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(. Dekevmine \umix £rom grovh

lim f(x) =L ifandonlyif lim f(x)=[ and lim f(x) =L

EXAMPLE 7 The graph of a function g is shown in Figure 10. Use it to state the values
(if they exist) of the following:

(a) lim g(x) (b) lim g(x) (0) lim g(x)
@ lm gx) @ lim g @ limgl)
VA

4 +

3 +

1

(¢

FIGURE 10
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(@) lim f(x)=e0 (b) lim_f(x)= 0

xX=a

\x
\A

|

|

(c) lim f(x)=—c (d) im f(x)=—c0

x=a x=a"

@ Definition The vertical line x = a is called a vertical asymptote of the
curve y = f(x) if at least one of the following statements is true:

lim f(x) = o lim f(x) = lim f(x) =

X—>a xX—a - x—at

lim f(x) = — lim f(x) = —o° lim f(x) = —o

X—a xX—>a - \'ﬁ’ll+

o~ 'S N\ A&




B Infinite Limits

1
EXAMPLE 8 Find hrrg) — if it exists.

X

To indicate the kind of behavior exhibited in Example 8, we use the notation

.1
lim 5
x—=0 x°
@ This does not mean that we are regarding « as a number. Nor does it mean that the limit
exists. It simply expresses the particular way in which the limit does not exist: 1/x* can
be made as large as we like by taking x close enough to 0.
In general, we write symbolically
lim f(x) = o

Xx—a

100

400
10,000
1,000,000

FIGURE 11




EXAMPLE 9 Find lim

x—3T x

2x

, 2x
and lim
x—37 x — 3

FIGURE 15




EXAMPLE 10 Find the vertical asymptotes of f(x) = tan x.

SOLUTION

lim tanx = ® and lim tanx = —x

X '{77/2) X _(77/2'

j | j
_ 37 f—a7 _ T ar . 3 x
2 o) > ‘—2

FIGURE 16

y = tan x
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5. For the function f whose graph is given, state the value of
each quantity, if it exists. If it does not exist, explain why.

(2) lim f(x) (b) lim f(x) (¢) lim f(x)

0

(@ lim f(x © 1)




7. For the function g whose graph is given, state the value of
each quantity, if it exists. If it does not exist, explain why.

(2) lim g(7) (b) lim g(z) (¢) lim g(7)
(d) Tim g(1) (e) lim g(7) (f) lim g(1)

@ 902) (h) lim g(1

YA

4

\

(b) lim g(7)

(e) lim g()




9. For the function f whose graph 1s shown, state the following.

@ lim f(0 ® Im f0) @ lim /()

@ lim f(x © lim /()

(f) The equations of the vertical asymptotes.

x——7

@ lim f() () lim ()

d lim f(x) (e lim f(x)

x—6" x—67T




1. [2.5x4 =10 pts.] Use the given graph of f to evaluate each of the following limits, if it exists.

A

Figure 1: The graph of y = f(x).

(a) lim f(z)= (b) lim f(x) =

z——3

x—()

(c) _,Ali:(l,l« (z) = (d) lim f(x)=

e e B

(a) lim f(z)

r——3

lim f(z)

r—0~




(a) lim f(x) = (b) lim f(x) =
X->-4~ X->-4%

(d) limf(x) = (e) lim f(x) =
X->17 X->1%

(g) lim f(x) = (h) lim f(x) =
X->4~ X->4%

Jas 93901.9( S| EPWE

(c) limf(x)
X--4

(f) lim f(x) =
X-1

() lim f(x) =
X->4

— M=o
X =a si> _|
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A- Dicect Substitykion.

o \
5)2_ :O,—c;:f_oo,_a,%

1) Um (ax+1)=2(3) +1 =7
A= 3

2) lim (x=Y4) = (-2)-U=o
r-> -1

.o -2X -3
3>7%—:\3 x-3 > %!




Do o e O
.indeterminate forms Sl alky Lisge 1)

Determinate-Indeterminate Forms Table

Indeterminate Forms

0/0

+o00/ + 0o

e
0(c0)

00

Determinate Forms
00+ 00 = 00
—00 — 00 = —00
0 =0

07 =0




a> \;\m XL—3X~3
A =3 AX—=3

b) lim A-5

A5 xr_é6x+5



















r—3

4. [10 pts.] Evaluate the limit lim , if it exists.

z=32 — x4+ 1




% piecewise  Function

EXAMPLE9 If

Jr—4 ifx>4
FD =18 _2r ifx<4

determine whether lim .4 f(x) exists.













