )((x+2)(7ﬁﬂ)

x—o0t tx(x*-y) £ X <D (A1)

| 1w (X% _ 2 _ 4y

‘F hos Jump cl.\‘.(on‘t'ihui\'y @Vt— y, G




£ XA A1) (A1)

\iw ( x+2)

3

‘F ‘\a,s Jump cl\s(on‘hhui\’)/ @V‘t— X = (

3 2
: -2
for x =-| ,lim ZTE_

L (X “+x-2) _ x(x +2)(Xﬂ)

+ (x> £ X (X AN (A +1)

= 0




tor \/.A
From pm’t @ we Know

. , ldla Y Jall & yenia
X orx t-2x Jall o J5¥1 S5l

| 1m
x—> 4t x| (c*=1

| | w (xt2) _
A —D-1" E(a+) T o

x = —| s V. A

For H. A
3 2 £ 2
X +X -2X —\im X tx -2%

3 z
X tX

\im
7(—)100 le (x"-\)

3 2
-2 . 3
L t+X - \lh’\ + X7 x¢

x’ - x x—te A - X
x

| + © — 0




VE+5+z, fz<2
8. [10+10=20pts.] Let f(z) =
In(z — 2), ifz>2.
(2) Find all points of discontinuity of f, if any. Then classify each discontinuity as removable, jump,

or infinite (justify your answers).
The function f is defined and continuous everywhere except at z = 2. Since

lim In(z — 2) = —c0.

z—2+

thus, f is discontinuous at z = 2 (f has an infinite discontinuity at

= 2) (full mark).
(Note that li%l_ Vz2+5+z=5.)

(b) Find the vertical and horizontal asymptotes of the graph of f, if any.
Vertical asymptotes: Since zl_ig1+ In(z — 2) = —o0, thus the line z = 2 is a vertical asymptote.
Horizontal asymptotes: Since

lim f(z) = lim In(z — 2) = oo,

Z—00 T—00

and

W ey 5
lim f(z)= lim Vm2+5+z=xgrpw ((\/af-’+5+w) (—li—J’))= im ————_

Z——00 Z——00

Vi is-0

thus, the line y = 0 is a horizontal asymptote.
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6. [10 pts.] Use the definition of the derivative to find the derivative of the function f(z) = 2% + 3kz + 1,

where £ is a constant.

, flx+h)— f() (x + h)*+3k(z+h)+1— (2% + 3kx + 1)

e h
x4+ 2hx+h*+3kx+3kh+1—22—3kz—1
= lim
h—0 h
2 2 2
_ i 2R TR A SRR RQEARASK) o 43k =224 3k
h—0 h h—0 h h—0




6. (10 pts) Let f(z) = v/2z + 1. Use the definition of the derivative to find f’(4)

oy — e (@) — f(4)
f'(4) = lim 1

r—4 €T —

(z—4) (V2z +1+3)
2 (z — 4) , 2 1

im = -
(x—4)(V2x+1+43) =224y20+1+3 3




2
2. [10 pts.] Let f(z) = 7 Use the definition of the derivative to find f(3).

Q/<3) — \\\Vf’l x| = lim

bl o e Jole el Lodas xr— 3 L — 3

AL Lents o)1 o Lo Lt

|‘IVV1 —_l — —\ -
3—|




2
5. [10 pts.] Let f(z) = pol Use the definition of the derivative to find f'(0).

7. [10 pts.] Use the definition of the derivative to find f(3) of f(z) = Vo — 2 + 3.
We have

f’(3):11mf(3+h)_f< ) :hm\/3+h—2+3—\/3— -3

h—0 h h—0 h

VETR=2-1_ . (3+h-2) -1
= 11m
h—0 h h=0h (/3+h—2+1)

= lim




