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1) Type of funchons

-'F(%) =762+37( + A

- X
' Q(?() A+

Aoy = )

.[‘(7(.)=\7£-

.'C(QL)‘:.ex

. f(%): ,03

.f(%) = Sn , Cos, }an




Log and expo graphs

SOME FUNCTIONS AND THEIR GRAPHS

Linear functions y

f(x) =mx + b
b

b

/1 x

fix)y=b flx)=mx + b

Power functions

Py =t

Root functions
f(x) = Vx

Reciprocal functions

Absolute value function
f(x) = | x|

Trig Function Graphs

COs X




1-2 Classify each function as a power function, root function,
polynomial (state its degree), rational function, algebraic function,
trigonometric function, exponential function, or logarithmic function.

1. () f(x) = logsx logaritumic  (b) g(x) = ¥/x voot

| 2x° , | )
(©) h(x) = ——— vokion\  (d) u(r) =1 — 1.1 + 2.54¢>
1 —X° > potynomial ey vee 2
(e) v(t) =5 eXPﬁV““JF“*\ (f) w(@) = sinh cos*H
\—> \rk(;,owovnd-vlﬁ
2. a) y=m" C(?OV\(’-V\\V(%l (b) y=x"
~ > ()O\A)C/
©) y=x*(2—x?) (d) y=tant — cost _
Dca\/cclf \%Po\v)/‘no‘mux\ \)Tr(gavz/wﬁ

(e) - () a1
C) V= y =

1l 4+ 5 1 + 3x
\> Vc\{‘\OV\O\ \/

> al O\,C\O\/&l/
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1.4 EXERCISES

1-4 Use the Law of Exponents to rewrite and simplify the
expression.

1. (a)




3. (a) K*(2b)*

0 b®(a'b") _ 16 b"




23. If f(x) = 5%, show that

fleth) — @) _
h




Laws of Logarithms

EXAMPLE 1 = Using the Laws of Logarithms to Evaluate Expressions
Evaluate each expression.

(a) logy 2 + log, 32

(b) log, 80 — log, 5

() —3ilog8

SOLUTION
(@) log,2 + log, 32 = log,(2-32) Law |

= log, 64 = 3 Because 64 = 4°
(b) log, 80 — log, 5 o5 Law 2

= log, 16 = 4 Because 16 = 2°
(¢) —3log8 = log g~1/3 Law 3

s 1 :
= 10g<§) Property of negative exponents

Law
1. log,(AB) = log,A + log, B

A
2, loga<E) = log,A — log, B

3. log,(A°) = Clog, A

log O/, <6> d  (log,x) X31
log 2 /N og| 5 an 0g, x)° = 3 log, x

log,(x +y) = log, x + log, y




39-41 Express the given quantity as a single logarithm.

39. In10+21In5 40.Inb +21Inc — 31Ind

41. %ln(x + 2) + %[ln x — In{x* + 3x + 2)°]

Sci>\r\ 1O+|n52
=ln 70—{— in 25

>In (10. 25)
_ In (250)

o) In b+ lne” _ Ind >

= In bc?__ lh OL3




39-41 Express the given quantity as a single logarithm.

Y'39. In10 + 21n 5 V40.Inb + 2Inc — 31Ind

41. 1 In(x + 2)° + 3[In x — In(x? + 3x + 2)*]

l‘”>33"ln (7(...2)_,_-‘2- Llnx_2ln (%z...-??l-.-?_)]

L
tn (+2) ¢ n Xt (" 32+ 2)

A ((2e2) (0)F) _In (2532 4 2)

1
n _(x+2) ()=
xt 33U L2

\
- \n (X+2) Xz
(x+1)(a+1)

1
- In o =
X+ 1




35-38 Find the exact value of each expression.

35. (a) log,32 (b) logg?2

0) log 32 = 2%=32 4}

b)log 2 =




EXAMPLE 8 Solve the equation > = 10.

SOLUTION We take natural logarithms of both sides of the equation and use (9):
In(e’*) =1n 10
5—=3x=1In10
3x=5—1In10
x=%(5—-1n10)

The following formula shows that logarithms with any base can be expressed in terms
of the natural logarithm.

Change of Base Formula For any positive number b (b # 1), we have

In x
log,x =
Inb




51-54 Solve each equation for x.

51. (a) ¢/ " =6 (b) In(3x — 10) =2

52. (a) In(x*—1) =3 (b) e* —3e*+2=0
53. (a) 2 ° =3 (b) Inx + In(x — 1) =1

b
51)a) e’ =Iné

_—377-”2 :|n6




51-54 Solve each equation for x.
51. (a) ¢/ " =6
52. (a) In(x* — 1) =3
53. (a) 2> =3

(b) In(3x — 10) =2
(b) e* —3e*+2=0
(b) Inx +In(x — 1) =1

In (%’:_\)- 3

52)

3
=p ZZ_I =€

= 7(-1:. 63

> X =" | e341

b)eix_3€2+2 -0




51-54 Solve each equation for x.

51. (a) ¢/ " =6 (b) In(3x — 10) =2

52. (a) In(x*—1) =3 (b) e* —3e*+2=0
53. (a) 2°° =3 (b) Inx + In(x — 1) =1

53)

5
a) loq 2~

:_?,?DL— 5: 10313

X = 1032(3)_._ S

B) InLocdx-1) 1 =1
)nEZ(%_l)]p \

Xlx-1)-e' >
%2’_‘1 =0 . T |
_ 137+ Ye S Ol g

2 -b tib*_Yac
200
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19-20 Find the domain of each function.

] —&® L + %
1 1—x2 (b) f(X) - COS X
. €

20. (a) g(1) = /10" — 100 (b) g(¢) = sin(e’ — 1)

19. (a) f(x) =

.. The domain is R /z-‘, \3

S
ed&z :F

CodSoL

Ine +Uno

.. ™Me domain is R or ("OQ /09)




19-20 Find the domain of each function.

1 <+ &%

COS X
€

.

. 1—x?2

V(b) flx) =

V19, (a) f(x) = 11

20. (a) g(r) = /10" — 100 (b) g(r) = sin(e’ — 1)

o'lo> A) 10°_1o0 = 0% _ 100 7,0

t t
10 2 100 = log To > log Too

t22 . The domain is [Q,0)

b) Sin (e°_1)

A

We domaun 15 R




Ll) One 40 One FuncChon
A oi=n Y Aad Ua.u aalzn X a8 & %

FIGURE 1

f s one-to-one; g is not.

I’ Definition A function f is called a one-to-one function if it never takes on
the same value twice; that s,

flxy) # f(x>) whenever x, # x;

¥ bl ghi I5)
AN & gm0 250

not one _to0- One

Horizontal Line Test A function is one-to-one if and only if no horizontal line
intersects its graph more than once.




2=t X, Qe J=dl |5

ot One _ Yo —One an ) o
-t oy 3 JUs G (=M awpb

£ aba Go 2512
nok One _+o -~ 0ne

not one to one i one to one dlull Jla b el SE a3Y Loy IS Yol 3]
45 one to one Ul é 8,0 (po SiSI dawyll @hafile L,88Y) Lghall dlaa (IS eli) ...
80 po ;S| Aoyl alad (84T LA oé o) Js&  not one to one Ul




3-14 Determine whether it 18 one-to-one.

9. f(x) =2x — 3 10. f(x) =x* — 16

D fix)) - Flxy)
3 _ 3




EXAMPLE 1 Is the function f(x) = x° one-to-one?

D ek f(:x,‘) :-F(DLZ)
3
2y o =% 2T =23

= A, =X,q _ 0One _+o_0Nne

SOLUTION 2 From Figure 3 we see that no horizontal line intersects the graph of
f(x) = x* more than once. Therefore, by the Horizontal Line Test, f is one-to-one. M

Tanny b Jsaad 51 rny Ul (b anl IS 239
FIGURE 3

f(x) = X is one-to-one.

EXAMPLE 2 Is the function g(x) = x* one-to-one?

SOLUTION 1 This function is not one-to-one because, for instance,
y

g%,;‘_‘:XZ

SOLUTION 2 From Figure 4 we see that there are horizontal lines that intersect the graph
of g more than once. Therefore, by the Horizontal Line Test, g is not one-to-one

FIGURE 4

g(x) = x” is not one-to-one.




@

Definition Let f be a one-to-one function with domain A and range B.
Then its inverse function f~' has domain B and range A and is defined by

O =x & f&)=y

for any y in B.

FIGURE 6
The inverse function reverses inputs
and outputs.

domain of f~' = range of f

range of f~' = domain of f

For example, the inverse function of f(x) = x*is £ '(x) = x'/? because if y = x°,
then

CAUTION Do not mistake the —1 in ' for an exponent. Thus

|
f~'(x) does not mean ——
f(x)

The reciprocal 1/f(x) could, however, be written as [ f(x)] .




3-14 A function is given by a table of values, a graph, a formula,

or a verbal description. Determine whether it is one-to-one.
yaN

/ :

k2.0

}
Ji one

40

 ont
6

2.9

From Figure  we see that no horizontal line intersects the graph of
f(x) = x* more than once. Therefore, by the Horizontal Line Test, f is one-to-one. M




EXAMPLE 3 If £(1) = 5, f(3) = 7, and f(8) = —10, find £~'(7), £~'(5), and
£71(—10).

SOLUTION From the definition of ' we have
because
because

because

flW=y & f)=x

cancellation equations:

for every x in A

for every xin B




@ How to Find the Inverse Function of a One-to-One Function f
STEP1 Write y = f(x).
STEP 2 Solve this equation for x in terms of y (if possible).

STEP 3 To express f ' as a function of x, interchange x and y.
The resulting equation is y = f'(x).

EXAMPLE 4 Find the inverse function of f(x) = x* + 2.

SOLUTION According to (5) we first write

y= x>+ 2

Then we solve this equation for x:

Finally, we interchange x and y:

y=<x—2

Therefore the inverse function is f ~'(x) = +/x — 2.




2. [5+5 =10 pts.] The graph of f is given below.

(a) Explain why f is one-to-one.

(b) Find f1(2).

Figure 2: The graph of y = f(x).

\?& e.) > Figure 2: The graph of y = f(x).

Any horizontal line intersects the graph of f at most once. Therefore, the function is

one-to-one by the horizontal line test.

(b) | f71(2) = 0 since f(0) =2/|.




21-26 Find a formula for the inverse of the function.

21. f(x) =1+ 2 + 3x

22. f(x) =

4x— 1
2x+ 3

2‘) \/:74—\]9\-}31

= >/-" :\9\+3Z
= (Y_1) _(Ja+zx>2

~ (Y1 -

A +3 X

11 ngJHi“
Chd. 5on>
50—4()3 (_A}.)

= (V—l)z_.éz =3x¢<@—<2>)4 g

(y-1) -9




21-26 Find a formula for the inverse of the function.
4x — 1

V/21. f(x) =1+ 2 + 3x 22. f(x) = S r t 3

b i
22) Y = N+ 3

=Y (an+3) = (4 x-1)

= Ay +3y =" _|

;273)/4_\ :.sz——a.l)/

=3y + 1= (4_ay)




21-26 Find a formula for the inverse of the function.

23. f(x) = e>!  25.y=In(x + 3)

22 _ |

3 Vo™ sy -lne

e;\n\/ Al =>lhy 12X

‘Y\‘/—t—\ - X
d 2

: - o \nx +|
N A N -




3. [10 pts.]

Let f(x) =

let YV =

n (25
™ (o




21-26 Find a formula for the inverse of the function.

L

\/(7'1'6—2):1—6-

>/.-|—'>/ 6"1_—: 1—6—1




5. [10 pts.] Let f(x) = e**! + 2. Find f~!(2).

gt S i 13a Jleal ] Cyglal [olgla
§00 ans Yy Gyl cangd

INJ! 1. 1-d) Lo oy Laay

- 1

(1) Let y = e* ™1 + 2.
(2) Solve for x in terms of y: x = In(y — 2) — 1.

(3) Interchange x and y: y = In(xz — 2) — 1. Therefore, |







6_range of e unchion :-
VLN Go B0Ul X @5 Ero o8 %

- Domain Il = Lgahs




r+1
2. [5+5+5=15pts.| Let f(xz) = ,
[+ ki pq] . f(r) 20 + 1

(a) Show that f is one-to-one.

(b) Find the inverse function of f.

(c¢) Find the domain and range of f.

a P ix,) o

2L+ | A+ !

—

296‘-@- l A I, + |

(ax 1) (1) = (x D) (2 +))

AN, L, + &% +9Ll+1 :0(2‘)(_‘7(.14_9(_(._{—;)\1{7

.‘c%\ = 7(-2 J. *c 1S one_to -0One

>>/ 250 5] = dAyYy £ Y =X+

YA =Ny s alay_D=1_Y
:~%: |- .".—V"(%): 1-x

2y 25 -1

¢)The domain is EQ/%E,TV\C rangc 2 R) —;?S
e




x

[ Lok Pla) - —& o » "nd ES
Domain of F(x) :_

Z

1) Llet v 2

1—(—261
>C

2) Domain of f(x) - _€
l+2e%

X
Tiae 40 , e s _1

Im poSSi ble % R = (-20, 00)

y (14 &e )-e

X

;zye:.e
_ZZY@
_e (1-ay)

) +
Y =
y

e

- X

>/ = €
_

\




57. (a) Find the domain of f(x) = In(e* — 3).
(b) Find f ' and its domain. ‘

a) In Ce™*_3)

6,7_(_3>o = 6175
lnex7\m3 = X 7In3
. The domain is (In3 o0)

b) Yz\n (@ —3>
:>_7e7/ :e\n(e—a)__?e

=_e;€y+3 = € —%\H(CY.*_B):\Y\C

y=€_3

= |n (€Y+ 3) =

X
e +37O = €x>—3 T\(\e Domain is
R




2
3. [10+5=15pts.] Let f(z) =1n (— + 3).
L

(a) Find the inverse function of f.

