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* Increaing / Decreasing Test:

a) If f'(x) > 0 on an interval I, then f is an increasing () funtion on J.
b) If f/(z) <0 on an interval J, then f is an decreasing (\\) funtion on 7.
L 8 yids QA“QLL\S ‘2{9 .L\l).u sacls dlall j! 9,20 uLu.lf.

* The First Derivative Test:
/”Suppose that ¢ is a critical number of a continuous function f.

13] a0 oylie
local Ld dlatl

local smax b) If f changes from - to + at ¢, then / has a local minimum at c.

a) If f' changes from + to - at ¢. then J has a local maximum at ec.

miN - ¢) If f' does not change sign at ¢, then f has no local extrema at e.

) * Concavity Test:
e

13) oy oL a) If /'(2) > 0 for all z in interval I, then the graph of f is concave upward

i T (CU) on 1.
ole¥ 8,280 Uil )
J_L:)! 51 b) If f () < 0 for all 2 in interval 1, then the graph of f is concave downward
(CD) on 1.

* Curve Sketching Guidelines:

- Domain: find the domain of the function [, denoted by Dj,
. intercepts: find y-intercept (0, f(0)) and z-intercept (2, 0).
. Symmetry:

a) if f(-z) = f(z) for all z Dy, then f is even function and the curve
is symmetric about the y-axis. That is, (a,b) — (—a,b). Take f to
be 22, 2, or cos(z) as an example.

b) if f(—=z) = f(z) for all 2 € Dy, then f is odd function and the curve
is symmetric about the origin. That is, (a,b) + (—-a -b). Take f to
be z, 2%, or sin(z) as an example.

. Asymptotes: Horizontal asymptotes (H.A.) and Vertical asymptotes
(V.AL).

. Increasing/Decreasing Test: interval on which [ is increasing or de-
creasing,

. Local extrema: find all max. and min. local extrema.

. Concavity and Inflection Points: find where the curve of fis CU or CD
and find all of the inflection points.

. Sketch: use all of the previous information to sketch the curve of f,




Definition - Domain of a function:

The domain of a function is the set of all real numbers for which the function 1s

well-defined.

Remark:
The domain may be stated explicitly by giving a specific interval that is a subset of

the real domain of the function, for example, if we write

The domain of a polynomial is R.

The domain of a rational function f(x) = = ; where p(x) and Q(x) are

P(x)

Qx)’
polynomials, and Q (x) # 0; is the sct of all real numbers except where Q(x) =
0. That is; the domain of a rational function is R/{Q (x) = 0}.

iii. The domain of Vx, where n is an even integer, is x > 0.

iv. The domain of V/x , where n is an odd integer, is R.
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. Intercepts The y-intercept is f(0) and this tells us where the curve intersects the
y-axis. To find the x-intercepts, we set y = 0 and solve for x. (You can omit this step
if the equation is difficult to solve.)

Y Saeg ablET Sae axis gw intercept L dls S byl 5o

ex.
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X -2




C. Symmetry

(i) If f(—x) = f(x) for all x in D, that is, the equation of the curve is unchanged
when x is replaced by —x, then f is an even function and the curve is symmetric
about the y-axis. This means that our work is cut in half. If we know what the curve
looks like for x = 0, then we need only reflect about the y-axis to obtain the com-
plete curve [see Figure 3(a)]. Here are some examples: y = x°, y = x*, y = | x|, and
y = COS X.

(i) If f(—x) = —f(x) for all x in D, then f is an odd function and the curve
is symmetric about the origin. Again we can obtain the complete curve if we know
what it looks like for x = (. [Rotate 180° about the origin; see Figure 3(b).] Some
simple examples of odd functions are y = x, y = x*, y = x”, and y = sin x.