3 111}1 (‘x—6‘ -3)




Evaluate the following limits:

i
2

r°—x—06 ;

5, if v = —2.

lim f(x)

r——2

\




Evaluate each of the following limits, if it exists.

(a) lim "”'ga"l):




2) Sqwzeze, F\neovenm

P e sl o adday U 4EEL Jlsall e squeeze theorem saaiis

S\wnoo : .
. O0-8 ,08\W0eD,0c08060 /00800

Rewinder -

-1< sSwe (| -1 < cosO < |

1 .
EXAMPLE 1 Show that lim x*sin — = 0. = O sS\wpA

—0 X
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1. Evalvare dhe tmaks 1§ Hey exick.

: 2 1
bon A CoS
) b %




b) Ve H«’. SCWCCZC TC’COfEM o evalugle the Vgl\ownzy
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X X




Evaluate each of the following limits, if it exists.

(b) lim \/a:—2cos( - )

T —2

=2+




K SQueeze thneotem + inequity

If 2x — 1 < f(x) < x® — 2x + 3 for x > 0, find im £(x):
X —




42 + 1
5. [10 pts.] If e < f(z) < a ;_ :
T

find lim 2" f (), if it exists.
x—0

6. [10 pts.] Let f(x) be a function which satisfies

5z — 6 < f(x) < 22+ 3z —5 for all z > 0.

Find lim f(x).

r—1
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1 Use the ¢-6 definition of a limit

@ Precise Definition of a Limit Let f be a function defined on some open
interval that contains the number a, except possibly at a itself. Then we say that
the limit of f(x) as x approaches a is L, and we write

lim f(x) = L

xX—a

if for every number & > 0 there is a number 6 > 0 such that

if 0<|x—a|<&  then | f(x) —L| <e

/3
~5 3

—

3 +0

when x 1s in here
(x # 3)
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5 > -~ By definition Lien :(DCB =1

%->C




15-18 Prove the statement using the €, 6 definition of a limit

15. lim (1 + 1x) =2

x—3




15-18 Prove the statement using the &, 0 definition of a limit

18. lim (3x + 5) = —1

x—>—2




19-32 Prove the statement using the €,  definition of a limit.

- 24+ 4x
19. hmT=2

x—1




19-32 Prove the statement using the &, 6 definition of a limit.

20. 1im (3 — %)

x— 10




19-32 Prove the statement using the &, 6 definition of a limit.

23. llm x = a

X—>d




1. [10 pts.] Use the (¢, d)—definition of the limit to show that lim1 f(z) = 3, where f(z) =2z +1.
T—




0 }—0J

Thamrah

Kuwait University

Calculus 1 — Continuity
(Section 2.5)

For Contact and Support:

YouTube: Precalculusq8 Twitter: Precalculusq8
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3) f(a) is defined .

b) Uinn f(=x) enist.  —

X —» oL

(a) lim f(x) = lim f(x) = f(c)

)b F(x) =¥(a).

L2

DEFINITION Continuity at a Number
A function f is continuous at a number c if the following three conditions are met:

f(c) 1s defined (that is, c is in the domain of f)
lim f(x) exists

lim £(x) = £ ()

If any one of these three conditions is not satisfied, then the function is discontinuous




% \Whese the tunclion ConYinyous : -

Theorem The following types of functions are continuous at every number in
their domains:

e polynomials « rational functions o root functions

e trigonometric functions e inverse trigonometric functions

e exponential functions o logarithmic functions

90 S Trafiso 085 Cis> Gllo 5T

Jsoes Houw 5 ¢ Domain Il 5o = J=)) %
CSedl 140 2 (Cond-) 3 ratas AN ol

JS»

g )« In( )sa_ujujm d;b(v
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EXAMPLE 6 Where is the function f(x) =

In x + tan 'x

x? -

continuous?




On what interval are the following function continuous

Fox) = {x + £x

A+

On what interval are the following function continuous

S1n x

Evaluate Iim .
x—>1 2 + COS X




@ Theorem If f and g are continuous at @ and c is a constant, then the following
functions are also continuous at a:

1. f+g 2. f—g 3. ef

5. ! if gla) # 0
)

Theorem If f is continuous at b and lim g(x) = b, then lim f(g(x)) = f(b).
In other words, L x—a

lim f(g(x)) = f( lim g(x))

X—a X—a

@ Theorem If g is continuous at @ and f is continuous at g(a), then the com-
posite function f o g given by (fo g)(x) = f(g(x)) is continuous at a.