(b) Find the range of f.

d) )/:‘n( 2 +3>
\n<_+?>>

SRR P

ex_3

Now the range of the function f is the domain of the inverse function

A
b)@x_3:}:o > € =+ 3
L

ne  #ln3 = 1R/ I3 ]




4. [545=10pts.] Let f(z) = 3" + 1.

a) Find f~1(x).
b) Find the range of f.

a) Find f~!(2).
(1)Lety = 3% + 1.
(2) Solve for z in terms of y: © = logs(y — 1).

(3) Interchange = and y: y = logs(x — 1). Therefore, |

b) Find the range of f.
Ry =Djs-1 = (1,00)|

4. (10+ 5 =15 pts) Let f(z) = In(2z + 3).

(a) Find f~1(z).

(b) Find the domain and the range of the function f.

(a) Find f~1(x).

y=f(x)=In(2z+3) = 2z+3=¢Y = z = % (e¥—-3) = fi(z) = % (e* — 3)
(b) Find the domain and the range of the function f.

The domain of f is (—:j f)C) . The range of f is R which is the domain of f~!.




B Inverse Trigonometric Functions

When we try to find the inverse trigonometric functions, we have a slight difficulty:
Because the trigonometric functions are not one-to-one, they don’t have inverse func-
tions. The difficulty is overcome by restricting the domains of these functions so that
they become one-to-one.

You can see from Figure 17 that the sine function y = sin x is not one-to-one (use
the Horizontal Line Test). But the function f(x) = sin x, —7/2 =< x =< 7/2, is one-to-
one (see Figure 18). The inverse function of this restricted sine function f exists and is
denoted by sin ' or arcsin. It is called the inverse sine function or the arcsine function.

FIGURE 17 FIGURE 18
y=sinx, =5

THE INVERSE SINE, INVERSE COSINE, AND INVERSE TANGENT
FUNCTIONS

The sine, cosine, and tangent functions on the restricted domains [ —/2, 7/2],
[0, 7], and (—7/2, 7/2), respectively, are one-to one and so have inverses.
The inverse functions have domain and range as follows.

Function Domain Range
sin”! iy [—7/2, w/2]
cos ! =111 [0, 7]
tan”' R (—7/2, w[2)

1

The functions sin ', cos ', and tan ' are sometimes called arcsine, arccosine,

and arctangent, respectively.
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EXAMPLE 1 © Evaluating Inverse Trigonometric Functions

Find the exact value.

(a) sin"? (b) cos™'(—3)

S\ x & €T V2




63-68 Find the exact value of each expression.

63. (a) cos '(—1) (b) sin '(0.5)
64. (a) tan '3 (b) arctan(—1)
% tan~ (1)




65. (a) csc'y/2 (b) arcsin 1
66. (a) sin"'(—1/y/2) (b) cos™'(v/3/2)

65 ) o)

.V'CSCG .:\|;2 ,SM@; !

csco

g\\ﬂ @ = _)*,

66. (a) sin"'(—1/y2) (b) cos™'(v/3/2)

@)Sim_\ ( —\\-iz'




hypotenuse
opposite

“

adjacent

FIGURE 1

THE TRIGONOMETRIC RATIOS

, opposite adjacent opposite
sin 6 = cos 0 = tan 0 = —;
hypotenuse hypotenuse adjacent

hypotenuse hypotenuse adjacent
csc O = : sec 0 = : cot O = :
opposite adjacent opposite

PYTHAGOREAN THEOREM

© CHILIMATH.CON
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69. Prove that cos(sin~

Lx) = /1 — x2.

Let & = SV

S S\ B =X

3

1
X

opposite

sin 0 =

hypotenuse

Z | -x"

2

2 2
| = A + 2

S, oS (e

cos(8) =

|- x?

Ss B ook e
/7
= 2= J1-x?

'x) = cos (4)

:\}\—7(?'

Z ) asiall alall Ly

Y4




4. [10 pts.] Find the exact value of each expression

2
be t( ! LV. —1 ey
(a) tan (sm (3

(b) lOglo 1 -+ 2 10g10 5

Let y = sin™' (g), so siny = <§> and y € [—7/2,7/2].
L5 et
Then we can draw a right triangle with angle y as
shown below and deduce from the Pythagorean Theorem
SJEN alas

that the third side has length /9 — 4 = /5.

3 2

)i

E

This enables us to read from the triangle that | tan (Sin1 (3

(b) |logg4 + 2logo 5 = logyq4 + logg 5*
—
= log,04 + log; 25 = log;( 100 = 2 |.




/)

1. [10 pts.] Prove that: sec(sin™' z) = for any x in (—1,1).

Lﬁt 6) — S'\Vl’ll
V. S =X

2 2
Z — \ — l (l’,\'tlmg(n'van 'l‘h(‘()l‘t‘ll>

vsec(sint) = sec( )
I

\‘\—-;(Z

= SecC b =







7. (5+5 =10 pts)
T

\/1—1—:1:2'

(a) Show that sin (tan™! x) =

(b) Find the exact value of sin (tan_1 ( ‘ )) .

z

/l + l,‘f_‘

r => z=tany; y € (%, %) and we can read from the figure below (which
illustrates the case where y > 0) that

(a) Show thatsin (tan~!z) =

Let = tan™

sin (tan™'z) =siny = —= 3
&+

or tan~! (

=

st




(a) tan ( sin™!

. s .
Let y = sin™" (;) SO siny = < ) and y € [—7/2,7/2]. Then we can draw a right triangle with angle y as

shown below and deduce from the Pythagorean Theorem that the third side has length /0 — 4 = /5.

51/.‘ = \I_E'

This enables us to read from the triangle that |tan (sin-] <3




! -S‘W"\P\'\ —C\/ SV\'\Q. Tﬁgono metricC.

70-72 Simplify the expression.

70. tan(sin 'x) 71. sin(tan'x)

l

7o) Let O =sm X

S, SsmB =

using Pythagorean thesrem
L5 = |

&
e tan(%im-lX) :tana Z

X

[ - X

..o tD\Vl 6:—'

2

X

\I I+x*

#1)




0 }—0J

Thamrah

Kuwait University

Calculus 1 — Limits
(Section 2.2 & 2.3)

For Contact and Support:

YouTube: Precalculusq8 Twitter: Precalculusq8




Lk S

(- Derermwne \wmix £rom qrovh
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Y-Conkinuity § Discontinuity.

5 -Find the values of a $ b tat vake
b Conkinues everywhere.

6- INT .
7- ASymplotes.
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bm § (x)
X—>a

. Um - 2\.3\.&.6\

lim f(x)=3.8 ' lim f(x)=1.3
xX—a x—at

SO0 NN B | i 0 does ot e

A sa: Ads o e a

e o)
Hiaas s a s 035




(- DeXermine ik £rom grovh

[3'\ lim f(x) =L ifand only if lim f(x) =L and lim f(x) =1L

X—*a

EXAMPLE 7 The graph of a function ¢ is shown in Figure 10. Use it to state the values
(if they exist) of the following:

(a) Iin} g(x) (b) lim g(x) (c) lim g(x)
(d) lim g(x) (e) lim g(x) (f) lim g(x)
V A
4<...

3+

FIGURE 10

a) Um _3(2)-3 b)Y lim . 9(x)=1
Ay 2 X->2

C)Since the bt and right Umiks are
different , we Conclude

Um g(x) does not exisk -
A=

)X—»MB'S and x—vb”'(j( s

We have L  9() = 2
X5




X \Jevrica)

u

(a) im f(x) == (b) lim f(x)= 0

(¢) lim f(x)=—c0 (d) lim f(x)=—c0

~a tar

@ Definition The vertical line x = a is called a vertical asymptote of the
curve y = f(x) if at least one of the following statements is true:

lim f(x) = o lim f(x) = o lim_f(x) = o0

lim f(x) lim f(x) = —» lim f(x) = —x=

x—a Xx—a~ x—at

O~ AVIRWAS




B Infinite Limits

EXAMPLE 8 Find lim L, if it exists.

x—0 x~°

To indicate the kind of behavior exhibited in Example 8, we use the notation

1
Iim — =
x—0 x~

@ This does not mean that we are regarding © as a number. Nor does it mean that the limit
exists. It simply expresses the particular way in which the limit does not exist: 1/x* can
be made as large as we like by taking x close enough to 0.
In general, we write symbolically

lim f(x) ==

X—a

+1
*0.5
0.2 2
*0.1 10(
*0.05 400
+0.01 10,000
+0.001 1,000,000

FIGURE 11




2X

EXAMPLE9 Find lim

=3+ x — 3

, 2x
and lim
T3 A — 3

FIGURE 15




EXAMPLE 10 Find the vertical asymptotes of f(x) = tan x.

SOLUTION

lim tanx = and Iim tanx = —x

x—(m/2) v—(mw/2)"

FIGURE 16

y — tan x

lim Inx = —®
xr—0"

\we \n(x-2) =\wlo") = -

x— 2"

=7 S VA




X

2 -

5. For the function f whose graph is given, state the value of
each quantity, if it exists. If it does not exist, explain why.

(2) lim f(x) (b) lim f(x) (¢) lim f(x)
(d) lim f(x) e) f3) = 3

x—3

) v £0x) = i fGo =

X —=\" x —\*

c i 1C-()( =

__->\

\o) \\W\ = \
X —3

A) \'\vv\ "F(I) = |
L—> 3

S e fam £ \m S0
A—=>2" 7C‘>3




7. For the function g whose graph is given, state the value of
each quantity, if 1t exists. If it does not exist, explain why.

(@) lim g(7) (b) lim g(1) (¢) lim g(z)

(d) lim g(r) (e) lim g(7)

() 9(2) (h) lim g(t)




. For the function f whose graph is shown, state the following.

(a) lim f(x) (b) lim f(x) (c) \121(1) f(x)

X—>—7 X—>—3

@ lim f(x) @ lim f(x)

(f) The equations of the vertical asymptotes.




1. [2.5x4 =10 pts.] Use the given graph of f to evaluate each of the following limits, if it exists.

il

Figure 1: The graph of y = f(x).

(a) lim f(z)= (b) lim f(z) =

r——3
r—()

() lim f(x) = (d) lim f(z) =

r—r—00

(‘d) lim f(."l;') DNE | (It is clear that lim f(z) = —ooc and lim f(z) = o0).

r——3 r——37 r——3"

lim f(z)=/[0]

r—0—

lim f(z) = [o0]
r—0t

lim f(x)=

T—>—00




U

—— - e e o - - -

(a) lim f(x) = 1 (b) lim f(x) =-1 (¢) limf(x) = does not exist
X->-4~ X->-4F X -4

(d) limf(x) = 4 (e) limf(x) =4 () limf(x) = 4
X=>1" X->1% X-1

(2) lim f(x) =00 (h) lim f(x) =c0O (1) lim f(x) =00
X4~ X-4% X->4

s Cog0lell Bl GoY: X =a sus
. Al 008
RSN\ ) U | RIVNIPSV, P B
# Conkinuou 8 #* Jump
¥ ASywmphole + Hole




A- Dicect Substitykion.

o \
572_ :O,—c;:f_oo,_a,%

1) Um (ax+1)=2(3) +1 =7
A= 3

3) lim (x=Y4) = (-2)-U=0
1> -2

.o -2X -3
3))\{\33 x-3 > %!




.indeterminate forms 5L alky Lisge 1)

Determinate-Indeterminate Forms Table

Indeterminate Forms

0/0

+00/ + 00
0o(- 00)
0(c0)

00

Determinate Forms
00 + 00 =00
—00 — 08 = —%
=1

07 =00




a} \;\m XL— 3)( -3

A =3 AX—=3

3 a(3) -3

9-6-3

3-3

= Uim

(7('3)(7(1'1) - L

A=23 A-3

o

X +1

A>3 1

b x+1=3+1=H

23

Ui

A-5

b)

A5 xr_é6x+5

It L{m 2 -5
A5 (x=-5)Lx-))

1
5-1

==

= lim !

x*—=>S x-1

_ 1

Y




Jx + 2
¥ + &

i (=W {X +2) _ Lim
(’a‘zaq (x -4) ‘t?muﬁ—*a

:W_‘,a :a-l-& :.L‘

d) lim _X-55
XY 2t-3X +16

y_-s56
yr_3(4) 416

) s
16-32+ 16 32-32







= U\M =\
A>-4 Y (Y+2) x->-Y

1 1

-—
O —

T T

9) L X+

2—>-3% o+ 3

-1
0o

a—
—




h) lim b=

=-3 at*+3t 43

— b (E-3)(E4d) _ t-3
X>-3 (At +\)(£+3)  abt+1

- -3-3
A(-3) |

1) e m 3

“\;’o

‘nao \n\Iq_._l,\_‘,S \r\n;o\n .3

= bim J - l
h=o |°[+h +3 Vqa+0 +3




(-1

_ U 3 _(x -1) 33—\

CAvY (-3 2 (wdT BT

= L U-x = '-(X—L')

w24 (-3 i) (x-4)({'3 4 {o-1)

=\/§W\ -1 = -1
>4 (J3 Ix-1) VERFR '




r—3
4. 10 pts.| Evaluate the limit lim . if it exists.
[10 pts.] iy o

—3 9

o <3 x 2+ x +1
X2 2""%‘“ 2—"\\5 XA\

\wn (2—32)C 2% \J 1)

X232 o T\

\\m (7C—3)(2’\'\rx—+1) :<'7C</3)( Z%J_DZ:H.)

