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Kuwait University  

Calculus 1 – Limits    

(Section 2.2 & 2.3) 

 

For Contact and Support: 

   

 
 
 



limits

1. Determine limit from graph

2. Direct Substitution .

3 - Squeeze Theorem .

4. Continuity of Discontinuity.

5 - Find the values of a ob that make

f continues everywhere.

6- IVT .

7- Asymptotes.

& Definition of Derivative .
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1. Determine limit from graph



 

 
* Vertical Asymptotes

a is V . A



 

 

Increasing interval are  ( - inf , -2 )  ,  ( -1 , 1 ) , ( 2 , inf )

 Decreasing interval are   ( - 2, -1 )       ( 1, 2 )   
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Increasing interval are  ( - inf , -2 )  ,  ( -1 , 1 ) , ( 2 , inf )

 Decreasing interval are   ( - 2, -1 )       ( 1, 2 )   
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Increasing interval are  ( - inf , -2 )  ,  ( -1 , 1 ) , ( 2 , inf )

 Decreasing interval are   ( - 2, -1 )       ( 1, 2 )   
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Increasing interval are  ( - inf , -2 )  ,  ( -1 , 1 ) , ( 2 , inf )

 Decreasing interval are   ( - 2, -1 )       ( 1, 2 )   
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Increasing interval are  ( - inf , -2 )  ,  ( -1 , 1 ) , ( 2 , inf )

 Decreasing interval are   ( - 2, -1 )       ( 1, 2 )   
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2. Direct Substitution .

Solution : -

5
, 2 = 0 , = 0 ,

- 2 ,

1) him(2x + 1) = 2(3) + 1 = 7
x- 3

2) him (x 2 4) = ( - 2)2- 4 = 0

x- -2

3) him < 2x - 3
= -E ??

x+ 3
x - 3

4Lim (cos(5) = 0 . Cost
x- 0 =??



 

 

 

: indeterminate forms جتانلا علطو انضوع اذإ : indeterminate forms جتانلا علطو انضوع اذإ
---
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Increasing interval are  ( - inf , -2 )  ,  ( -1 , 1 ) , ( 2 , inf )

 Decreasing interval are   ( - 2, -1 )       ( 1, 2 )   
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V.A لئاسم يف  ! ةمهم ةظحXم

ماقLا رافصأ ونش فرعن ناشع رصتخت j ةيادبلاب

V.A لئاسم يف  ! ةمهم ةظحXم

ماقLا رافصأ ونش فرعن ناشع رصتخت j ةيادبلاب

V.A لئاسم يف  ! ةمهم ةظحXم

ماقLا رافصأ ونش فرعن ناشع رصتخت j ةيادبلاب

V.A لئاسم يف  ! ةمهم ةظحXم

ماقLا رافصأ ونش فرعن ناشع رصتخت j ةيادبلاب

V.A لئاسم يف  ! ةمهم ةظحXم

ماقLا رافصأ ونش فرعن ناشع رصتخت j ةيادبلاب

V.A لئاسم يف  ! ةمهم ةظحXم

ماقLا رافصأ ونش فرعن ناشع رصتخت j ةيادبلاب

V.A لئاسم يف  ! ةمهم ةظحXم

ماقLا رافصأ ونش فرعن ناشع رصتخت j ةيادبلاب

V.A لئاسم يف  ! ةمهم ةظحXم

ماقLا رافصأ ونش فرعن ناشع رصتخت j ةيادبلاب

V.A لئاسم يف  ! ةمهم ةظحXم

ماقLا رافصأ ونش فرعن ناشع رصتخت j ةيادبلاب
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a) Lim x2- 2x - 3

x33 7 - 3

B

b) Lim
x- 5x7-55 -



C) Lim x - 4

x- 4 Ex -
2

d) him x - 55

x+ 4x2 - 8x + 16



e) Lim (h-3)2_ 9
he o h
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2

9) Lim +x-- 3 +
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9
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5) Lim
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* piecewise function
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Increasing interval are  ( - inf , -2 )  ,  ( -1 , 1 ) , ( 2 , inf )

 Decreasing interval are   ( - 2, -1 )       ( 1, 2 )   
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Increasing interval are  ( - inf , -2 )  ,  ( -1 , 1 ) , ( 2 , inf )

 Decreasing interval are   ( - 2, -1 )       ( 1, 2 )   
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Increasing interval are  ( - inf , -2 )  ,  ( -1 , 1 ) , ( 2 , inf )

 Decreasing interval are   ( - 2, -1 )       ( 1, 2 )   
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                     :ً لاثم جتانلا يل علطي الم ةيثلثلما لاودلا عمsqueeze theorem مدختسن

2) Squeeze theorem

........