£ fFo-x) = o)
T‘"\CV\ SYW]MC%Y[C O»‘DOM+ 7/—O~X“_S

VA

M O P

(a) Even function: reflectional symmetry

HC fFe-xy=-Ffo /Then i1 symwcﬂig

)

‘a\pouJ( —thﬂ, OYI'?\V\
\

0
If neither of the above, then there is \_/I

no symmetry.

(b) Odd function: rotational symmetry
x*+3

X% —4x
(—x)3+3
{(=x)* —=d(—x)

f(x) =

f(—x) =

_ =x3+43
x2+4x




Examples (Even Functions):

x2 =2
5
x?|x|

x*+1
3x8

x3 —2x
5

Examples (Odd Functions):

x3 —x
Vx
x3|x|

x*+5
x3 + 2x

Example: Determine whether each function is Even, Odd or Neither.

1. f(x)=x>+x

2. fx) =1—x*

(O8]

. f(x) = 2x — x?

4. f(x)=|x|+2

5. f(x)=3
6. f(X) =——
7. fl) = xfjx

Page4



D. Asymptotes

Vertical Asymptotes .
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It is a Vertical Asymptote when:

as x approaches some constant value ¢ (from the left or right) then the
curve goes towards infinity (or —infinity).

Horizontal Asymptotes HA ab ol

W fx) o
A= od

H.A Lal Zosill sia 13 « Zass o limitJ! gdls 13)

\im Fax) s (v
A= - 00
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It is a Horizontal Asymptote when:

as x goes to infinity (or —infinity) the curve approaches some constant
value b




Find H A
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4) limit infinity for functions involving a radical
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B What Does f' Say About f?

E. Intervals of Increase or Decrease

Increasing/Decreasing Test
(a) If f'(x) > 0 on an interval, then f is increasing on that interval.

(b) If f'(x) < 0 on an interval, then f is decreasing on that interval.

FIGURE 1

The First Derivative Test Suppose that c is a critical number of a continuous
function f.

(a) If f’ changes from positive to negative at ¢, then f has a local maximum at c.
(b) If f' changes from negative to positive at ¢, then f has a local minimum at c.

(c) If f' is positive to the left and right of ¢, or negative to the left and right of ¢,
then f has no local maximum or minimum at c.

C E Dowmon

£ no‘h/ e will net tale (t




B Local Extreme Values

F. Local Maximum and Minimum Values

The First Derivative Test Suppose that ¢ is a critical number of a continuous
function f.

(a) If f' changes from positive to negative at ¢, then f has a local maximum at c.
(b) If f' changes from negative to positive at ¢, then f has a local minimum at c.

(c) If f is positive to the left and right of ¢, or negative to the left and right of c,
then f has no local maximum or minimum at c.

(a) Local maximum (b) Local minimum

(¢) No maximum or minimum (d) No maximum or minimum
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EXAMPLE 1 Find where the function f(x) = 3x* — 4x* — 12x* + 5 is increasing
Jlsadl 13a o8 oyl Gollao 5o

and where it is decreasing.




EXAMPLE 2 Find the local minimum and maximum values of the function f in
Example 1. Jlseadl 138 o8 auull Cslbas 5o
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(a) (b)

Definition If the graph of f lies above all of its tangents on an interval /, then it is
called concave upward on /. If the graph of f lies below all of its tangents on /, it
1s called concave downward on /.

Concavity Test

(a) If f"(x) > 0O for all x in /, then the graph of f is concave upward on /.

(b) If f"(x) < O for all x in /, then the graph of f is concave downward on /.

; (b) Concave downward
(a) Concave upward




Definition A point P on a curve y = f(x) is called an inflection point if f is con-
tinuous there and the curve changes from concave upward to concave downward or
from concave downward to concave upward at P.

Figure 7 shows the graph of a function that is concave upward (abbreviated CU) on
the intervals (b, ¢), (d, e), and (e, p) and concave downward (CD) on the intervals (a, b),

(c,d),and (p, q).