S —-(96—//"55

S L o N TN LYY

X3

—\
= —(24172)




% piecewise  Function

EXAMPLE 9 If

Si—4 ifx>4
fX) =18 -0y ifx<4

determine whether lim, .4 f(x) exists.

SOLUTION Since f(x) = +/x — 4 for x > 4, we have
‘Iin} f(x) = linJ Vi—4=y4-4=0
Since f(x) = 8 — 2x for x < 4, we have
lim f(x) = lim (8§ —2x) =8 — 2
v—4 x—>4 -
The right- and left-hand limits are equal. Thus the limit exists and

\l"}l fx) =0







_(x-4)| x<Yy

X<4 558l Gsatiy Hledl 5T cpadd| Yo (o il




U<h = O7Y omedl dns 08 Lgay 0D

ay,& VU1 O odslsis aginttl Blalls . agiSLel it 13] by ¥ L ol puds

... L‘\m _L’ "(é = L\M J“l’@-:’
@=U" U@ @sut — (O




: 5|x+2|
2) Iim
x+-2  x+2

7 %-1'2 / ’JC?,-Z
|x+z|:{
5 —(x+2) , x<-2

hwm  S(Oe) _ -5 o g

S\ =DNE
A—>-2

3) ligi (‘x—6‘ - 3)

b
| 2 - 5(f "7
9(5),96(6

\‘\Yh ‘FCX)Z —(5-{) -3 =-0-2=-73

xX— 6~




Evaluate the following limits:

f

|42

\

z2—z—6 .
. il o # =2,

9, it & = —2.

lim f(x)

r——2

2 +2

, X2,-2

>
|x+zI:{
> —(x+2) , x<-2

"
lim f(z)= lim -8 _

lim —xz+3=25.

T——2" T——2" &= 2

Also, we have

lim f(z)= lim =
r——2t Tz——2T

*¢ lim, , o- f(x) # lim,_,_o+ f(x)

S \limfecr=DNE

Al
/ x—>-2

lim
x—0

f(z)

1

lim f(z) = lim = 60

r—0% 1—0% e — e~




Evaluate each of the following limits, if it exists.

e T z|(z — 1) _
: .

\'\\m Lex) = Ywn £cx) = \\m £cx)
x—\F LD\~ o=\




2) Squxce%e, F\neovem

DY il (o ey U 4BL Jlgall ae squeeze theorem asaios

Sw oo ; -
—...0-E )0 S\WoD,0cos6) /00 Sincd

Rewx‘w\oler V-

-1 < Swo | -1 L cosE £ |

- .
EXAMPLE1 Show that lim x* sin e 0. = 0 S\WwpA

3> Smce \wm —xZ= O
L—D0
\\w» xf=o S \0\/ s. U
L—>0
\\» sl =0
x>0 >




=% o) 19
a,> &3002 65’\\/\(23‘_1)




b)‘.«m [Z 4-(7( ~AX 4+ 1) 8in ('X\ )]

1. (1-3(1)+1) Sin (377)

= 140 Bin oo

BY using Squeeze Hheorem

Jgsm(%)u

_xmax e 1)< (xZ 2+ 1)Sin (< )<(z

)

““len - (2L 2x+1) ‘—((1) ~a(+1) =0
o

A
b O2xs1)=(1_-201) +1=0
x=> |

. 2 : 1
L Um (' -axal) S\Y\(.x_1
X -> |

Ex + (-2 1) Sin (
7L-:\

=1 by Sgueeze. theorem




C) lim

N> 2 " -

N H-8+Y Cos 00 =0 CoSco
By ULsing Squeeze theorem

1€ s (5)&

(1 ‘47(+‘4)<(7£ Yx+Y) Cos (=) € (X=Ux- w)

o . z
. t;(-az —(7(-'47(’\""): o

2 Vi ('XL-qX =
22 +H) =0

?\(A:z(x “Ux +4) (’oS( ):-o

By Scl,yee 2¢ Yheorem










1. Evalvare dhe tmaks 1§ Hey exick.

#)hm%w_ﬁ_ = 0O COSA

S'mce ‘,AM -leo ond t/\\M 2T =0 byST
X=y0 Ao

T )= ©




b> V3 e SC’.UCCZC Tﬁcomm o evalugle the %‘gl\ow.’y:?
ks - -
o (2} s (222) = o s

x>0 \(2+X

A
(o)
:(&+0> Sin (a;o) =0 .Sineo

=~ 8. T
_1 £ 8in (&;9(> <1

- <9\fx >L\< (ajfx)ls;"‘ <a;(x )

U - (

G ( :

2+7C

"By T Um ("

XYoo \\ 2+




Evaluate each of the following limits, if it exists.

(b) lim vz — 2cos ki

x—2+ P - 2

We have
-—lscos( : ) <1l=>—-Vz-2<Vzx 2cos( 2)<\/:c-2.

Since lim vz — 2 = lim (—vz — 2) = 0, thus by Squeeze theorem, we have

z—2t z—vz+

hm vV cos( ) 0.
z—2t -2




K SQueeze tineotem + inequity

If 2x — 1 < f(x) < x% — 2x + 3 for x = 0, find |im2 F(X)"
X =

\imv 22 -1 = 3
rX—>2

\ v 9c7’-—-2x—r3 = 3
w0 —) 2

]

oo\ fox) =3 by ST
o —> 2




. 4o” + 1 i
5. [10 pts.] Ife” < f(z) < ——, find lim =’ (), if it exists.

o 4 x—0

We multiply the given 1110quahtv by z* to obtain

. , 425 -+ 3
z'e” < 2'f(xr) < ———. Now we have
I~
, —1‘1'(i + . . o
lim z*e® = 0, lim ———— = lim42* + 2% = 0. As a result of Squeeze Theorem,

x—0 x—0 T z—0

lim z* f(z) = 0.

x—0

6. [10 pts.] Let f(z) be a function which satisfies

5t — 6 < f(x) < x? 4+ 3x — 5 for all z > 0.

Find lim f(x).

z—1

Since lim 5z — 6 = —1 and lim 2?2 + 3z — 5 = —1,
x—1 x—1

then by the Squeeze Theorem | lim f(z) =
' z—1
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1 Use the ¢-§ definition of a limit

@ Precise Definition of a Limit Let f be a function defined on some open
interval that contains the number a, except possibly at a itself. Then we say that
the limit of f(x) as x approaches a is L, and we write

lim f(x) = L
X—=>a
if for every number & > () there is a number 6 > 0 such that

if 0<|x—a|<$é then | f(x) —L|<e

N
15 3+5

S

/

when x 1s in here
(x # 3)




L E0 S G ey

DYor any €70,3 6 70 Such taat

D\ fx)-L1<¢ wslad\ @yl
| % -¢| o) o) o=
§ & Ealyw & des sun

5 > -~ By definition Lien :(DCB =1

%->C




15-18 Prove the statement using the €, 6 definition of a limit

15. lim (1 + ix) =2

x—3

L= 2




15-18 Prove the statement using the &, 6 definition of a limit

18. lim (3x + 5) = —1

x—=2

X )=3X+5
¥<L=>_1 T Dfrany £y0, 3§ 5o Such

Hat
a=-a \Q(x)-Ll<2

\31+5+1}<E_

3%+ 6| ¢ ¢ [3(x+2) | < ¢

> 3lx421<e 5 |xp2) ¢ ?&

) Llek o ¢ |24 {é50< 242 ¢ &
3

3Ix+al < e 5 (2 (x+2)]| < &

>3z 6l <e |32+ 5 1]« ¢
Cobm (320 458) = -1

X = _ 2




19-32 Prove the statement using the &, 6 definition of a limit.

2 + 4x

oLl x-11<KS

1)For any €70,3 & Yo Such {hat

|t (x)_L ¢ ¢

|21 5 l<e

- |2 (x_1)] <
> Uzl <e & lz-11 <35
Q)let 04 lx-11<§




0 |\« -10]<4
1) for any £€70,3 § 7 0 Buch {hat
\C(%)_L|<g_
3 - =x -(-5)|< ¢
13-‘§7¢+5|<€ ]% z)<£

=|-L(x-10)] <t = -§]1-\0\<é =

Dlet 0L [x-lo| €8 =0« \7¢—lo|<—'f’-2
Liz-hl<e =|dx-g|<¢

|-(8-2x) | <6 5 [8-Lx|<e 513 -Lx. 5]
o By definition Lim (3-4 5 3. -5

a-=>[0




19-32 Prove the statement using the €, 6 definition of a limit.

23. llIm x = a

X—>a

$(xy=x o<lx-alls
L=a
a =0

1) For any €0, 3 >0 Such that
| $(x)-L1< €
|\ X -a | < ¢
Let ollz-al<S o< |a-alce




1. [10 pts.] Use the (¢, §)—definition of the limit to show that lim f(z) = 3, where f(z) =2z + 1.

r—1

(a) Guessing a value for 4. Let € be a given positive number. We want to find a number § > 0
such that |if 0 < |x — 1| < § then |(2x + 1) — 3| < €| But |(22+1)—-3| = |22—2| = 2|z—1]|.

Therefore, we want to find 0 such that if 0 < |z — 1| < 4 then 2|z — 1| < e

That is, if 0 < |z — 1| <  then |z — 1| < /2. This suggests to take |§ < €/2|

(b) Showing that § = €/2 works. Given € > 0, choose § = €/2. If 0 < |x — 1| < § then

2z +1)-3|=2z-2| =2z - 1| <2 =¢€|

Thus, if 0 < | — 1| < d then |(2z 4+ 1) — 3| < €.

Therefore, by the definition of a limit liml fle)=3
r—r

23l ol Jiliae L Lila (o) Gyhall udiy Llat Suls

i (82c+1)=3

A —= |
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3) COV“".'V‘(A'\"Y ancl dJSConl-inui\—Y

3) f(a) is defined .

b) Um (=) etist.

X —» oL

(a) lim f(x) = lim f(x) = f(c)

C) U ’C(Z) = -C(a) s s

L2

DEFINITION Continuity at a Number

A function f is continuous at a number c if the following three conditions are met:
* f(c) is defined (that is, c is in the domain of f)
* lim f(x) exists

X—>C

e lim f(x) = f(c)

If any one of these three conditions is not satisfied, then the function is discontinuous

at c.




% \Whese the tunclion ConYinyous : -

Theorem The following types of functions are continuous at every number in
their domains:

e polynomials « rational functions « root functions

» trigonometric functions ¢ inverse trigonometric functions

» exponential functions  logarithmic functions

0 S Trafso U85 Cis> Ao 5T

Joes Houw 4 ¢ Domain Il 5o = J=)) %
CSedl 140 2 (Cond-) B ratas AN ol

JS»

g )« In( )sa_ujujm d;b(v
(elid ¢ Juse »S) byo e }é’\é I

.,bjﬁ,ll ébL_oJl.A_sb




In x + tan”'x
EXAMPLE 6 Where is the function f(x) = — = arll % continuous?
2B —

fx) is Combinalion of - ’Ogari\’\’\mic , nverse
Yrigonome and. tational Cunction 74l gre

Continuous on Wmeir Domain Y.

5 D: (o 5 00) (— (T °
>~ D R o
D:R/i—? J} e

\

SY7/4/Ue /ZQ)Z S 00
O 1

¥ e conton (o,DV 1, 0)




On what interval are the following function continuous

Fox) = Jdx 4 LX
yaad

10576) IS combination of . VOO'L_ ond Rational {unctions
€ a\\ ave continous on tweir Domain® ETh COVCVV‘J

Domain of \x = C o/ 00)
Dowmain 0 22X - ]R ///1////)>OO

iy 6 |\
Lo Dowmain o€ £ :[0/00) Coyo®)

On what interval are the following function continuous

S1n x

Evaluate lim :
x—>7 2 4+ CoS X

fov is Trigonemetric fanction
¢ continvous own it's Domain’ [Th COVCVV‘B

Domawy o€ sin o R

Domam of 2t cCosx: 21tcosx F o
CoSx # =2 Never

. L. Sinx S\n T O
( B4 \\W\ = =
2+ Cosx 2+t00sWT 2 4 (-)
xX=T




@ Theorem If f and g are continuous at @ and c is a constant, then the following
functions are also continuous at a:

1. f+g 2. f—g 3. cf

4. fg 5. I if gla) # 0
9

Theorem If f is continuous at b and lim g(x) = b, then lim f(g(x)) = f(b).
In other words, 0 x—a

lim f(g(x)) = £( lim g(x))

@ Theorem If g is continuous at ¢ and f is continuous at g(a), then the com-
posite function fo g given by (fo g)(x) = f(g(x)) is continuous at a.