0 .
esind
, o
sindo ,ocosa ,osing

Reminder : -

Isin(1 +cos

⑭ = Osin x



a) hmsin (2) =ine



b) Lim , [x" + (2xsin()



3) him (4x + 4) cos(



Sir If

d) him es



e) him COS

x-2 e2x



 

 

Increasing interval are  ( - inf , -2 )  ,  ( -1 , 1 ) , ( 2 , inf )

 Decreasing interval are   ( - 2, -1 )       ( 1, 2 )   
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V.A لئاسم يف  ! ةمهم ةظحXم

ماقLا رافصأ ونش فرعن ناشع رصتخت j ةيادبلاب

V.A لئاسم يف  ! ةمهم ةظحXم

ماقLا رافصأ ونش فرعن ناشع رصتخت j ةيادبلاب

V.A لئاسم يف  ! ةمهم ةظحXم

ماقLا رافصأ ونش فرعن ناشع رصتخت j ةيادبلاب

V.A لئاسم يف  ! ةمهم ةظحXم

ماقLا رافصأ ونش فرعن ناشع رصتخت j ةيادبلاب

V.A لئاسم يف  ! ةمهم ةظحXم

ماقLا رافصأ ونش فرعن ناشع رصتخت j ةيادبلاب

V.A لئاسم يف  ! ةمهم ةظحXم

ماقLا رافصأ ونش فرعن ناشع رصتخت j ةيادبلاب

V.A لئاسم يف  ! ةمهم ةظحXم

ماقLا رافصأ ونش فرعن ناشع رصتخت j ةيادبلاب

V.A لئاسم يف  ! ةمهم ةظحXم

ماقLا رافصأ ونش فرعن ناشع رصتخت j ةيادبلاب

V.A لئاسم يف  ! ةمهم ةظحXم

ماقLا رافصأ ونش فرعن ناشع رصتخت j ةيادبلاب

&

↑ Evaluate the limits if they exist .

↓)him cost
B



 

 

Increasing interval are  ( - inf , -2 )  ,  ( -1 , 1 ) , ( 2 , inf )

 Decreasing interval are   ( - 2, -1 )       ( 1, 2 )   
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V.A لئاسم يف  ! ةمهم ةظحXم

ماقLا رافصأ ونش فرعن ناشع رصتخت j ةيادبلاب

V.A لئاسم يف  ! ةمهم ةظحXم

ماقLا رافصأ ونش فرعن ناشع رصتخت j ةيادبلاب

V.A لئاسم يف  ! ةمهم ةظحXم

ماقLا رافصأ ونش فرعن ناشع رصتخت j ةيادبلاب

V.A لئاسم يف  ! ةمهم ةظحXم

ماقLا رافصأ ونش فرعن ناشع رصتخت j ةيادبلاب

V.A لئاسم يف  ! ةمهم ةظحXم

ماقLا رافصأ ونش فرعن ناشع رصتخت j ةيادبلاب

V.A لئاسم يف  ! ةمهم ةظحXم

ماقLا رافصأ ونش فرعن ناشع رصتخت j ةيادبلاب

V.A لئاسم يف  ! ةمهم ةظحXم

ماقLا رافصأ ونش فرعن ناشع رصتخت j ةيادبلاب

V.A لئاسم يف  ! ةمهم ةظحXم

ماقLا رافصأ ونش فرعن ناشع رصتخت j ةيادبلاب

V.A لئاسم يف  ! ةمهم ةظحXم

ماقLا رافصأ ونش فرعن ناشع رصتخت j ةيادبلاب

&

6) Use the Squeeze Theorem to evaluate the Following
limits : -

B

him ( sin (2)