(a) Find the intervals on which f 1s increasing or decreasing.
(b) Find the local maximum and minimum values of f.
(¢) Find the intervals of concavity and the inflection points.

9. fx) = x> —3x*—9x + 4
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* Increaing / Decreasing Test:

a) If f'(x) > 0 on an interval I, then f is an increasing (') funtion on J.
b) If f/(z) <0 on an interval I, then f is an decreasing () funtion on 7.

* The First Derivative Test:
Suppose that ¢ is a critical number of a continuous function f,

a) If f' changes from + to - at ¢. then J has a local maximum at c.
b) If f' changes from — to + at ¢, then f has a local minimum at .

If f' does not change sign at ¢, then f has no local extrema at c.

* Concavity Test:

If /"(2) > 0 for all z in interval I, then the graph of f is concave upward
(CU) on 1.

If f”(‘?') < 0 for all 2 in interval 1, then the graph of f is concave downward

(CD) on 1.

* The Second Derivative Test:
Suppose that f* is continuous near a number e.

a) If f'(c) =0 and f(e) > 0, then f has a local minimum at e.

b) If f'(c) =0 and f"(e) <0, then [ has a local maximum at c.

* Curve Sketching Guidelines:

1. Domain: find the domain of the function I, denoted by Dy,
sy ' S 2. intercepts: find y-intercept (0, f(0)) and z-intercept (2, 0).

3. Symmetry:

\'>L )

\r a) if f(-z) = f(z) for all z € Dy, then f is even function and the curve

SW\G is syﬂmn}otric about the y-axis. That is, (a,b) — (—a,b). Take f to
be 2¢, 2, or cos(z) as an example.

e—%':‘% b) if f(-=z) = J(z) for all 2 € Dy, then f is odd function and the curve

is symmetric about the origin. That is, (a,b) + (—-a -b). Take f to

be z, 2%, or sin(z) as an example.

4. Asymptotes: Horizontal asymptotes (H.A.) and Vertical asymptotes
(V.AL).

5. Increasing/Decreasing Test: interval on which [ is increasing or de-
creasing,

6. Local extrema: find all max. and min. local extrema.

7. Concavity and Inflection Points: find where the curve of f is CU or CD
and find all of the inflection points.

8. Sketch: use all of the previous information to sketch the curve of f,
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A-Dowmoun

Graphing Rational Functions

A. Test to see if the graph has
symmetry by plugging in (-x) in the
function.

Options:
If the signs all stay the same or all

change, f(-x) = f(x), then you have
even or y-axis symmetry.

x?+3
f&) =5
_ (=x0)?+3
f(=x) = 7 =2
x?*+3
=0

If either the numerator or the
denominator changes signs
completely, f(-x)= -f(x) then you have
odd, or origin symmetry.

2

X
FO) =
(=
f=0= i
xZ
T3 +x

--(7=)

If neither of the above, then there is
no symmetry.

x3+3
A x? —4x
. (=x)*+3
Fe0 = Tor iy
_ —x343

B. Test to find y-intercepts by
replacing x with 0.

3x%2+8

x3 -2

_3(0)>+8
fO) = Gp—7

fO) =

8
= — = —4

-2
y-int. (0, —4)

C. Test to find x-intercepts by setting
the numerator equal to 0.
Shortcut: Since multiplying by the
denominator will eliminate it, you
can just set the numerator equal to
zero.

2x

x+1

flx) =

0=2x - 0=x
x-int. (0, 0)

D. Find the vertical asymptote by
sefting the denominator equal to
zero.

The result is the equation of the
vertical asymptote. Keep an eye
out for holes. Holes occur when
there is a factor that is the same
both in the numerator and in the
denominator. ITIS NOT A VERTICAL
ASYMPTOTE because it simplifies
away.

x%2 -9
=3+
_ (x=3)(x+3)
~ (x—=3)(x+5)

x—3=0, x=3




Graphing Rational Functions

Therefore at x=3 there is a hole.
x+5=0x=-5

Therefore at x=-5 there is a vertical
asymptote.