EXAMPLE 9 Where are the following functions continuous?
(a) h(x) = sin(x?) (b) F(x) = In(1 + cosx)

| z"tn'g- 0?%‘\“9( j(ovnkinwu( Oon \®
y X7 Continuous oW YR
N poly

\nx / Continuovs on Co o)

/L) (V\(l+CogI) {

y \tcoega /CDV\"(nuaus ow @

we Kvow -1gcosx g

S lFCosxSo = cosx D —| 4 = (osx ¥ —|
{Xl XFNT ;s odd- numbe

'




25-32 Explain, using Theorems 4, 5, 7, and 9, why the function
1s continuous at every number in its domain. State the domain.

sin t

€

28. R(t) =
(#) 2 + cos Tt

‘FC{;) 1S combinafion of . expownential /(Triqomovnetrr‘c

Domain of es"‘t - R
Domain of Z +cosot - \'\’\D
v 2tcCosTt 2o, 2 <coswt #F -2

\l wm pOS'f'\ b’(

¢ a\l ave Conkinvous own tweir Domain® [TVLeOVCth




_ 3" : : :
[. The function f(z) = is continuous on the interval

(z — 2)v1 — z2

(—o0, 00). c) (—1,2).

a) (—oo, ;
/b (~1,1). d) (1,2).
8) {—L 2}

e) None of the above.

Tl’lﬁ ‘9“"[6\“&0% 1S COVI‘H\/IV\OLLS oun \b's Jdomam

) The domainof 35 is (R

T A

2) The domoin o -2 1s R/E77

2
-l o 2

3) The éLOVVIO\iV\ ot VAES S

l-x%>0 = Ilox° = {1 »Jx¢

7121 or X<

)

— | \< C S \ Same

ey - D L)

-2

() -o%// VIU//1LM‘L/ ) >>°O COVL“‘- o (-‘/ t)
287 —Z -1 o0 12




A= a M%}JWX\ b)J:U(‘
1. () &s s

. Um £ (o) 9 Lina C(_?L) eNist.

X—=> - X —=>c

3. bipe Fex) = (o)

X > (o
AW\ = doo)) Algd = AL Zas o)\ K
P9 SN BGTERY A |

W VBISO+2 | [ SN PRR-E TRV

s ) EL‘D_B_J JJ-><‘

X sa.




=
Show that {is Continuous on (-oo .
o Lim _(-()L) :-C(")

\ _ ¢ \Q)L 1 2=\
(o) =
1) {lnx ¥ X H

PN =1-1 - o
e $(x) =1-1"0

X1~

Um #(X)s‘h]zo

x> |*

(1)— [/\M g(%) =Lbm £ (x) =0

Sin 2
‘F(?L):{
Cos . if x> /Yy

‘t<q) COSl"\r_

ol <i3 = bLim HDL) E Lm Hx)
A-> T+ ” DL%T




For what Value of the Conskant C is the

Function § Continuous on (-0, 00 ) ?

P ) Cx i ax W <2
A
-f Co W 7(@\)-?(2): Ui £(20)

-2+

£(20) wall be Continuous at X =a f and
only if:-

() - Lima F(DL) bna £()

x> T A= 2~

L (DC-C)L) Linn (c2 % 22)

8—2C :LIC‘('"'{

U=6C




ax=. 3, if xg-1

F(n) =
Ss3x+Y il 2 y-1
flo) Conbivvons , a= 27

o COr\‘HﬂUOLB 5 - (AVV\ ﬁ(?ﬁ) = t’\M -Y(Z) = f(1)
A> -|~ x->-1"

1>Lim 3x+Y =-3+4 =1

A>T

;)l/\m Q.?C‘L-g-g = a+3
A= -1~

2) Ui {"'(1) = bina  F2)

A>-1T




x2+2a if z<?2
ra’ if £>2

’:COﬂ"'iHUOHS 5 e Livn 'c(%):: L\wx Flx ) ;f(l)

Xyt A>2"

1) lim 762-2a=l" + 1a
A-=>rd"~

2) bm xat-2a"

Ax-=21

2) Limm FCx) = bUinn £ ()

%> A->72"

Ui2a=2a"° anI_Za Y=o 27

0 -a_2=0 = (a-2)(a+1)

= a=2, a= -1 ,Cl«ecKDV




' ncti continuous on the real
QS. Determine the valye of the constant a that makes the function f

2-8x+15
numbers R fx) = {\ ifx#5
2a ifix =15

(a) -2 (b) 1 () —1 (d) 2

- £(A) is Cont. -

£F(5) = lim f(x)
A>5

L |
;a’:\/\m 2—89(_4-5

X5 X =5

- - 3)
= bin, (2-5)(X
o A->5 X -5

A0 = ‘/\VW (I-S)ZQ\

A—=>5

:.2(1:2 _-ba.:Y
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2. For what value of a and b is the function f continuous on (—o0,00)?

2 —6a if z<-3
3 if z=-3
bxr—a if z>-3

Since —C(DC) is Continwous on (-00,00)
= {(x) 1S Cntinyous at x=-3

> b Flx) clim  P(x) =F(3)
X>-3°F

Lin  A(X) =4(3) = Uen | (bX-0)=3

xX->-3%

> -3b-g=23

_~>Q+3‘3='—3 —_> ®

Als Ui f(%):f(-S)

N-=>-3" ,
L‘\M =
= 3" (‘x _6a) =3

_2t_6a =3
—60:3-,.17
-ba =3 = |a=-5

@2 —S+3t)="3
3b ::.5-—3 -# .gb:?-

b= 9"/3




r—2
2 -
ax® —bx + 3

22 —a+0b

A =2 Um FOO _limm 2*-Y L OX+2)(2-2)

D2~ A2 -1 X2~ n -2

::l,{w\ (%-0-2):.2-1- Z:LI
DL

Lim $CX) 2linn  Ca*_bx+3) la - 2b +3

A2t o»2f

\We must |qve qa_zb+g;l1 ; 00 L’O"zb:\ @
Al x=3 L\M -F(X) (AM (a% b364-3> 9a - 3‘)4—3

A53- X3~

b $) 2 lime (2x_a+b)=6_a b

A>3+ X3t

we must have 9a-3b 4 3= 6-a+b or foa- Yb=3 @)

Shbs{-\\uhvg > Qor a in (1) vesS Us -?.b
as wel| ,qu_s ‘Zor -F Vo be Cm+'nous on (.oo,ao)




{(2) is Conkiwous at X =-5
lin FX) 2 lim  $x) 2 £(5)

X->-5" Xx>-¢t

(94 6a43)=lrs _ (bx_a+2)=3

A=>-5

Cx® 6a.3)=
)D%v_;\g 60 3) 3

(-5)3_ 6a . 3=3
96&:-'35

- 125
é

AlSo Line L (b?:-a-«-l):.%

A=> -S

> Sb+T5 . 2=3

= b=
30




4. Suppose f and g are co

Find f(2)7

b [3FC0)  £(x) g(x) T -39

A—>2

3£, f(2) g0 J-=29

3f0). ' (2)(3) =39
30 C2)+3F(2)-39

65(2) -39 =12 -_—_2\




L

b

x=>at

Infinite Discontinuity

F(x) =£c0

or

f(x) =+ 0o

A=~

i o asale oplia bt (o] Bl

% aCinde discon’rimi{y

Jump Discontinuity

lim £60) % Lm0

A2q + A=zacl”

Sl Blgs # pedl Bl

X :)ump discon’rinui{ry

Removable Discontinuity

Lim £(2¢) exist
W=y A

Ui C(X) =
1>t

[”Jff»a*
Um 4’(%)#'“0\)

A=A

$(20)

Wyre st (Sl Basage wilgdll

+ Removable
discov\’rivxui‘cy




b) Find and classify the discontinuities of f as removable, infinite or jump.

e

Figure 1: The graph of y = f(x).

b) f is discontinuous at | x = —1 (infinite), 0 (jump), 1 (infinite), 4 (removable) |.




1. [5x4 =20pts.] Use the given graph of f to select the correct answer.

a

\/(o) None of the mentioned

(1) lim f(z)

z—1T

|/(il) +00 50 c (e) None of the mentioned

(IV) The function f has
a) a jump discontinuity at x =

b) a removable discontinuity

c) a jump discontinuity at x =

/d

e) None of the above

a removable discontinuity




The graph of function f(x) is given below. Find the following limits. If limit does not exist, write DNE.

b) Find and classify the discontinuities of f as removable, infinite or jump.
x
6

<t
W

D) i f(x)

a)l,\m -“7() L\m ﬁ(X)

xX>-Y~

3)\/\m ?(1) =

A~72"

) km J,’(x)+;,\ b F()

X2t

5 £(-1).2 G f(x) _

xX=>-Y







UM 'F(DC):S

> -2”

B2 L FCx )
9(.:..21' >-OO

=3 ] 0 R

a. Find the value of f(—8). ,F (— % > = - ?D

b. Find the following limits. If a limit does not exist explain why.

2 %3-8(;(1) =

2) linr 4(x)

A->6 "

x>6t

U) b f)
x> (,




C) Find and classify the discontinuities of f as removable, infinite or jump.

-3 ,-X,6

J

ot % --% , $(-8) 4 tmbB(x) -~ R.D
X7 -3

ot o = -2, i  flx)=00 .2 T.D
X-2

0»"7(,26;UM C(DC)# Ui ?(X} .’.J.D

226" A= 5t




DisContinuity ) é‘ 3;\ v,

1) Removable : -

?(%): l.AVV) xl_l__l
A=2 A-2

2) Jump

Uin  £() o L £(20)

XA >0~ xX=a"t

3) Infinite Cverlical Asy)

QCQL):(/;W\ 1

A =3 2A-3




Discontinuilyl = ilgks

(p‘\ece Wise ) a_f,k_b.lb A\ \'3\> (F
Sl 5 el an limit o= |

[

(ﬁn”s\: df\SConlﬂ Cont \'3\) SAD (S"

Jump - or Remova ble or infinite




C\assixc\/ he disConbinuatieg

L% 2
) = Tl (a2 _2)

\7(,\ (DCZ—DC— 2>‘—‘O
2| (x-2)(x+))=0

DL':-—-]

flo) = o [f0 =3 fe-y= 3

o) o
(K -2) |lim x(x-2) Lips X (x-2)
x-—";S’PL(DL-Z)Lx__rC x22 A (x-2)(x+1) |A=-l -K(H-2)(A+])

022 = U\M 1 = _1 ::.l/'tm - = 0
2ot X + \ X2 X4 3 x> -l 2+ |

Lorn ‘ =_1| bul F(2) undefined | al x=-\ if has
Ao~ -(x+ 1) ot =2
at ¢ =o .. £ has Removable |[infinite

£ has Jump disContinuities discontinuities
dis Condinuihi €5




4 2 ~
r“+x—06 .
—_— iz <0

T+ 3

2. (20 pts) Let f(z) =

x+1
(z —1)%

ifx>0

Find all the points of discontinuity of f. Classify each discontinuity as removable, jump, or infinite.

f is discontinuous at x = —3, 1 and also at x = 0 (see below).

o T2+xz—6 . (z+3)(z-—2 :
i) lim 27770 _ lim (2 ){ - lim (z— 2) = -5.
z——3 T+3 2——3 z+3 z——3

So, f has a removable discontinuity at x = —3 since lim‘{/'(;r) = —5 but f(—3) is undefined.
L=

—— ‘ ; z+1 : T s g
ii) lim f(z)= lim W = 0. So, f has an infinite discontinuity at = = 1.
r—1= r—13 T — =

S A ; . r*+x—6 ’ ” . z+1
iii) lim f(x) = lim # = —2,and lim f(z) = lim I—, 5
x—0 x—0 T+ 3 r—0* z—01 (_r — 1)"

So, f has a jump discontinuity at z = 0 since lim f(x)and lim f(x) both exist but are not equal.
x—0~ r—0T

6. [10+5 =15 pts.] Let

r’ —In(z+e), if —1<z<0,
f(z)

e’ —sinzx, if z > 0.

(a) Find and classify the discontinuities of f as removable, infinite, or jump.

(b) Does 1111(1)(f(1 ))? exist? explain why or why not?
r—

We have f(0) = —1, 1111 f(x) = lim (¢*—sinz) = 1 and 11111 fle) = lnn (z2—In(z+e)) = —1.
T— z—0+F —0— —0-

Therefore, the function f is discontinuous at z = 0 since the limit does not exit. The type of

discontinuity is jump since 11111 flx) = luu f(x). The limit in part (b) exists as shown below:

we have lim (f(z))? = m f( ) llll})lrk f(. ) =1land lim (f(z))? = lnn f(x )>< hm fim) = 1.

0t r—0—

Therefore, lim(f(z))? = 1.

r—0




17-22 Explain why the function is discontinuous at the given
number a.