<





A Squeeze theorem + inequity



 

 

Increasing interval are  ( - inf , -2 )  ,  ( -1 , 1 ) , ( 2 , inf )

 Decreasing interval are   ( - 2, -1 )       ( 1, 2 )   
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Kuwait University  

Calculus 1 – Limits    

(Section 2.4) 

For Contact and Support: 

   

 
  

 



 

 

Increasing interval are  ( - inf , -2 )  ,  ( -1 , 1 ) , ( 2 , inf )

 Decreasing interval are   ( - 2, -1 )       ( 1, 2 )   
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Increasing interval are  ( - inf , -2 )  ,  ( -1 , 1 ) , ( 2 , inf )

 Decreasing interval are   ( - 2, -1 )       ( 1, 2 )   
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:31

1) For any ETo ,
7dTo such that

2) If(x) -L13 -115;
-

3) 1x - C 5%-

4) 8 34/18%
↑

5) .: By definition Lim f(x) = L

x-C



 

 

Increasing interval are  ( - inf , -2 )  ,  ( -1 , 1 ) , ( 2 , inf )

 Decreasing interval are   ( - 2, -1 )       ( 1, 2 )   
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Increasing interval are  ( - inf , -2 )  ,  ( -1 , 1 ) , ( 2 , inf )

 Decreasing interval are   ( - 2, -1 )       ( 1, 2 )   
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Increasing interval are  ( - inf , -2 )  ,  ( -1 , 1 ) , ( 2 , inf )

 Decreasing interval are   ( - 2, -1 )       ( 1, 2 )   
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Increasing interval are  ( - inf , -2 )  ,  ( -1 , 1 ) , ( 2 , inf )

 Decreasing interval are   ( - 2, -1 )       ( 1, 2 )   
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Increasing interval are  ( - inf , -2 )  ,  ( -1 , 1 ) , ( 2 , inf )

 Decreasing interval are   ( - 2, -1 )       ( 1, 2 )   
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Kuwait University  

Calculus 1 – Continuity    

(Section 2.5) 

 

For Contact and Support: 

   

 
 
 



 

 

Increasing interval are  ( - inf , -2 )  ,  ( -1 , 1 ) , ( 2 , inf )

 Decreasing interval are   ( - 2, -1 )       ( 1, 2 )   
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5) Continuity and discontinuity

9) f(a) is defined .

b) Lim f(x) exist .

x-a

6) Lim f(x) = f (a) .

x+a



 

 

Increasing interval are  ( - inf , -2 )  ,  ( -1 , 1 ) , ( 2 , inf )

 Decreasing interval are   ( - 2, -1 )       ( 1, 2 )   
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*Where the function continuous :
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Increasing interval are  ( - inf , -2 )  ,  ( -1 , 1 ) , ( 2 , inf )

 Decreasing interval are   ( - 2, -1 )       ( 1, 2 )   
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Increasing interval are  ( - inf , -2 )  ,  ( -1 , 1 ) , ( 2 , inf )

 Decreasing interval are   ( - 2, -1 )       ( 1, 2 )   
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* finding function value using limits continuity



 

 

Increasing interval are  ( - inf , -2 )  ,  ( -1 , 1 ) , ( 2 , inf )

 Decreasing interval are   ( - 2, -1 )       ( 1, 2 )   

ت
ذ
ك
 ر
: 
ف
 ي
ف
ت
ر
ا
 ت
ا
ل
ز
ي
ا
د
 ة
و
ا
ل
ن
ق
ص
ا
 ن
ن
ك
ت
 ب
ا
ل
ا
ز
و
ا
 ج
ا
ل
م
ر
ت
ب
 ة
ل
ق
ي
 م
ا
ل
x 

ب
م
ع
ن
  ى
) 
x 
, 
x 
( 
و
ل
ي
 س
ع
ل
 ى
ش
ك
 ل
) 
x 
, 
y 
(

e
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Increasing interval are  ( - inf , -2 )  ,  ( -1 , 1 ) , ( 2 , inf )
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Intermediate Value Theorem
The idea behind the Intermediate Value Theorem is this:

 

When we have two points connected by a continuous curve:

one point below the line

the other point above the line

... then there will be at least one place where the curve crosses
the line!