E. Find the horizontal asymptote.

To find the horizontal asymptote you
compare the degrees of the
numerator and the denominator.
Note: horizontal asymptotes can be
crossed while vertical asymptotes
can never be crossed.

Options:
If the degrees are the same, you

take the ratio of the leading
coefficients and that is your

asymptote.
5x2
fo) = x*>+7
ratio = 1 so the asymptoteisaty =5

If the degree of the numerator is less
than the degree of the
denominator, y=0 is your asymptote.
() = 4x —9
fx = x2+3
1 < 2 so the asymptoteisaty =0

If the degree of the numerator is
exactly one greater than the degree
of the denominator, there is no
horizontal asymptote but there is a
slant asymptote.

x%+2
X

f&x) =

2 > 1 so there is no horizontal asymptote

G. Find points.

Plot at least one point between and
beyond each x-intercept and
vertical asymptote. Plug a numberin
for x and solve fory. You want to do
this so you can find which side of the
asymptotes you are going to graph
on.

H. Graph using the information you
have found.



















.l'z— T

(z+ 1)

6. [4 x 10 =40 pts.] Let f(z) =

(a) Find the vertical and horizontal asymptotes of the graph of f, if any.

dzr —1
(b) Given that f'(z) = e

(z + 1)3
i. Find the intervals on which f is increasing and the intervals on which f is decreasing.
ii. Find the local maximum and minimum values of f, if any.

. e O(1 =)
(¢c) Given that f"(z) = TS

i. Find the intervals on which the graph of f is concave upward and the intervals on
which the graph of f is concave downward.

ii. Find the points of inflection, if any.

(d) Sketch the graph of f.







5. [10 x 4 =40 pts.] Let f(z) = In(z? + 1).

(a) i) Study the symmetry of the graph of f.
ii) Find the horizontal asymptotes of the graph of f, if any.
9

G RN
(b) Given that f'(x) = FeT
i) Find the intervals on which f is increasing and the intervals on which f is decreasing, if any.
ii) Find the local maximum and minimum values of f. if any.

2(1 — z?)

i) Find the intervals on which the graph of f is concave upward and the intervals on which the

(c¢) Given that f"(z) =

graph of f is concave downward, if any.
ii) Find the points of inflection, if any.

(d) Sketch the graph of f.







7. [40 pts.] Let f(z) =1 + o

(a) Find the horizontal asymptotes of the graph of f, if any.
(b) Given that f'(z) = —2ze~"".
i) Find the intervals on which f is increasing and the intervals on which f is decreasing,
if any.
ii) Find the local maximum and minimum values of f, if any.
(c) Given that f"(z) = 2(22%2 — 1)e ™.
1) Find the intervals on which the graph of f is concave upward and the intervals on which
the graph of f is concave downward, if any.
11) Find the points of inflection, if any.

(d) Sketch the graph of f.







i

xIr

e

1 —e=1°

[4 x 10 =40 pts.] Let f(z) =

(@) [5+ 5 = 10 pts.] Find the vertical and the horizontal asymptotes of the graph of f, if
any.

) [5+2.5+ 2.5 =10 pts.]
e’

ii. Find the intervals on which f is increasing and the intervals on which f is decreasing,

i. Show that f'(z) =

if any.
iii. Find the local maximum and minimum values of f, if any.
_ ) ” et + (,24: 1
(c) [5+5=10pts.] Given that ["(z) = ————.
(1 — el l).{

i. Find the intervals on which the graph of f is concave upward and the intervals on
which the graph of f is concave downward, if any.

ii. Find the points of inflection, if any.

(d) [10 pts.] Sketch the graph of f.



















o
(17 -4)°
2% (X+f)
(x*-4)°

£ o)

10“ (%) = 6(x“+14x+3)
(x*-4)"

a) Find the vertical and horizontal asymptotes for the graph of [, if any.

b) Study the symmetry of the curve y = f(x).