EXAMPLE 9 Where are the following functions continuous?
(a) h(x) = sin(x?) (b) F(x) = In(1 + cosx)




25-32 Explain, using Theorems 4, 5, 7, and 9, why the function
1s continuous at every number in 1ts domain. State the domain.

sin t

e

28. R(1) =

2 + cos Tt




37 .
[. The function f(x) = is continuous on the interval

(x —2)v1 — a2

c) (—1,2).
d) (1,2).

e) None of the above.
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-
Show that §is Continuous on (-eo

Um  FlO) =£(1)
r A 1 p 2 AN

S 1 '8
(
SOE ‘{\n% d xS

Sinoc §f x<¢Tm/y
£(20) ={
Co e if x> /Yy




For what Value of the Conskant ¢ is the

Function § Continuous on (-0, 00 ) ?

P ) Cx i ax W <2
A
-Z? Ca if 9(@\’-?(2): Uim £(20)

-2+t




ax=. 3, if xg-1

F(n) =
Ss3x+Y il 2 y-1
flo) Conkivvons , a= 27




2. (3 points) For what value of the constant @ is the function f continuous on (—o00,00)?

x> +2a if z<?2
ra? if ©>2




j : mne th /alu of the constant a that makes the function f
x2 -8x+15 Fy
118} t —— -

X=5

2a ifx=5
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2. For what value of a and b is the function f continuous on (—o0,00)?

23 —6a if <=3
i3 = 3 if r=-3
bx—a if z>-3







2. For what value of a and b is the function J continuous on (—o0, 00)?

z3 —6a+3 if
3 if

br —a+2 if




% Q‘\V\(L—\\/\% Q‘\JV\C’\U\O"\ \.)ot,\u,e, (L,S\\vug \'\w\'\\-s /QCM{-,',,aﬂJ

we [ and g are continuous functions such that g(2) 3 and

: Y £ ) y Lo f ! 20
lim [3f(x) + flx)g(x)] = 39.
-t

Find f(2)7?




Infinite Discontinuity

bim

x=>at

or
liva

A=~

F(x) = %00

f() =00

i o Gssale oplia bt (o] Ll

% aCinde discon’rinui{y

Jump Discontinuity

lim £60) % Lm0

A2q + A=zcl”

Sl Blgs 2 pedl Bl

X :)ump discon’rinui{ry

Removable Discontinuity

Lim £(2¢) exist
W=y A

Ui C(X) =
1>t

“Jfl,a*
Um 4’(%)#‘?(0\)

AT

$(20)

Wyre st (S Basage Gl

+ Removable
discov\’rivxui‘cy




b) Find and classify the discontinuities of f as removable, infinite or jump.

r

Figure 1: The graph of y = f(x).




1. [5x4 =20 pts.] Use the given graph of f to select the correct answer.

Ly

(a) 1 (e) None of the mentioned

lim f(z)=

z—1+t

(a) +o0 (b) —o0 (c) 1 (e) None of the mentioned

(IV) The function f has

a) a jump discontinuity at x =1

b

a removable discontinuity at x = 0

d

a removable discontinuity at z = —1

)
)
¢) a jump discontinuity at x = —1
)
)

e) None of the above




The graph of function f(x) is given below. Find the following limits. If limit does not exist, write DNE.

b) Find and classify the discontinuities of f as removable, infinite or jump.
»
6}

DY) i f(x)

D lm 120y, lmﬁ(x) -

X>-Y~

3)\/\m ¥<1> =

A~72"

) km J,’(x)+;,\ b F()

X2t

5 F(-1) .2 G £(x) _

xX=>-Y







UM 'F (DC):

> -2~

A P R R A

lll (Jsm r(%),:

x>t

= T O )

a. Find the value of f(QB)- _F (‘_ % > _

b. Find the following limits. If a limit does not exist explain why.

D %g_gg(X) =

2) Linn f(:)c) =

A>6 "

x>6t

U) b f)
x> (,




C) Find and classify the discontinuities of f as removable, infinite or jump.




DisContinuity ) é‘ 3;\ v,

1) Removable - -

?(%): l.AVV) xl_l__l
A2 A-2

2) Jump

Uin  £() o L £(20)

XA >0~ xX=a"

3) Infinite Cverlical Asy)

QCQL):(/;W\ 1

A =3 2A-3




Discontinuily l = ilgks

(p‘\ece Wise ) a_f,k_b.lb A\ 5 \'3\> (F
Sl 5 el an limit o= |

-_— 2 -

(ﬁn”s\: df\SConlﬂ Cont \'3\) SAD (S"

Jump - or Removable or infinite
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( 2241 —6
r+3
r+1

ifz <0

2. (20 pts) Let f(z) = <
) ifx >0

(x — 1)

\

Find all the points of discontinuity of f. Classify each discontinuity as removable, jump, or infinite.