 

Well of course we must cross the line to get from A to B!

Now that you know the idea, let's look more closely at the details.

Continuous
The curve must be continuous ... no gaps or jumps in it.

Continuous  is a special term with an exact definition in calculus, but here we will use this
simplified definition:

we can draw it without lifting our pen from the paper

More Formal

خيارات ▼إيقاف للغة: ا)نجليزية
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Here is the Intermediate Value Theorem stated more formally:

 

When:

The curve is the function y =
f(x),

which is continuous on the
interval [a, b],

and w is a number between f(a)
and f(b),

Then ...

... there must be at least one value c within [a, b] such that f(c) = w

 

In other words the function y = f(x) at some point must be w = f(c)

Notice that:

w is between f(a) and f(b), which leads to ...

c must be between a and b

At Least One
It also says "at least one value c",
which means we could have more.

Here, for example, are 3 points where
f(x)=w:



How Is This Useful?
Whenever we can show that:

there is a point above some line

and a point below that line, and

that the curve is continuous,

we can then safely say "yes, there is a value somewhere in between that is on the line".

Example: is there a solution to x5 - 2x3 - 2 = 0 between x=0 and x=2?

At x=0:

05 - 2 × 03 - 2 = -2

 

At x=2:

25 - 2 × 23 - 2 = 14

Now we know:

at x=0, the curve is below zero

at x=2, the curve is above zero

And, being a polynomial, the curve will be continuous,

so somewhere in between the curve must cross through y=0

 

Yes, there is a solution to x5 - 2x3 - 2 = 0 in the interval [0, 2]

An Interesting Thing!

The Intermediate Value Theorem Can Fix a Wobbly Table
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Let f- Cx ) = ✗4-1×-3=0

Domain of f- is IR and continuous

f- (1) =
/
+ I -3 = - I < 0

f- (2) = 2 1-12-3 = 1570

f- is cont
.
on (1/2) Then

by I. V.T, There exists a c. in (1/2)

such that f- (c) = o •

•

.
C is a root

 ةلادلاو ..  رفصلا نم رغصأ يناثلاو رفصلا نم ربكأ مهيف دحاوو .. ينجتان  انعلط انحأ نإ امب ينعي
 ناشع اهفرعأ ام سب  .. رفص ينيطعت حر ةلادلاب اهضوعأ ول  ةميق يف ديكأ ينعي .. ةرمتسمو  ةلصتم

  .. c اهتيمس يذج

!!!!! اهمهفت ناشع ةيرظنلا تانعم ونش حيضوتلل

Root : اهضوعأ ول ةميق ينعي  
رفص جتانلا ينيطعت ةلادلاب

f(x)

F
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 ةلداع,ا نأ دكأتت مز!
 تناك ام اذإ .. ةيرفص
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Let fcx ) = e
"
-12×-3=0

The domain of f- is IR and continuous

f- 0 = e° -120-3 = -2 < 0

f- (1) = e
'

-12111 -3 = e- I 70

f- is cont
.
on (0/1) Then

by I. VT, There exists a c. in (0/1)

Such that f- (c) = 0 •

•

.
C is a root
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 نأ دكأتت مز!
 .. ةيرفص ةلداع,ا
 تناك ام اذإ

 اهلخ ... ةيرفص
 ةيرفص

!