I
if x# —2
18. f(x) = ¢ x + 2 nA

I if x= -2

Uim 10(9() - 1

X~ _2° -2 4+ 2

+
X 5 27 S ot

Vo le FO0) = L F(X)

A, _2° x> _2F

Jo Uimn F(20) 2 DNE

X > 2

. . ¥ 1S dusContinupus at a=_2

Type: i\n@in'\w "I D ’




17-22 Explain why the function is discontinuous at the given
number a.

19. f(x) = {

X+3 ys —l
2" if x> —1

t/.\v\f\ f(%) :.-7-!-3:.2

X —=-| -

en F(o0) 227" o 1

x> -1 2

T L E() + lAmc(:X.)

x> _ 1" X - 17

.o lem f(x) =DNE
A > |

A 1S disCondinuovus at

Type:- Jump  JI.D




17-22 Explain why the function is discontinuous at the given

number a.

COS X if x<<O
21. f(x) =10 if x=20
kl—xz if x>0

Lien F(x) = Cos 0 - 1

A= 0"

Umc(%):'l_OzzT

X 0"

fcoy- o

v Ui Q(Z) =+ 76(0)

X —=0

43 iS dugContinuous at a=o

—YPe - Fremovable  R.D




ifx>1

if x < 1.




4. [2+8 =10 pts.] Define f(z) = tan™" (

1
2) for x # 2.

% —
(a) Explain why f is discontinuous at x = 2.
(b) Classify the type of this discontinuity.

_ -
°s UM \’JOLY\| (\_>;L‘an_~()0:_—ﬁ
A >0~ -7 X
|

7 L l:an-l( \ >-_-E:anﬂc>o S

-2 -1 Z

o Ui FOX) = Lina £ (20)

> ) R 2x>2"

(b) Since 5 | the function | f has a jump discontinuity at z = 2|,




2 Y
xr° — 4x

3. [10+10=20 pts.] Let f(z)= 2@ +2)
TrI\T

(a) Find and classify the discontinuities of f as removable, infinite or jump.

f is discontinuous at |z = —2,0 |

2 y
, , z* -4z
For z = =2 since| lim ———— =+0|
a—-2% |z|(z + 2)

f has an infinite discontinuity at z = —2

& e

2
~ _ _ r° —4x . z(x — 4) - . : —
Forx =0} since| lim —— = lim ——— = F2| | f has a jump discontinuity at x =0 |.

z—0% |z|/(z+2) 200t tx(z+2)

g2 —3 ifz#3
Q2. [5+5=10 pts.] Let f(z) =
3 if z = 3.

(a) Determine whether f is continuous at x = 3.

(a) f is discontinuous at z = 3 since | lim f(z) = lim (z° —3) =6 # f(3) = 3|

r—3 T—3

Type . Removable “R.D

Type: Removable "R.D




Q1. [5+5=10pts.] Let f(x) = 3 4+ In(2x + 5).

(a) Find the interval(s) where f is continuous.

(a) f is continuous on its domain which is

5. [10 pts.] Find a value for the constant A, if any, that makes the function f continuous at

x = 1, where

[ vr+1—+2zx

fx 20, 82%1
r—1

if &= 1.

It is clear that | A | and

. o Vr+1—+v2z
lim f(x) =lim
rx—1 z—1 r—1
o vVi+1—4+2z " v+ 1+ vz
= lin
z—1 x—1 vr+1+ V2

l—=2x
= lim

z—1 (z — 1)(Vz + 1 + \/Z)

-1 -1
= lim

1z +1+V2e 2v2

The function is continuous at x = 1 if f(1) = liml f(z)= »
2> s




Determining Whether a Function Is Continuous
GV LT on a Closed Interval

Is the function f(x) = \/4 — x? continuous on the closed interval [—2, 2]?

Solution The domain of f is {x| — 2 < x < 2}. So, f is defined for every number in
the closed interval [—2, 2].

For any number ¢ in the open interval (-2, 2),

lim f(x) = lim V4 —x2 = /lim(4 — x2) = /4 — 2 = f(c)

X—>C

So, f is continuous on the open interval (-2, 2).

To determine whether f is continuous on [—2, 2], we investigate the limit from the
right at —2 and the limit from the left at 2. Then,

lim7+ f(x)= lim 4- x2=0= f(-2)

X—=>—4 X=r—4

So, f is continuous from the right at —2. Similarly,
_lin; f(x) = lim V4 - x2=0= f(2)

So, f is continuous from the left at 2. We conclude that f is continuous on the closed
interval [—2,2]. =




15-16 Use the definition of continuity and the properties of limits
to show that the function is continuous on the given interval.

15. f(x) =x++/x— 4, [4,0)

The diomawn of + is X724 = EV/JO)
So £ s defined n every umber [Y,00)

for any number of "¢ w thwe open \ntevval (4,0)

\im £y = lin (x + J?t{) = c+lc-y =%

Ao r=>¢

+ is continuous on (4,20)

\im +<7C +m) — L/‘V\,T‘L/ = l// :«F(L/)

x—Y

@(%J s continuous Lrom The m@vﬁc ot ¢

oL FOx) i (onbinuous own L4,00)




15-16 Use the definition of continuity and the properties of limits
to show that the function is continuous on the given interval.

*—1

i), T
Y (—00, =2)

16. g(x) =

The domawn of g s R/{-2¢

So 9 s defined n every Number (—0)-2 )

100\( any number of e w the open \uterval (-»,-2)

Z—| > ¢ —I

3a+6 S =20

\iwm g (x) = wn .

X—C A=C

0 3 (x) is (ontinuous ow (—00/‘2)
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Intermediate Value Theorem

The idea behind the Intermediate Value Theorem is this:

b
/\ When we have two points connected by a continuous curve:
e one point below the line
e the other point above the line
X » --- then there will be at least one place where the curve crosses
the line!

Well of course we must cross the line to get from A to B!

Now that you know the idea, let's look more closely at the details.

Continuous

The curve must be continuous ... no gaps or jumps in it.

Continuous is a special term with an exact definition in calculus, but here we will use this
simplified definition:

! we can draw it without lifting our pen from the paper

10| The Intermediate Value Theorem Suppose that f is continuous on the
closed interval [a, b] and let N be any number between f(a) and f(b), where
f(a) # f(b). Then there exists a number c in (a, b) such that f(c) = N.




Here is the Intermediate Value Theorem stated more formally:

When: f) |------------- /_B
w
e The curve is the function y =
f(x), L /\/

e which is continuous on the ;
interval [a, b], a b

Y

e and W is a number between f(a)
and f(b),

Then ...

... there must be at least one value ¢ within [a, b] such that f(c) = w

In other words the function y = f(X) at some point must be w = f(c)
Notice that:

e W is between f(a) and f(b), which leads to ...

e Cc must be between a and b

At Least One

It also says "at least one value c", ,\y
which means we could have more. f(b) _______________ f\
Here, for example, are 3 points where w /)

f(x)=w: / \/ ;
fl@) -~ i




. — . - }" £
How Is This Useful? B sao D>\l | LG (v
Whenever we can show that: C ont son S B ;( /_{:\'_) 1 (<

e there is a point above some line

. s
o w055t )5 26 Vas Vs (¥
e and a point below that line, and ~ 5 [N s 9) < (
e that the curve is continuous, < oMY Q) ga> Ci.

we can then safely say "yes, there is a value somewhere in between that is on the line".

Example: is there a solution to x° - 2x3 - 2 = 0 between x=0 and x=27?

At x=0:

0°-2x03-2=-2<06
At x=2:

2°-2x23-2=14 > 0
Now we know:

e at x= urve is below zero
e at x=2, the curve is above

And, bei i rve will be conti
4

SO som i =0

Yes; i solution to x° - 2x° - 2=

Fis cont.on (0,2) Then

\oy T .V. T, There exists a ¢ ' (0,2
Such that £ () =0 . € \S o Voo



Yias 200 ego &g

The Intermediate Value Theorem Suppose that f is continuous on the
closed interval [a, b] and let N be any number between f(a) and f(b), where
f(a) # f(b). Then there exists a number ¢ in (a, b) such that f(c) = N.

One use of the Intermediate Value Theorem is in locating roots of equations as in the
following example.

EXAMPLE 10 Show that there is a root of the equation

4x? —6x*+3x—2=0

between | and 2.

Let 'PC?C) = VQCB—A%Z-I- 3X—-2=0

Domain of £ is R L continons “poly-?

Py =YY - €T +3U) —2=-1<o0

Py =Y €@ +3@) —2=120

'F IS Cowb. on (l/Z) T hen by-l.\/-T/\‘\nG/C
exist ¢ n (1,2) Such that f(o) =0

s C is a foat




53-56 Use the Intermediate Value Theorem to show that
there 1s a root of the given equation in the specified interval.

53. x*+x—3=0, (1,2

¢ olall o oSLS 23Y
Lﬂt ch):x, +I~3:0 sl Lo 13) .. Ljden

B Ui Lla L Than

DO\M&W\ o“: ‘F_ 'S lR ondk  continuows
F() =« 41 -3= -1 <o

= PoVy.

P(z):<z)q+z-3 = S22 0

Fis cont. on <|/2) T hen
\oy T .V T, There exists a ¢ (l,2)
Such HM’Q(C) - o L. C ‘\s o Voof

dlally .. le,ﬁmu&.uljﬁdlwgwdmﬁ umu Lalls Gad o) Loy gin
Olidie byl Lo un oo Liis (udaad 75 Alalls LdgeT ol dand (o 0T (a8 palianny sl
. C Lo i
f oy ROOL : Lewdsel of Laid gias
far=1s e o @l gl AL

‘F(():o o :
Fa--l [




53-56 Use the Intermediate Value Theorem to show that
there 1s a root of the given equation in the specified interval.

54, Inx = x — +/x, (2,3)

Let Foo =\ -0 SauiiS

W Lo LN L L

DO\M&.ivx o\c ‘F‘ .\S (O/OO) omd cortianons

g P&\\/ f ‘Og y. oot @\an‘%\amf "

ClF = ug — 8 tJa Z8 i

Sl 51 Cage mslill
oo @alas AT g

hZ -3 +t{=2 > o T e

Fis conT. on <Z,3) T hen
\oy T .V. T, There exists a ¢ in Cz2;3)
Such +MQ+Q(C) = & LA ‘\g o Voot




53-56 Use the Intermediate Value Theorem to show that
there 1s a root of the given equation in the specified interval.

55. ¢* =3 —2x, (0,1)

Uslall i ST a3¥

K _ _ 2al€ Lo 1] .. G ia
Let fan=e"+22-3 =0 =4
L IREPEO

T\fkf’. (lomadvx of W& LS ﬂ{ M\A continwous

Lexponential , poly fuadions”
Plo)=e°+20)-3 = 2 <o
(1) e +200-3 = e—| 20

Fis cont. on (0,1 ) Theu
\OY T .V T, There exists a ¢ in (0/))
Such That Q (¢) = © S C \\S o Voot




7. [10 pts.] Use the Intermediate Value Theorem to show that the equation

e’ +cosxz =4 has a real root.

o1 SES arY

X
Let Lcxy= e +cosz -4

W Lo

bl Ay dlall domaind! e o (5505 paugaill dg
by (Sl cage @l (gubasy aaly aganl (oI nad)l|
|

Doma\n 010 £ ]S \R /Q(Dntinw)ug

14 ' . \
“ex Powcmtiwl /TT\caonavnetnc FUVIC’WM: v

£ (o) =e’ tcoso -4 =-2<0

f(2w) = (@21coszv -4) > o

Fis cow+,om (0/20') T hey

\OY I-\/' ,T\/\erc ﬁX(S“’S o € 1WA <O)Z’h’)
Such ﬂna'{'!;(C) = @ J. C\S o Vool




53-56 Use the Intermediate Value Theorem to show that
there 1s a root of the given equation in the specified interval.

56. sinx = x> —x, (1,2)

Let QCX) = Sinx —XZ{X = B8 @jlf?‘[j
s

Domawn of + is lR ond continons #=4

[(Tfi?ﬁﬂametVfC/Q, Pol\/. F\MCT(W) R

£ = Swml =)+ | =sial >0

LC2) = Stnz-(Dt2 = Sin(a)-2<0
fis cont. on <|/2) T hen

\o\/ LT V-1, There exists o ¢
in (1,2) such that fc)=0

C i< root




z, if r < a,

1. [10 pts.] Let f(z) =

9 "
z°—2, itz >2a.

Find all values of a, if any, for which f is continuous everywhere.

The function f is continuous for x < a, and for x > a| Now [ is continuous at

if | im f(z) = lim f(z) = f(a)| That is; if a = a® — 2. Therefore, |[a =2 or a = —1 ‘

L
r—at

6. [10 pts.] Use the Intermediate Value Theorem to show that the equation cosxz—In(z+1) =0

has a real root.

Let f(x) = cosz —In(x + 1) |
The function f is continuous on its domain (—1,00), hence its continuous on [0,7]. Since
f(0)=1>0and f(r) = —1—In(m+1) < 0, therefore by the IVT there is a number ¢ € (0, 7)

s.t. f(¢) = 0. Hence, the given equation has a real root.




6. [10 pts.] Suppose that the function f is continuous on [0, 1] and satisfies 0 < f(z) < 1 for all
z in [0, 1]. Use the Intermediate Value Theorem to show that the equation f(z) — 2 = 0 has a

solution in (0,1).