6. [10+5 =15 pts.] Let

> —In(x +e), if —1<2<0,
f(x)

e’ —sinw, if x > 0.

(a) Find and classify the discontinuities of f as removable, infinite, or jump.

(b) Does lim(f(x))? exist? explain why or why not?

z—0




17-22 Explain why the function is discontinuous at the given
number a.

l
it x £ —2
18. f) ={x+2 =

1 if x= -2




17-22 Explain why the function is discontinuous at the given
number a.

x+3 if x=—1
2% if x> —1

19. f(x) =




17-22 Explain why the function is discontinuous at the given

number a.

21. f(x) = <

COS X if x<0
0 if x=0

kl—xz if x>0







1

x_

4. 24+ 8 =10 pts.] Define f(z) = tan™" (

2) fer m =+ 2.

(a) Explain why f is discontinuous at x = 2.

(b) Classify the type of this discontinuity.




3. [104+ 10 =20 pts.] Let f(x) =

(a) Find and classify the discontinuities of f as removable, infinite or jump.

v2 -3 ifx+#3

Q2. [5+5=10pts.] Let f(z) =
3 if x = 3.

(a) Determine whether f is continuous at x = 3.




Q1. [5+5=10pts.] Let f(z) = 3 + In(2x + 5).

(a) Find the interval(s) where f is continuous.

5. [10 pts.] Find a value for the constant A, if any, that makes the function f continuous at

r = 1, where

( vVr+1—+2zx

z—1

ifx >0, x#1

A if x =1.




Determining Whether a Function Is Continuous
D CWILEIE on a Closed Interval

Is the function f(x) = \/4 — x2 continuous on the closed interval [—2, 2]?




15-16 Use the definition of continuity and the properties of limits
to show that the function is continuous on the given interval.

15. f(x) =x+ Vx — 4, [4,)




15-16 Use the definition of continuity and the properties of limits
to show that the function is continuous on the given interval.

x— 1

—o0. =9
3x+ 6’ (=2, =2)

16. g(x) =




&,

Intermediate Value Theorem

The idea behind the Intermediate Value Theorem is this:

v
/\ When we have two points connected by a continuous curve:
e one point below the line
e the other point above the line
X » --- then there will be at least one place where the curve crosses
the line!

Well of course we must cross the line to get from A to B!

Now that you know the idea, let's look more closely at the details.

Continuous

The curve must be continuous ... no gaps or jumps in it.

Continuous is a special term with an exact definition in calculus, but here we will use this
simplified definition:

/ we can draw it without lifting our pen from the paper

10| The Intermediate Value Theorem Suppose that f is continuous on the
closed interval [a, b] and let N be any number between f(a) and f(b), where
f(a) # f(b). Then there exists a number c in (a, b) such that f(c) = N.




Here is the Intermediate Value Theorem stated more formally:

When: f) |------------- /_B
w
e The curve is the function y =
f(x), L /\/

e which is continuous on the ;
interval [a, b], a b

Y

e and W is a number between f(a)
and f(b),

Then ...

... there must be at least one value ¢ within [a, b] such that f(c) = w

In other words the function Y = f(X) at some point must be w = f(c)
Notice that:

e W is between f(a) and f(b), which leads to ...

e Cc must be between a and b

At Least One

It also says "at least one value c", ,\y
which means we could have more. f(b) _______________ f\
Here, for example, are 3 points where w /)

f(x)=w: / \/ ;
fl@) - i




. — . - £ L
How Is This Useful? B o D\l | LG (4
Whenever we can show that: C ont son S B ;( /{5\: ( (c

e there is a point above some line

. s
\eo 055 | 2y 3 me $Nase V5 (¥
e and a point below that line, and ~ 5 [N s 9) < (
e that the curve is continuous, 8 oMY Q) ga> Ci.

we can then safely say "yes, there is a value somewhere in between that is on the line".

Example: is there a solution to x° - 2x3 - 2 = 0 between x=0 and x=27?