Let f- Cx ) = sink - x2tx=o

Domain of f- is IR and continuous

f- (1) = Sin I - I 21-1 = sin 170

f- (2) = sin 2 221-2 = sin 2 2<0

f- is cont
.
on (1/2) Then

by I. V.T, There exists a c. in (1/2)

such that f- (c) = 0 •

•

.
C is a root

in
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V.A لئاسم يف  ! ةمهم ةظحلام

ماقلما رافصأ ونش فرعن ناشع رصتخت لا ةيادبلاب

 نيو فرعي يبي ينعي intersect كنم بلط اذإ
 .ينتلادلا عطاقتت
 ينتلادلا حرطت ةيادبلاب قرفلا سب IVT لح ةركف سفن

* IVT + intersection

show that the graphs
f(x) = - 3x3 - 2x + 1

g(x) =
2x3x + 4

intersect
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* Asymptotes

* How determine Asymptotes from
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x evaluating limf(x) .

x-5

* Find the vertical / horizontal
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V.A لئاسم يف  ! ةمهم ةظحلام

ماقلما رافصأ ونش فرعن ناشع رصتخت لا ةيادبلاب

 ينناوقلا مادختسا طورش

رفصب ةيوازلا ينيطعت تكرياد ضوعأ الم ضورفلما -١

)لكشلا سفنل اهلصون لواحن اهسفن وم اذإو ( ماقلما سفن طسبلا ةيواز مزلا -٢

Rules : -

1) lim sinc
= limx =

x->0 x x- 0 Sinc

2) lim
tanc

= lim
x

= /
x->0 R x -> 0 tank

3) lim
1- COS

- lim cos(x-1
= 0

x-> 0 x x-0x

Remark : -

2

sin = (sinx)

sin+ sin (x
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V.A لئاسم يف  ! ةمهم ةظحلام

ماقلما رافصأ ونش فرعن ناشع رصتخت لا ةيادبلاب

1) Iim sin
x -> 0 2k

2 lim sin(2x)

x > 0 x
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V.A لئاسم يف  ! ةمهم ةظحلام

ماقلما رافصأ ونش فرعن ناشع رصتخت لا ةيادبلاب

 ريصي ام ! ريكذت
 لخاد يش رصتخت
 يش عم ةيثلثلما ةلادلا

ةلادلا ارب

3) limsin I

x -> 2 X

4) lim sin(x2-11
x-> 1 x - 1

M



 

 lim Sin i
x -> 0 ⑮



 

 



 

 

Increasing interval are  ( - inf , -2 )  ,  ( -1 , 1 ) , ( 2 , inf )

 Decreasing interval are   ( - 2, -1 )       ( 1, 2 )   

ت
ذ
ك
 ر
: 
ف
 ي
ف
ت
ر
ا
 ت
ا
ل
ز
ي
ا
د
 ة
و
ا
ل
ن
ق
ص
ا
 ن
ن
ك
ت
 ب
ا
ل
ا
ز
و
ا
 ج
ا
ل
م
ر
ت
ب
 ة
ل
ق
ي
 م
ا
ل
x 

ب
م
ع
ن
  ى
) 
x 
, 
x 
( 
و
ل
ي
 س
ع
ل
 ى
ش
ك
 ل
) 
x 
, 
y 
(

V.A لئاسم يف  ! ةمهم ةظحلام

ماقلما رافصأ ونش فرعن ناشع رصتخت لا ةيادبلاب

&
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V.A لئاسم يف  ! ةمهم ةظحلام

ماقلما رافصأ ونش فرعن ناشع رصتخت لا ةيادبلاب

Y
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V.A لئاسم يف  ! ةمهم ةظحلام

ماقلما رافصأ ونش فرعن ناشع رصتخت لا ةيادبلاب
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V.A لئاسم يف  ! ةمهم ةظحلام

ماقلما رافصأ ونش فرعن ناشع رصتخت لا ةيادبلاب

c) lim sin

x- x

J
*
J
-

& 3

I S
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V.A لئاسم يف  ! ةمهم ةظحلام

ماقلما رافصأ ونش فرعن ناشع رصتخت لا ةيادبلاب
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V.A لئاسم يف  ! ةمهم ةظحلام

ماقلما رافصأ ونش فرعن ناشع رصتخت لا ةيادبلاب
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V.A لئاسم يف  ! ةمهم ةظحلام

ماقلما رافصأ ونش فرعن ناشع رصتخت لا ةيادبلاب
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V.A لئاسم يف  ! ةمهم ةظحلام

ماقلما رافصأ ونش فرعن ناشع رصتخت لا ةيادبلاب

lim <cot (nx)
x -> 0
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