[10 pts.] Define |g(x) = f(x) — x| It is clear that the function | ¢ is continuous on [0, 1] | since

it is the difference of two continuous functions on [0,1]. Also since 0 < f(z) < 1, we have
g(0) = f(0) — 0= f(0) > 0| and | g(1) = f(1) = 1 < 0| Therefore, by the IVT there exists a
¢ in (0,1) such that |g(c) = f(c) — ¢ = 0] or equivalently f(¢) = ¢. Thus ¢ is a solution for

f(x) —x=0.

8. [5+ 10 =15 pts.] a) State the Intermediate Value Theorem.

b) Show that there is at least one real root of the equation cos(y/x)

a) Suppose f is a continuous function on [a, b] with N between f(a) and f(b). Then there exists
¢ € (a,b) such that f(c) = N.

b) The function f(x) = cos(y/r) — e* + 2 has domain [0, 00]. Now we have f(0) =1—-1+2 >0
and f(2) = ('os(\/§) —e?+2 < 0. The function f is continuous as it is a linear combination of
continuous functions. Hence by the IVT, there exits a number ¢ in (0, 2) such that f(¢) = 0.
This is equivalent to say that cos(y/c) — e“ + 2 = 0 or cos(y/¢) = € — 2. Therefore, ¢ is a real

root of the given equation.




# LV U  \nkersection

S\I\O\J\/ J‘_\I\a_b the 6\(‘&?%5
Lexy=-3%° -2 4\

3 2
%(,')L} = 72X =X + [’{

Oy Sy ew @ intersect i b 15

weerse X crlldl pulis

Sl £k Bl a1 s IVT s 5,6 s

et \(\(X):WCCI)~jCl)
2 3 &
—3xf-zx 1 — (21 X +4)
Wy = X 4x"-2x -8

hWio) = 0+ 6 —2(0) -3 = -2<0

W(2) = 2 +27 - 2(3) -3 = §)0
h s cont on LCo,23 CPoly)
ond. S\hce \/\(0) <o < C2) J('Mcm

\9\{ I-V‘T/T\/\Cve exsts ¢ in (0/2)

.SU\(\'I JC\I\Q{‘ \/\(C) :1C(C) -9() =0/ T\/HAS The ca./o\p\,\;
£,9 wbosed at ek

once




Q6. [10 pts.] Let |

graphs of f and g intes

l .’].‘\ ne

m to show that the

Let h(z)

We have:

(1) his continuous on U, 7| | (sInce sin

» 0land

Hence by the IVT there is at least one ¢

of f and g intersect at least once

and z* are continuous everywhere)

x ) such that | /

Thus, the graphs
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¥ Bsympiotes

#* How determine ASymp\-okiS [rom
graph -

+ évaluq l—ing Ui £ (20)
A -

+ Finodl bhe vertical X \’\Dr\Zoh\-a]
asymptotes “if any "




% How determine osSymptotes
Fom qraPh .

Vertical Asymptotes

Ylx=rc¢

/ y = f(x) y = f(x)

J\ i -

T
C

(a) lim f(x) = o0 (b) lim f(x) = o0 (¢) lim f(x) = oo

x—ct

i Y Ytx=r¢
|
|

t }

\ : c

) |
: |
|

|

|

|

o
im f(x) =
t







In Problems 9-16, use the accompanying graph of v = f(x).

9.
10.

11.
12.

13.

. Find lim f(x)= %9

. Identify all

. Identify all

Find lim f(x). = 2-

X—>0C

Find lim f(x). = O

X—>—00

Find lim f(x).=od

x—>—1"

Find lim f(x).= o0

x——1

Find lim f(x).= &%

x—3"

=3t

vertical
asymptotes.

horizontal
asymptotes.

X




In Problems 17-26, use the accompanying graph of y = f(x).
17. Find lim f(x).= — % 18. Find lim f(x) = O

X —> 00 X—>—00

19. Find Iim f(Xx).= 0O Find Im f(x). = - &0

x——3 x— —31

Find lim f(x). = O  22. Find lim f(x). = cO
x—>0" x—>0

Find lhm f(x).=— 0 24. Find lim f(x). = o0

x—>4— x—4

Identify all vertical asymptotes.

Identify all horizontal asymptotes.

B4




-
Asympiotes o dolldl ilshia

Vertical Asymptotes \/‘6('\"\ Ca l AS\/ Y\’\P\"O\—e — \

|

Ozgp\i_m&\ Noleo N %

_)LAJ\ﬁ W\QQU‘N\\\’ Q&:d\
oot o) aSd e cotd o \ 51

Vet cal Asymplote  ablaitis

No V.A 5] @5y Glac 1o\ o

Hot zan Yal /-\SymPH)\-e _C

Liven ¥(PC> j (AMQ(%) UO~>-9‘¥

X > -0
. HA \sﬁ)l S.x\;j\ 15D ¢ ‘4\3_) L\g\D_c."D(}%

S No WA V) oo slcg Qe tb) ¥




QA= %
find e vertical £ horizonkal
asymplote * it any .
« VertGal ASymplote :
X=C , fGdl Jkpl (

Vertical Asymptotes

Uim “?(Z) - og (5
X =3C

S.Cis VA (+

. Horizontal ASympiote
L §(x)=C or Lim E(a)- - (i

=7 cot X o0~

Horizontal Asymptotes . C ,Q—C Qf@ H . A




I_lne =1

8__"’\1:0

9_1ln 00 = o0

70-3.\(\0:0




# Gon L \n '(*‘\Mc.'ﬁoms

35. lim arctan(e*)= t &w—\ (E,m )= ‘to.vr\

X—>®

. iy
41. lim Inx+1) = \w(_—\ "V\) :\V\(O‘\) = -0

x——1

42. lim .ln(x—l) — \\/\ ( [’\- --() —_ \V\(o“) = ~-N

x—1

v
»(
-ox

f(x) = tan(x) f(x) = tan” (x)
Domain : x # (2n+1)% Domain : {-s, +es }
Range:{-= ,+ o } Range:{-3,+%}




2) limit infinity for power and exponential function

CVo\\wmte \‘\‘m 1C—C)c) oondk \ L\ ‘@LJC)
A= od

o) £o0) = s’




1.5 Assess Your Understanding
Concepts and Vocabulary

1. True or False o0 1s a number. ‘Fa\ sC

1 1
2. (a) lim — =-9% :(b) lim — =0

xr—0 X x—>0T X

:(¢) lim Inx = — D

x—0Tt

. f l_in}l f(x) = o0, then the line x = 4 is a(n) \ - asymptote

of the graph of f.
1 1
L@ lim-=_0 ;) lim — =0

xX—>oc X X—>00 X«

. True or False lim 5 = 0. .Fabtge,

X—>—0C

(@ lim = 0O ;) lime = 0

X—>—00 X—> 00

- (¢) lim Inx = _©P

X—>0Q0

(©) lim e =0 _

X— 00




In Problems 2742, find each limit.

, 3%
27. lim

x—2— X — 2




\)3»6_3\ éﬁ \\wn &

XD xS

I Olohs %

Je el @ T 21 s 2eS (1

-L‘\M

X0 5™ _ 1




OXoled| wus > 5501 i 15) ¢




13-14 Evaluate the limit and justify each step by indicating the
appropriate properties of limits.

2x* — 7

2

13. lim

x> S5x 4+ x — 3




15-42 Find the limit or show that it does not exist.




In Problems 61-66, find any horizontal or vertical asymptotes of the
graph of f .

61. f(x)=3+l 62. f(x)zz—i2
X X

x2 2%% — 1

6. f)=5— 6. f0)= "5

61-V-A:7C:O.£,> L\M 2 + | -
xX-z 0 oC

:3.\.

o9

A -0 IS V.A 3\ H.A

AL. .o O s V. A




15-42 Find the limit or show that i1t does not exist.

, 1 +
34. lim




2 I .
38. lim —— ™ _ S&no0o - Sin

2 —

x—o x° 4+ 1 OO + ,\ OO
%QV}JOLWIC/[/\ 'Hq&()(‘@f\/\
J 200

s 0 £ Qin oL €1

Sin ‘o <




1. Evaluate the following the limit and conclude if it has vertical or horizontal asymptotes.

lim

#° = Bt ]

z—=00 3x?2 — 21 — 15

\\w
A —> 00

\\w
A —5 00

x (

3
X

™~
(%)

W |2

~
N

N

52
N

-~

N

R
3

'Q

w
N
I

P
P

N

.l_

R |5
N

N

b

|

lal
N
—~

W

_|_

(ﬂ

N

3] 8]- » |

N~

N

SN——




15-42 Find the limit or show that it does not exist.

t — tJt
(—o 2t¥% 4 3t — 5

— \'\W\

\iw
T >4

\\in




Ja)) Gl 655 ST @b +




(x) =\
"
X 6O \|gjQ =
Tar+S

\\m
L
_2
_\w :JDL(B
( x X —
) —) (LH =
)

x
— o0
\9&\JL/
_\_5

A
—N
Y
S

> 2

=\
WA
x (3
2
=9




Loy =

Gx*%S

\im  3%x-2 _ L (32x-2)

x5 H+2)
x?

A—DA | ¢x2g

_ N (32— Z)
x

x—00 ||| 4Y+5
>t




15-42 Find the limit or show that it does not exist.

27. lim (v/9x2 + x — 3x)

JV m

|l \Axt4+x -3x " \I“\xz-\-x +3
y

J9184ex 43

X

X Jdr%ex +3x

o ()

xt +

i 2 - 3%
roa (o2 %) 5x) (@t + 22

o 2D
""’“’7(\] 4 £+ — + 3

X
l

| im
__—00 A

xX—> \|q+; +3

\\m» ‘ - =

AHoo {qt0 +32




Detevrmine the V.A L W .A

& Y=
.vertical Asy :
xX+2=> X=-2

him 33X _ 3CD ) -6\ _ s

x—>-2 A+ -2 X2 o

..0 DL:-" \S

- \norizonal As¥
) \iwm 30 3X
x>-00 X X2 &

x-\—z.

2) \im 32X\ >
x>to0 X2 2




2
X x5
(x+t2) Cx+3)

.vertical ASY :
(x+2)(x+3) 22Ax=-2,x=-3

\iw x>+ 5 — L—1)3+5

A—-2 42)(x432)  (-2+2)(-2t3)

\iw x>t s _(=3) 45

A—-3 0¢12)(2+3)  (3+2)(-3t3)
\Worizomal Asy

) (xt3)(xt2) = Xt 200 +3%+6

=-ob

=-ob

= x%+sx +6

\\w -
=" X tS5x+6

3

‘ + 5
\\\m -

2= teo x*tsx +6




344 A\

C. Y=3+
xé—<o

| .vertical A'SY :
2
X =4 =(x-2)(x+2)
:) 1—:—2/9(2 2
32Xt x4 |

\\Ww 2+
D2

Worizomal Asy

\'iw (3 + sz_\'x‘\-\)—
LD 7(_2-7

:3+E:3+3:{
\

= \\\VY) = {

2>t o0




xX—6
x2—8x+12

Q4. The vertical asymptotes of f(x) = are

(@)x=2 (b) x=2andx=6 (¢)x =-5 dy=2andy=6

DCZ'—%?Q—Y \2 = o

%) iw il

x—=6 (x-6)(x-2)




1) Computing limits at infinity

Detﬁrmmé J"\(\f/ \/\orizc\/lJ[al &sx/wPfo)fv

2
a)ﬁ(%)‘-‘ 5-—
x

2
S — — :‘S—i
L) t o

y =5 '\g \(\oﬁ Z—CV\JYA\ OLSYV"‘Pt\O’\\CI

/\3) —F_CZ—> — S\nx
X

S\V\Ob "’ g_T




C) tawdl ()

\\\\m tO\Vl’lC)C) = —

T — 0

W




lim /(1 + 4a®) . < -
x e DS o R -

- since & Vatforr >0
lim (2/x% — 1) L
o

lim (1/28) + lim 4
r—ox v

\

0—1

_lim

X sice 2 -

2

[since ¢ = #? for t

30, lim (Vi 3




EXAMPLE 5 Compute lim (v/x2 + 1 — x).

X—>0

lim (Vx2+1 —x) lim (Vx2+ 1 — x) -

X—>%

\//.\'2 +1 +x
Vx2+ 1 +x

xX—x

o (xP+ 1) = X ,
lim = = lim
s—e fx2+ 1+ x :

Notice that the denominator of this last expression (/x> + 1 + x) becomes large as
x — o (it’s bigger than x). So
1

lim (,\/.\'3 + 1 - \) = lim = =0
X —> e Wyl ]| X

EXAMPLE 6 Evaluate lim arctan :

X—>2T xX — 2

SOLUTION If we let = 1/(x — 2), we know that t — o as x — 2. Therefore, by the

second equation in (4), we have

1—> %

X =

X=2

li t : li tan ¢ il
1Im arctan = 11m arctan 1t = —
2 2 2







39. lim (e * cos x)

X—>®©

— b ‘
= £ CoS O = — (056 =0 COS oD
640
msw\7 SCqleeze T\Weor € m

— | L cosx |

— 2 2C

AL —2 ob

X’

a T -Z
oo \\\mé cosy = O \0}/ S T
W—> D




2 — 4z

TI\T Z

(a) Find and classify the discontinuities of f as removable, infinite or jump.