At x=0:

0°-2x03-2=-2<06
At x=2:

2°-2x23-2=14 > 0
Now we know:

e at x= urve is below zero
e at x=2, the curve is above

And, beirg-apotynomiat, the curve will be contingous,

SO som i =0

Yes; i solution to x° - 2x° - 2=

fis conT. on (0,2)  Theu

by T.V.T, There exists a cn (0,2
Such that E(c) =0 .. C S o Vool




XaeA 280 &go &8

The Intermediate Value Theorem Suppose that f is continuous on the
closed interval [a, b] and let N be any number between f(a) and f(b), where
f(a) # f(b). Then there exists a number c in (a, b) such that f(c) = N.

One use of the Intermediate Value Theorem is in locating roots of equations as in the
following example.

EXAMPLE 10 Show that there is a root of the equation

4x> —6x*+3x—2=0

between 1 and 2.




53-56 Use the Intermediate Value Theorem to show that
there 1s a root of the given equation in the specified interval.

53 x* +x—3=0, (1,2




53-56 Use the Intermediate Value Theorem to show that
there is a root of the given equation in the specified interval.

54, Inx = x — /x, (2,3)




53-56 Use the Intermediate Value Theorem to show that
there 1s a root of the given equation in the specified interval.

55. ¢* =3 —2x, (0,1)




7. [10 pts.]

Use the Intermediate Value Theorem to show that the equation

e’ + cosx =4 has a real root.




53-56 Use the Intermediate Value Theorem to show that
there 1s a root of the given equation in the specified interval.

56. sinx =x*—x, (1,2)




if x < a,

1. [10 pts.] Let f(z) =

if x > a.

Find all values of a, if any, for which f is continuous everywhere.

6. [10 pts.] Use the Intermediate Value Theorem to show that tke equation cosz —In(z+1) =0

has a real root.




6. [10 pts.] Suppose that the function f is continuous on [0, 1] and satisfies 0 < f(x) < 1 for all
x in [0, 1]. Use the Intermediate Value Theorem to show that the equation f(x) — 2 =0 has a

solution in (0, 1).

8. [+ 10 =15 pts.] a) State the Intermediate Value Theorem.

b) Show that there is at least one real root of the equation cos(y/x) = €* — 2.




% TV U « \nkersection

S\I\OW JV\l\cx_b the 6\('&?\/\5
Lexy=-3%° -2 4\

3 2
%(,')L} = 72X =X + ['[l

Oy Sy ew o intersect i b 15

weerse X crlldl gulis

Sl 25k Bl a1 s IVT s 5,6 s




Q6. [10 pts.] Let f{2 ) 4+ xsin(a r*. Use the Intermediate Value Theorem to show that the
graphs of f and g intersect a :




Q6. [10 pts.] Let f{2 ) 4+ xsin(a r*. Use the Intermediate Value Theorem to show that the
graphs of f and g intersect a :
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¥ Bsympiotes

* How determine ASymp\-okiS [rom
graph -

+ évaluq l—ing Ui £ (20)
A -

+ Finodl bhe vertical X \’\Dr\Zoh\-a]
asymptotes “if any " .




% How determine osSymptotes
From qraPh .

Vertical Asymptotes

.IR T

/ y =f(x)

(a) lim f(\) = (b) lim f(x) = o0 (¢) lim f(x) = o0

X—c x—ct

c

Y1 x > Y1x

I

I

| |
T T
\ . " (-
) X I

. . I

y I

. . |

I

I

N

d) lim f(x) = (e) lim f(x) =

X—=C X—=C

c Ylx=rc¢

I
I
c
I
|
I
I
I
I

//
) lim f(x) = —
t

- oo_.;I e ZjJ:\.G_\II.\II <:—_-IJ




Horizontal Asymptotes

xliriloof (x) =L Horizontal
asymptote

Horizontal
asymptote
y=M

XXy —cO

then y-L is H.A

A= o

then Y=M 1 H. A




In Problems 9-16, use the accompanying graph of y = f(x).

9. Find Iim f(x).

X—>00

10. Find lim f(x).

X—>—00

11. Find lim f(x).

x——1"

12. Find lim f(x).

x——11

13. Find lim f(x).

x—3"

. Find lim f(x).

x—3

. Identify all
vertical
asymptotes.

. Identify all
horizontal
asymptotes.




In Problems 17—26, use the accompanying graph of y = f(x).