(b) Find the horizontal and vertical asymptotes of the graph of f, if any.

(a) Find and classify the discontinuities of f as removable, infinite or jump.

f is discontinuous at |z = —2,0|.
‘1‘2 — 4
For x = —2| since| lim ———— = +o0| | f has an infinite discontinuity at x = —2 |
e——2% |z|(x + 2) ‘

2
- . . x° — 4z . z(x —4 - ; o ;
: since | lim ————— = lim (—) = F2|,| f has a jump discontinuity at x =0 |.
e—0% |z|(x+2) 2—0r xz(z+2) ——

(b) Find the horizontal and vertical asymptotes of the graph of f, if any.

2
5 . z” — 4z . . ; %
Since| lim ——— = £1/ |the lines are horizontal asymptotes of the graph of f |
e—too |z|(x + 2) '

2
; ; x® —Ax : : , . ' %
Also since | lim —) = toco |, | the line is a vertical asymptotes of the graph of f|.

et [2|(z




1. (10 4+ 10 = 20 pts) Evaluate each of the following limits, if it exists.

(b) lim (;1? + Va2 + 2).

T——00

(;I: +Vx2 + 2) (;r — V2 + 2)

2 (.2
= lim = lim @ — (& +2))

T——00 T — \/m T—3—00 1 — /1242

222 + 3
V2 +4

(a) Find the horizontal asymptotes if the graph of f, if any.

3. (10 +5=15pts) Let f(z) =

(b) Find the vertical asymptotes if the graph of f, if any.

lim
r—1+00 :|:

Thus, the lines y = +2 are horizontal asymptotes to the curve y = f(x).

b) lim f(z) = lim =2 t3
1 W —
.1'—-:(111t ' ( ’ .1'13(1)11 TV 12 +4

y = f(z).

= £o00 : The line x = 0 is a vertical asymptote to the curve




3x2 4+ 10
V2 +1

(a) Find the horizontal asymptotes of the graph of f, if any.

[10+10=20 pts.| Let f(z)=

(b) Find the vertical asymptotes of the graph of f, if any.

(a) Find the horizontal asymptotes of the graph of f, if any.

3z2 + 10 3+ 10 (3410 .
Since lim L: lim 2*(3 +10/2°) li ﬂ:/ bl ) '

z—toopr/x2 + 1 I%i’)(,l| l,/l+l/1- T+ }/\/1—*—1/1

Therefore, the lines y = 3 and y = —3 are horizontal asymptotes of the graph of f |

(b) Find the vertical asymptotes of the graph of f, if any. > X

3z* + 10 B

Since Ih—:‘l)l“\/z—T E \)L \

Therefore, the line x = 0 is a vertical asymptote of the graph of f ‘

l|l+1|

9. [10+10 = 20 pts.] Let f(z) = T

(a) Find the horizontal asymptotes of the graph of f, if any.

(b) Find the vertical asymptotes of the graph of f, if any.

|z + 1 +z(x +1 +(z? +z
(a) We have lim M = lim # = lim g = (41|,

r—+oo 12 1 r—+too 14 —1 rx—+oo .’l?z—l

Therefore, the lines |y = *1| are horizontal asymptotes to the curve y = f(x).

x|z + 1| B

z—1t 2 — 1

(b) We have lim =300 |.

rlx+1 zlx +x
Note that lim M = lim _ — = lim I, = |1 /3|
z—1% 22 —1 o1t (z—1)(x z——1%(x — 1)

Therefore, the line |z = 1|is a vertical asymptote to the curve y = f(x).




1

[5x4 =20 pts.] Use the given graph of f to select the correct answer.

{

(a) 1 ) : ' \/(() None of the mentioned

(IT) ,li.“ll. flz) =

£

\/ (a) +oc (b) —oc ) ‘ (e) None of the mentioned

(III) The graph of f has
a) no vertical asymptotes
J b) only one vertical asymptote
¢) only one horizontal asymptote
d) no horizontal asymptotes

e¢) None of the above

(IV) The function f has
a) a jump discontinuity at x = 1
b) a removable discontinuity at x = 0

¢) a jump discontinuity at =

v d) a removable discontinuity

e) Nomne of the above




1. 3+3+3+3+3+54+5=25pts.|

[ s 3

g — R +5, ifz<1,
f(z) In(zx—1)+3, ifl<z<3
2 +1

if £ > 3.
B )
L. &¥41

Find ]in} f(x), if it exists.
xT—¥

We have 1111£ f(xz) = —o0, so lim f(x) does not exist.
z—1T Tr—

Find lim{ f(x), if it exists.

, . g 10 . , o, :
We have hm' Ax) = 28 and lim f(x) =1n2+ 3, so hm{ f(x) does not exist.
x—3 Z r—3 T
Find lim f(x), if it exists.
T—r—0C

We have lim f(x) = lim e* — - J

T—>—00 I—r —0OC

Find lim f(x), if it exists.
. ) B o241
We have lim f(z) = lim = 0.

T—+00 x—00 T3
Find, if any, all vertical asymptotes of the graph of f.
The only vertical asymptote of the graph of f is = 1 because linixl f(x) = —o0
r—
Find and classify, if any, all the points of discontinuity.
The function has infinite discontinuity at x = 1 and jump discontinuity at z = 3.
) Find, if any, all horizontal asymptotes of the graph of f.

The graph of f has two horizontal asymptotes y = 0, 5.




5-10 Sketch the graph of an example of a function f that satis-
fies all of the given conditions.

(x) = —oo, lim f(x) =0, lim f(x) =0,

X—>® X—>—®©

lim f(x) = —o°

x—0~




A [

3. [10+10=20pts.] Let f(z) = )1—+——3) Find the horizontal and vertical asymptotes of the graph of f.
pHH .

;le _+_ f" ) '1‘2(1 + 5/12)

+x+/(1+5/x2
Since lim f(z)= lim —— = lim = lim Im _

T—r3oc z—+oo 20+ 3 T—F o0 ;17(2 — 3/;1.‘) r—toc .I'(Q + 3/;1')

Therefore, the lines y = —1/2 and y = 1/2 are horizontal asymptotes of the graph of f |.

. . . £ 40
Alsosince lim f(z)= lim — =|+o00|
r—(—3/2)* z—(-3/2)* 22+ 3

Therefore, the line x = —3/2 is a vertical asymptote of the graph of f |.




: 1 —e*
37. Ihm ,
z—oo 1 + 2e”

lim tan™! (Inx)
x—UT

40. Lett =lnz. Asz — 0.t — —o0. lim tan " !(lnz) = lim tan—'t

z2—0T t——oc

Find the limit.

lim (e_4x cos x)

X =00 \







Evaluate the limits if thev exist.

(a) lim —
J px

(2x2)(4z") _

\‘\W\

=R (7Cz) Z

= %
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m:t\w\ ‘}(a* l’\) —F(a)
h=o A
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Use the definition of the derivative to find

el Jat a5¥ il dEnall Jas elie Gl 1)
(isyk 1 i) LI 3,

ot — i f(x)_f(a) — f’(a)

x—a X — a

m L6t H =10 f'(a)

Other symbols of Derivatives

d

710 = Df(x) = Ik (%)




" EXAMPLE 1 Find an equation of the tangent line to the parabola y = x? at the
point P(1, 1).

D Y-Yi=m (x,_x) Oglk ol
R> Q(%)-‘-\ :%L 5\33'&,0“

3PCA.T) b 2l
Uy FC1y= 1% -1
=’ (1) 2l JOO-T0) L)

xX>| 2¢ -1

2

bpr % -1 - L (xx-1)(2x11)

-1 2¢ - 1 xX = | A

(A.YV\ 76-!-\ :Q
2% 7 |

A
V_1 2 2(x-DD =y 1-2x-2

or )/:519(.—\ f\u.ww\\ PE\EYISN




EXAMPLE 2 Find an equation of the tangent line to the hyperbola y = 3/x at the
point (3, 1).

SOLUTION Let f(x) = 3/x. Then, by Equation 2, the slope of the tangent at (3, 1) is

. J3 + h)— f(3)
lim
h—0 h

3—-—@3+ h)
34+ h
h

| | I
e+ T34k

Therefore an equation of the tangent at the point (3, 1) is

which simplifies to




EXAMPLE 4

Find the derivative of the function f(x) = x* — 8x + 9 at the number a.

SOLUTION From Definition 4 we have

f'(a) = lim flath —jla)

h—0 h

; [(a + h)> — 8(a + h) + 9] — [a* — 8a + 9]
= lim

h—0 h

o a*+2ah+h*—8a—8h+9—a*+ 8 —9
lim

h—0 h

~ 2ah + h* — 8h _
= lim = lim (2a + h — 8)
h—0 h h—0

=2a — 8




3. (a) Find the slope of the tangent line to the parabola (g_@_j
y = 4x — x* at the point (1, 3)

Cl) using Definition 1 (1) using Equation 2

)_p_\\)
(b) Find an equation of the tangent line in part (a).

L) b 3()-Fa) _ o,

A=>Q X - X

Floey U - "
-F(a.).: 'C(1) = LI(T) - (1)2':3

S Lim U —x*. 3 _ _("Yx+3)

2= | > -1 > - 1

lim '(%-3)(1-1):. U _(‘1-3) =-(-2) =2

2’ =7 | > -1 -v1

LL) f(a+\/\\r3_¥(a) o

‘n—»o

lash)=0C1+h) 24 Tah ) (1ah)
::LI'—I-LH’\ —-(’f\z+02(f\ +1>'.'_L’+L”’]_l‘\L_ZL\_
1

— —hz+;)l') .-|-3

Continue




i SCary=SC1) 2 4¢1) _ (1) 23

R P -h% 2h + 3 -(3)
h—»o }‘\

_ (AYVI "‘f'\L-i-a"\ - L\(-"\—\-SZ)
|f\-—~70 h h

v h i =2
h-=o0

b) €qualion of +an3¢m4 line is
Yoy =m(=x-2)

at (1, 3)" gwven » { /"fOM part e« m=Q

_ V-3 _
A = — > Y_3 =&(x 1)

=Y. 3:-2ax-2 5 YV=AX_2&+3

oY= 1




7. [10pts.] Use the definition of the derivative to find f(3) of f(z) = vz — 2 + 3.

We have

—l”v3+h_2+3_\/3_ -3

_IIE}) h
3+h—2)—1

= lim Gl )

h=0h (V/3+h—2+ 1)
1

B

7. [10 pts.] Use the definition of the derivative to find () of f (%) = &|x).

We have f'(1) = lim flz) = /) = lim ————— zlz| = /(1)

z—1 x—1 T—1 r—1

}H—H r+1=2. )@
-

L x<O

limz+1=2.

r—1

6. (10 pts) Let f(x) = +/2z + 1. Use the definition of the derivative to find f'(4).

v2z+1-—-3 . 2r+1—-9

= lim = lim

a4 —4 z—4 z—4 =4 (x — 4) (V22 + 1+ 3)

2(x—4)
= lim = lim
e=4 (x —4) (V2xr+1+3) =4 \/‘71 +1 —!—3

f1) — g 1@ =1




&

5. [10 pts.] Let f(z) =

. Use the definition of the derivative to find f'(0).

T+

f'(0) = lim f(=z) - £(0) — lim =

z—0 x—0 z—0




5-8 Find an equation of the tangent line to the curve at the
given point.

6. y=x"—3x+1, (2,3)

f(')c)_£ ()

)= F-a%_3¢2) 1.3

X(Z)...f(.z—): 2—3_314—1"(3)
_x°_32x_3

—

3 3x_ 2
2> - ~ =
.o (/H’V) = C(_)O.-_.Q_s-ﬁ

= A 2 _ )
2
I




5-8 Find an equation of the tangent line to the curve at the
given point.

6. y=x"—3x+1, (2,3)

bim flash) -4 @)
‘r\_;,o }..\

L= A

{-’(a_‘\/,)_-:HZ _f_l’\) :(2+\\)3 _3(2+l')> + 1

(3 6h 2h WY _6_3h .
“h3L6h L Th +3
fla)= +(2) = 2% 3C2) .1 -3

[Ca_ VW) _ fca):
PC2,h) _F(2)=W,6h" 9 3.3

_W, 6ho. 9k

=,




Upn Woabh +dh i (h*6hs )

L

Wo h h

..."(\/-WV\ L\z+6h+cl = O+O+q

= 0

= 1

QC}UChLion ot JromgemL lin e

\/_y't: 2 (7(_76,>
Y_ 3= (x_R)
Y_@x _ 13 | 3

Y. dx _15




5-8 Find an equation of the tangent line to the curve at the
given point.