17.. Find lima (x): 18. Find lim f(x)

X —> 00 X —>—00

19. Find lim f(x). 20. Find lim+f(x).

x——3" x— —3

21. Find lim f(x). 22. Find lim f(x).

x—0— x—0t

23. Find lim f(x). 24. Find lim f(x).

x—>4— x—4+

25. Identify all vertical asymptotes.

26. Identify all horizontal asymptotes.

v 4

4




Asympiores  &o ol z'_)\g)pg,¥

Vertical Asymptotes \/‘6('\"\ Ca | AS’\/ Y\’\P\"O\—e - \
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find e vertical £ horizonkal
asymptote " 1k any "
« VertGal ASymplote :

Vertical Asymptotes

J/ Um $(x) = o0 (5
E X 3C
S.Chs VLA (v

. Horizontkl ASymplote :
Um () =C or Lim ()=~ (1

-7 oot X<y oo~

Horizontal Asymptotes . C /V-C Qf@ H A




I_lne =1

8__"’\1:0

9_1ln 00 = o0

70-3.\(\0:0




# Gown L \n '(*‘\Mc.'ﬁoms

35. lim arctan(e”)

X—>0

41. lim Inx+1) =

x——1*

42. lim In(x — 1)

x—17t

f(x) = 'E:;\(x) f(x) = tan" ()

Domain : x # (2n+1)% Domain : {-es, +ox }
Range : {-& , + o } Range:{-3,+%}




2) limit infinity for power and exponential function

C\/o\\u\ogte, \‘\\m ch) oondk \ L\ \CUC)
A — od A — — 0O

o) () = —513




1.5 Assess Your Understanding
Concepts and Vocabulary

1. True or False o0 1s a number.

|
2. (@) Ilm — = _ ;(b) llm — = ;(¢) Ilm Inx =
x—0" X x—0t X x—0t

f lim4 f(x) = oo, then the line x = 4 is a(n) asymptote

of the graph of f.

. (@ llm — = ;(b) lim — =— c(¢) Im Inx =
X—>00 X X—>00 X X—>00

. True or False Iim 5=0.
X—>—00

. (@ lim € = ;(b) lim e* =
X—>—00 X—200




In Problems 27—42, find each limit.

, 3x
27. lim

x—2— X —2
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13-14 Evaluate the limit and justify each step by indicating the
appropriate properties of limits.

2x2 — 7

13. lim

x—o S5x2+x—3







In Problems 6166, find any horizontal or vertical asymptotes of the
graph of f .

61. f(x)=3+l 62. f(x)zz—i2
X X

x> 252 — 1

63. f(x)=x2_1 64. f(x) = o




15-42 Find the limit or show that it does not exist.

1 + x°
t 4+

34, lim

X—>—© X







1. Evaluate the following the limit and conclude if it has vertical or horizontal asymptotes.

. F9'— Q]
lim

z—00 372 — 21 — 15




15-42 Find the limit or show that it does not exist.

t— 1t

20. Iim

—w 232 4+ 3 — 5
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x— 00 N 224 S







15-42 Find the limit or show that it does not exist.

27. lim (v/9x% + x — 3x)

X—>C0







3
vk o
(c+2) (Z+3)

b)Y =







Q4. The vertical asymptotes of f(x) =

(@) x =2 (b) x=2andx =6




1) Computing limits at infinity

Detﬁrmm& \'\(\f’/ \/\orizcvﬁml M\/\mPfO’ff;

2
a)qc(x) 5-—
x







< S
T8 /.3 lim /(1 + 42%)/2®
Vv1+42%/x z—00 . 3 I
> =23 im (273 = 1) since &° = Vab forxz > 0
23) /2 2/
z—00

V14 126 )
——— = lim

I T

25. lim
z—00 (2
lim (1/26) + lim 4

Vol e

lim /1/26+4
0—1

~ lim (2/23) — lim 1

=00 x—00

2]

ET
1

2

R - — = 1.0) /26
VIT 15 /2° B rl{l_ll\ V(1 +42%)/a
(2—23)/a3 — lim (2/23—-1)

since 2* = —V/8 forz < 0

lim

T——00

lim 2% 4 lim (1/2%)+ lim 4
— Va—moo =00

lim 2(0)—1

29. lim (/2522 +2
t—oo

= lim (V42?2 + 32+ 22) {

30. lim (V42?2 + 3z +2z2) -
Pa— VAx?

i 3x i x
= lim = lm
z——00 /42?2 + 3x — 20 z——co (\/4a? + 3z — 2z) /x

= lim —_— [ﬂnce 2= —22 for z - l)]
z——00 —\/4+3/x




EXAMPLE 5 Compute lim (v/x2 + 1 — x).

X —>00

x—2*t

EXAMPLE 6 Evaluate lim arctan< 1 )

w— 2







39. lim (e **cos x)

X—>00




3. [10+ 10 = 20 pts.] Let f(x) =

(a) Find and classify the discontinuities of f as removable, infinite or jump.

(b) Find the horizontal and vertical asymptotes of the graph of f, if any.




1. (10 + 10 = 20 pts) Evaluate each of the following limits, if it exists.

(b) lim (z+ va?+2).

rT——00

212 + 3
V12 +4

(a) Find the horizontal asymptotes if the graph of f, if any.

3. (10+5=15pts) Let f(z) =

(b) Find the vertical asymptotes if the graph of f, if any.




B 3z + 10
V2 +1

(a) Find the horizontal asymptotes of the graph of f, if any.

2. [10410=20 pts.] Let f(x)

(b) Find the vertical asymptotes of the graph of f, if any.

1
9. [10+10 = 20 pts.] Let f(z) = x‘f i 1'.
x —_

(a) Find the horizontal asymptotes of the graph of f, if any.

(b) Find the vertical asymptotes of the graph of f, if any.




20 pts.] Use the given graph of f to select the correct answer.

{

(a) 1 ; ' (e) None of the mentioned

(IT) lim f(z) =

r—1+

(a) 4+oc (b) —oc © (e) None of the mentioned

(III) The graph of f has
a) no vertical asymptotes
b) only one vertical asymptote
¢) only one horizontal asymptote
d) no horizontal asymptotes

e) None of the above

(IV) The function f has
a) a jump discontinuity at x = 1
b) a removable discontinuity at x = 0
¢) a jump discontinuity at =
d) a removable discontinuity

e¢) None of the above




1. [34+34+34+34+3+5+5=25pts.] Let

- 3

e’ — p— +5, ifzx<l1,
flz)=q¢In(x—1)+3, ifl<z<3
2+ 1

. : if z > 3.
\.‘IT"+1 k.




5-10 Sketch the graph of an example of a function f that satis-
fies all of the given conditions.

7. lim f(x) = —oo, lim f(x) =, lim f

x—2 X—>00 X—>—00

lim f(x) =, lim f(x) = —c

A

x—0t x—0~
x=2
X

|
I
I
I
I
I
I
I
I
I
I
I
I

9. f(0) =3, lim f(x) =4, lim f(x) =2,

x—07F

lim f(x) = —o0, lim f(x) = —oo, ILI?+ f(x) =,

X—>—® x—4-

hf}of(x) =3

VA




x2+5
2x + 3

3. [10+10 =20 pts.] Let f(z) =

. Find the horizontal and vertical asymptotes of the graph of f.




. l _ 6,;7:
37. Iim — -
xr— 00 l _i_ '2 6‘ I

lim tan—! (In )
x—0T

Find the limit.

lim (e‘4x cos x)

X — 00







1. Evaluate the hmits if thev exist.

. )
| ' | = -
y ow
|

| & | lLl.‘l -

- L §
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Calculus 1 — Definition of
Derivative

(Section 2.7 & 2.8)
For Contact and Support:

YouTube: Precalculusq8 Twitter: Precalculusq8
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Use the definition of the derivative to find

el Jat a5¥ el dnall Jas elie Gl 1)
(isyk T i) LI 3,0

m = lim f(x)_f(a) — f’(a)

X—a X —d

fatn-r@ — f(a)

h—0 h

m = lim

Other symbols of Derivatives

_ W _ A _ 4y — DRy = Do)
X dx dx




" EXAMPLE 1 Find an equation of the tangent line to the parabola y = x? at the
point P(1, 1).




EXAMPLE 2 Find an equation of the tangent line to the hyperbola y = 3/x at the
point (3, 1).




EXAMPLE 4

Find the derivative of the function f(x) = x* — 8x + 9 at the number a.




3. (a) Find the slope of the tangent line to the parabola =
y = 4x — x* at the point (1, 3)

((Q) using Definition 1 (i) using Equat@ i WU
(b) Find an equation of the tangent line in part (a).

p—







7. [10 pts.] Usethe definition of the derivative to find f (3) of f(z) = vz — 2 + 3.

7. [10 pts.] Use the definition of the derivative to find f (1) of f(z) = z|z|.

6. (10 pts) Let f(x) = /22 + 1. Use the definition of the derivative to find f'(4).




5. [10 pts.] Let f(z) = " i T Use the definition of the derivative to find f'(0).

6. [10pts.] Let f(x)=+/z — 1. Use the definition of the derivative to find f/(5).




5-8 Find an equation of the tangent line to the curve at the
given point.