7. y=4+/x, (1,1)

xX—| N+l
equation of tangedt live Y=Y, = mlx-x)

Vo=l (k-0 = ==Y +)

l/L)L —+ ‘/2




20. Find an equation of the tangent line to the graph of y = g(x)
atx =5ifg(5) = —3 and ¢'(5) = 4.

equation of tangent Line

Y >/| :M(Z_%|>
©“9(5)--3

29 (5) Y




31-36 Find f'(a). 33. f(¢) = 2t ]
L+ 3

1{:1(&) = Jim t(t) - Feo

toa t — O

o P (k) = 2+
€ t3

a + 3

£e) -Fwy = 2H 0 2adl
tt3 O 13

— (2t+1)(6+3) [ (2a+1) (£+3)2
(o-+3)(t +2)

_ Zo\_{__(_gt-_(.o\-\-g—(zo\’k‘\'(k‘kt‘\'g)
Ca+2)(L+3)

- 2ot t6t tot3-2at —Fa -T2
Cat+t2)(t+3)

_ SC- S Slp_ay —> ¢ onf

—

(13)(E49) (o-+3)(t t3)




S\
T —

|}

S(t-a)
(a43)(t+3)
t — o

S(t-a)

t Da

= \‘\\m

(+3)(£+3) (£ -a)

S _ 5

t s>«

S Fca)

(a-t3)(t+3)

(nt3)(at3)

S
(a43)*

——
—




3x and P( 2), the slope of the tangent line 1s

3. (a) (1) Using Defimtion 1 with f(x) 2 4
2 v
r°+3r 42

:Il.llll —— 'h.ml

f{x) fla)
lim = - lim
r—a 1 £ ——1

lim (x

? 4+ 3x and P(—1.—2). the slope of the tangent line is

f(—1+h)— f(—1) ) [(=1+ h)2 +3(—1+h)]
- = lim = : -
]

= lim =
h h—0 h—0

(1) Using Equation 2 with f(x) = x
-2)

£
flia)

 h(h+1)
im ——

-2h+h®—3+3h+2
h—U i

lim
h—0 /:

= lim(h+1)=1
14

U

- “lll —_— =
h—0 /

(b) An equation of the tangent line is y — f(a) = f'(a)(x f(=1) = f'(-1)(x

2 r+l.ory=2a

4. (a) (i) Using Definition 1 with f(z) = 2® + 1 and P(1. 2). the slope of the tangent line is

f(z) — f(a) (22 +=-2 . 2 (z=1 (22 +x+1)
- = lim = lim = lim
» | a 1 x—1 X 1 x—1 a |

m = lim

z a X Qa

lim (2% +2+1) =17

(11) Using Equation 2 with f(2) = 2* + 1 and P(1.2), the slope of the tangent line is

. 3 i

3 fll+nh)—f(1) . (1+Ah)"+1] -2
= lim ~=—————————— = lim -

h—0 h—0 h

5 fla+h)— fla)
L —
h—0 h
14+3h+3r2+ K3 +1- h(h? +3h +3)
1—/)

= lim
h—0 h h—0

- lim(h2+3h+3)=3
h—0

(b) An equation of the tangent line is y — f(a) = f'(a)(z — a) y—f(1)=f'(1)(xz-1)

ory 3r—1

5. Using (1) with f(z) = 22% — 52 + 1 and P(3.4) [we could also use Equation (2)]. the slope of the tangent line is

- I'_)I?—-)I’-"ll—l ; '_’l’?—-»/'—li -

= lim - = lim —— = lim
x—3 1 3 xr—3 x 4 r—3

flx)— fla)

m= lim
x a

.0 s
lim (22 4+ 1) = 2(3) + 1
y—3
y =Tx — l-‘-

[angent line: y —4 = T(x — 3)




2.8 The Derivative as a Function

In the preceding section we considered the derivative of a function f at a fixed number a:

= i D T

h—0 h

Here we change our point of view and let the number a vary. If we replace a in Equa-
tion | by a variable x, we obtain

@ Theorem If f is differentiable at @, then f is continuous at a.

2 NOTE The converse of Theorem 4 is false; that is, there are functions that are con-
tinuous but not differentiable. For instance, the function f(x) = |x| is continuous at 0
because

l_in?)f(x) = l_in}) |x| =0=£(0)




EXAMPLE 2
(a) If f(x) = x° — x, find a formula for £'(x).

SOLUTION
(a) When using Equation 2 to compute a derivative, we must remember that the variable
is h and that x is temporarily regarded as a constant during the calculation of the limit.

f'(x) = lim fath) = f0 _ B [((x + )’ — (x + B)] — [x" — x]

h—0 h h—0 h

X+ 3xh+ 3P+ R —-x—h—-x*+x
lim

h—0 h

o 3x°h + 3xh*+ hP—h
lim

h—0 h

’lirrlo Bx>+3xh+h*—1)=3x*—1

EXAMPLE 3 If f(x) = J/x, find the derivative of f. State the domain of f”

SOLUTION

() = lim x4+ k) — fix)

h—0 h

\/.\’ + § — \/‘.\'

lim
h—0 h

lim
h—0

/ /_ (“ /"_
Vi B Py S B T SRV
h vx +h + x

) (Rationalize the numerator.)

_ x+ h) —x _ h
= lim : =+ = lim — —
=0 h(y/x +h ++x) =0 h(Vx+h + Vx)

) | |
= lim —— = —

h—0 +/x + h + /x 24X

We see that f'(x) exists if x > 0, so the domain of f” is (0, ). This is slightly smaller
than the domain of f, which is [0, ). #




EXAMPLE 4 Find f' if f(x) =

SOLUTION

S o e JABE B) =)
f'(x) = lim P

h—0

1l —(x+ h)
2+ (x+h)
h

(1 —2—R)2+ %) =1 —xU2 +x-+ h)
h2 + x+ h)(2 + x)

RQ—-—x—-2h—x*—xh)—Q2—x+h—x*—xh)

h2 +x+ W2 + x)

=3
= lim
h—0 (2 +x + h)(2 + x)

h(2




21-31 Find the derivative of the function using the definition of
derivative. State the domain of the function and the domain of its
derivative.

26. g(1) =

g(tJr\n) -9 (%
h

\ 4

Jtn Nt
\n

Nt At
Vit Ut Vet +h

h
Vt - \t+h ‘ \rt—Jr\\tH\

):%‘(e)

Nt+ih Nt b Jt +VEy
T - (E+h)
VEth VE h (VE +tth )




—\n
Vtth V€ (VE +tth)

— |
VEth VE (VE +Jtth )

— |
{tto t
— |
€ (JF + JE)

a\éi\') = ~
t (2% )




57. Let f(x) = Ux.
(a) If a # 0, use Equation 2.7.5 to find f'(a).
(b) Show that f'(0) does not exist.
(c) Show that y = ¢/x has a vertical tangent line at (0, 0).

£leay = \im Fou-fo

A —> O A — o

1
'3 /3

= \‘H"\ X~ - &
X—>a

L — O
\/}

\
3
X _ o

y

z | 2
(x5 —a'3) (X ®sxa’ + o '3)

(xz/3+ )(/gcu‘/3 + &2/3 )




A \fnc SIOPQ qm” IS Uv\deqc(mcﬁ

sE 0 ot (0,0) has VerThia)
\l\V\ﬁ




Use the definition of the derivative to find

el Jat a5¥ il dEnall Jas elie Gl 1)
(isyk 1 i) LI 3,

O m=1im 2R =S — £(q)

x—a X — a

2) e i SOED S0 = f'(a)

h—0 h




B How Can a Function Fail To Be Differentiable?

not differentiable ;<0 (sie gia

(a) A corner (b) A discontinuity (c) A vertical tangent




i L) AN S, b o, AL AMSUEE LIANENA. AN
)

W10 8 8 o -4 r—— e L B

' ' ' i ' 4 ‘
-

(c) Where is f discontinuous? X = 0/ 5
(d) Where is f not differentiable? x =o ,4 ,5

corner /




Rules -

) i 29w A
X—>0 X I—0 S

) lim LonQ0 — \ye X
L—>0 X X oo TonX

—

X >O X0 A

) \\\m \ - Coso \ion cos(x) — |

P INREC A

(Sl il Lebamgs gl Lenis s 1315 ) alill i Lawandl gl a3¥ -

R emay \Q\—
2

smnx = (sinx)

. /A
SinZxX # sin ()







‘ Ce e Lol S5
gui@@ﬁlllll.dl

X’ — | Al 1y

lim Sin(Cx=l) (x+1)) Ot )
e (x-1) ()

Vi (x41) . lim Sn(x™=)
?C——‘)] X —=| XL——\




— > oD

:— U\/ C use Sovmck\,UH\(\/[ T hcorem

Jid ol Jileadl o8 o) Bae Bl Luds 3abad 5ol Lo
oo cilS Lo cudge W aglyll oY




EXAMPLE 5 Find lim S~

r—0  4x

SOLUTION In order to apply Equation 2, we first rewrite the function by multiplying

and dividing by 7:
sin7x i 4 sin 7x
4x 4 Tx

If we let 6 = 7x, then 0 — 0 as x — (0, so by Equation 2 we have

EXAMPLE 6 Calculate ll_m” X Cot X.

SOLUTION Here we divide numerator and denominator by x:

, . XCOS X
lim xcotx = llm ——
x—0 x—0 Sin X

. cosx JRCOSX
lim — = .
x—0 sin x _sinx
lim
X x—0 5 &

cos 0 e : _
(by the continuity of cosine and Equation 2)




39-50 Find the limit.

~sIn Sx
39. Iim

x—0  3x

S\ S
2 X

40. Iim —
x—0 SIN 7TX

\‘lh S\nX . A
7C—>0 ) STl X

\im ( >\ X
X —> 0O\ S\nTX

— \‘\\m ( S\ X

X—> O X




39-50 Find the limat.
cosh — 1

42. lim :
6—0  sin0

\\VV\ (COSQ—} . i)
6">0 S\ & g

|l
8 — 0

< 605626—1

Sin 3x

43. lim ;
x—0 5x° — 4x

SV 3N 3L

3

SwfBzx) 3K
X(S5x*-4)




39-50 Find the limit.

sin 3x Sin S5x

44, Iim

x—0 x2

\‘W\ ( U 3
AL —> O X

\w ( S\ 3¢ |

N —> 6 ko8

mead 25 \\M

2W— 0
\'\wi
X— 0




]
54. (a) Evaluate lim x sin —.
X—>00 X

1

(b) Evaluate Iim x sin —.
x—0 X

d) None of the above.

cos?x — 1

2

I. Iim
x—0 T

b) 0. v/ c) —1

e) None of the above.




39-50 Find the limit.

46. lim csc x sin(sin x)

x—0

\“\\m f
Y—> O S\noc
A —>0 M

sw (Cswnx)

sin(x — 1
4. 5+5=10pts.| Let f(z)= ml(;—)
3 —

Show that f is discontinuous at x = 1, and classify the discontinuity as removable, jump, or

infinite.

sin(z — 1 sin(z — 1
We have lim M = —— i : 1/3|.
z3 — ; ~ x z—1 (22 4

r—1

Since f is undefined at z = 1, therefore f has a removable discontinuity at 1.

lia s logdls INJI Jals ol e Al Ly g A1l Jals g 87 uaial jueas Lo
I eems Lo B o) o Z3ELT @14 Jals




sin(x — 2)
+2 g2+ —6

1. [10 pts.] Evaluate: lm

_ Slll('l —2) sin(x — 2) . sin(zx —2) 1
lim ——= = lim : = lim ——— X lim — =
32 2+ —6 22 (1;' -+ 5)(;1' — 2) 22 (x — 2) z—2 (x + 3) :

<o
oo owe  BRELET )P AE ...
3. [10 pts.] Evaluate the limit 111‘1(1) () , if it exits.
T— X

2 sin(z2 2
We have lim Sln(] ) +25 = lim i) + lim M= 0+2=2.

z—0 i z—0 €T z—0 T

L fim 52D _ 2%0
r—0 xr—1 <\/
) 1.
b) —sin 1.
) —
/~ d) sin1.

e) None of the above.




cosB—|

28°

cos B+l
Cos B +|

_swn -8

(28%) (cosB+l1)

NV

Siné

(28°)( CosB+))

. \lim

>0 cos@+\

z |

6

CosSo +]

>




cosf — 1
Evaluate the limit lim , if 1t exits.
0—0 3(92

cos@-|  CcosE+]|
3g* cos8 |

2

\i cos 8 — | — _un 8
g—0 (36%)(cos81)  (387)(cos6t

swn-g M\




\(W\ X Cot (T x)
X —0

/

= \\»m
AL —>O0 tanTx

\\im I ,
X —> 0O Ton T W

¢

B
W Aa->o0 tamzr_xj

p— \\\m
X— 0

I[II. lim zcot(mwx) =
x—0

(A) .

(B) —.

1l
J© —.

(D) —2.

—

(E) None of the above.




39-50 Find the limit.
sin(x?)

48. lim

x—0

X

SI\V\ (QLZ)

VA

94

— \\\W‘

L—>0

= | x0 =

I — tan x

lim

49, .
x—7/4 SINX — COS X

= -,

S\MX cosa SIMX

¢ 05 L — Swnoc

CoSa CoSx Cos

_ cos

s\ —Cosic S L — Cos

S g — Cofi

—(<\ X)

cosx (Sine—€oSi)

r— 3
l./

COSxL —\nX

coss ((Swnx — cosa)

— |
CoSr (

V2

o bcadl (et a3l Ll
wangll GHAl s alELL (o
Jale QIldl 357 ¢ 1,8 3,LaY
BT o lbe bl o it
alall

- ' - _Jz

. osin(x — 1)
50. Ilm —
x—1 x2 4+ x—2

= \\m
A —>|

sw(x-1) o

(x+2)(x-1)

Lo X

\im s\ (x-1)
A=) X =\
= _I -l = L

3 3