6. y=x"—3x+1, (2,3)







5-8 Find an equation of the tangent line to the curve at the
given point.

7. y=4+x, (1,1




20. Find an equation of the tangent line to the graph of y = g(x)
atx = 5if g(5) = —3 and ¢'(5) = 4.




31-36 Find f'(a).

33. f(1) =

2t + 1

t+ 3







2), the slope of the tangent lme 1s

> + 1 and P(1.2), the slope of the tangent line is

’.

2x° — Sx + 1 and P(3. 4) the slope of the tangent line 1s




2.8 The Derivative as a Function

In the preceding section we considered the derivative of a function f at a fixed number a:

7] o) i LD =@

h—0 h

Here we change our point of view and let the number a vary. If we replace a in Equa-
tion 1 by a variable x, we obtain

Theorem If f is differentiable at a, then f is continuous at a.

@ NOTE The converse of Theorem 4 is false; that is, there are functions that are con-
tinuous but not differentiable. For instance, the function f(x) = |x| is continuous at 0
because

lim f(x) = lim | x| = 0= £(0)

x—0




EXAMPLE 2
(a) If f(x) = x° — x, find a formula for f'(x).

EXAMPLE 3 If f(x) = /x, find the derivative of f. State the domain of f’




L —%

EXAMPLE 4 Find ' if f(x) =

_2+x'




21-31 Find the derivative of the function using the definition of
derivative. State the domain of the function and the domain of its
derivative.

26. g(1) = L—

Jt







57. Let f(x) = /x.
(a) If a # 0, use Equation 2.7.5 to find f'(a).
(b) Show that f'(0) does not exist.
(c) Show that y = {/x has a vertical tangent line at (0, 0).







Use the definition of the derivative to find

el Jat a5¥ el dnall Jas elie Gl 1)
(isyk T i) LI 3,0

= f(x)_f(a) — f’(a)

— fla)




B How Can a Function Fail To Be Differentiable?

not differentiable ;<0 sie gia

/\ y‘

(a) A corner

(b) A discontinuity

(c) A vertical tangent




L L I EEE S Rl O EEe L mmn

G—— T2 TS 4

o]
-1
-2
-3
-4
-5
-6
7

(c) Where 1s f discontinuous?
(d) Where 1s f not differentiable?




Rules -

) i 29w A
X—>0 X I—0 S

) lim LonQ0 — \ye X
L—>0 X X oo tToanX

—

X >O X0 A

) \\\m \ - Coso \ion cos(x) — |

P ENRECI A

(Ul il Lelings Jslas Lan o 1305 ) alall i dosand] Tyl a3 -

R emay \Q\—
2

smnx = (sinx)

. /A
SinZxX # sin ()
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EXAMPLE 5 Find lim

x—0

sin 7x

4x

EXAMPLE 6 Calculate lim x cot x.

x—0




39-50 Find the limit.
sin Sx

39. Iim

x—0  3x

SIN X

40. lim —
x—0 SIN 77X




39-50 Find the lIimait.
cosO — 1

42. lim :
0—0 s 6




39-50 Find the limit.

sin 3x sin Sx
2

44, lim
x—0 X




1
54, (a) Evaluate lim x sin —.

X—>00 x

1

(b) Evaluate lir% X sin —.
x— X

S\ C

d) None of the above.

cos’z — 1

. lim 5 =
x—0 €T

b) 0. c) —1

e) None of the above.




39-50 Find the limit.

46. lim csc x sin(sin x)

x—0

4. 5+5=10pts.] Let f(z)= Sizg‘r__lm

Show that f is discontinuous at z = 1, and classify the discontinuity as removable, jump, or

infinite.




sin(x — 2)

1. [10 pts.] Evaluate: li .
[ ps] valuate: :z:l—% x2+x_6

, if it exits.

(22 1o
3. [10 pts.] Evaluate the limit lirr(l) sin(”) + 22
T—r T

MLl S =D
x—0 r— 1

a) 1.

b) —sin 1.
) —

d) sin 1.

e) None of the above.







cost — 1
Evaluate the limit lim o if 1t exits.
6—0 362




\im 7 cot (T )
X —> 0

III. lim xcot(mx) =
x—0

(A) 7.

(B) —.

© .
.

(D) .

-
(E) None of the above.




39-50 Find the limit.
sin(x?)

48. Iim
x—0 X

1 — tan x

49, Iim —
x—m/4 SIN X — COS X

in(x — 1
50. lim & — 1
x—=>1 x° 4+ x — 2