¢) find x-intercept and y —intevcept

i) Find the intervals on which [ is increasing and the intervals on which [ is decreasing.

ii) Find the local maximum and minimum values of [, if any.

1) Find the intervals on which the graph of f is concave upward and the intervals on which
the graph of / is concave downward.

i1) Find the points of inflection, if any.
e) Sketch the graph of f.



















EXAMPLE 5 Sketch a possible graph of a function f that satisfies the following
conditions:

(i) f'(x) >0on(—2=,1), f'(x) <O0on(l,»)
(i1) f"(x) > 0on (—%, —2) and (2, ), f"(x) <O0on(—2,2)

(iii) lim f(x) = =2, lim f(x) = 0




. [10 pts.] Sketch a possible graph of a function f that satisfies the following conditions:

(a) f(0)=0, f(4) =3 and f(6) = 0.
(b) f'(z) <0 on (—00,0) and (4,00), f'(x) > 0 on (0,4).

(c¢) f"(x) <0 on (—00,0) and (0,6), f(x) > 0 on (6,00).
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S=Surface Area = A = Area.

Rectangle
A=lw
P=2] +2w

Triangle
A = 5bh

P zat+tbtC

S:Z‘“’V\A-\- Z'WVL

P = Perimeter = Circumference = C. Volume =V

Square

A=x"”

P = 4x
2

Cube

V=

X

X

S=6x"

Pyramid

RECTANGULAR SOLID
[ = length, w width.

h height

Volume: | hah
Surface Area:

S = 2w + 2h + 2wh

ey




Steps In Solving Optimization Problems

1. Understand the Problem The first step is to read the problem carefully until it is
clearly understood. Ask yourself: What is the unknown? What are the given quanti-
ties? What are the given conditions?

. Draw a Diagram In most problems it is useful to draw a diagram and identify the
given and required quantities on the diagram.

. Introduce Notation Assign a symbol to the quantity that is to be maximized or
minimized (let’s call it Q for now). Also select symbols (a, b, c, . .., x, y) for other
unknown quantities and label the diagram with these symbols. It may help to use
initials as suggestive symbols—for example, A for area, & for height, ¢ for time.

4. Express Q in terms of some of the other symbols from Step 3.

5. If O has been expressed as a function of more than one variable in Step 4, use the
given information to find relationships (in the form of equations) among these
variables. Then use these equations to eliminate all but one of the variables in the
expression for Q. Thus Q will be expressed as a function of one variable x, say,
Q = f(x). Write the domain of this function in the given context.

. Use the methods of Sections 4.1 and 4.3 to find the absolute maximum or minimum
value of f. In particular, if the domain of f is a closed interval, then the Closed
Interval Method in Section 4.1 can be used.

-

N agel

Spant 151 B vl —c

Max imized oy minimized \@s st oo N WA 3T ¥

b 5 /:i;—ei"")-‘\*é( y&—¢
Domoin M 0_.;._:3 _,\4;\]) critical volue J1I p\ﬁ - 0

=

obs mox 91 ab; Wih E o;: Z) C/iﬂcol Vallkc JI —-l
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absoulte miniJls absolute max sl caids ,h Luie

(I

First Derivative Test for Absolute Extreme Values Suppose that c is a critical
number of a continuous function f defined on an interval.

(a) If f'(x) > O forall x < cand f'(x) < 0 for all x > ¢, then f(c) is the abso-
lute maximum value of f.

(b) If f'(x) < 0forall x < cand f'(x) > 0 for all x > c, then f(c) is the abso-
lute minimum value of f.

-2 25
— —+ —+

\> / 7 I

Coo

Then the obs minmum s at X =79 Then the abs wmakinum Is at 2 =600

Ll Liad) gak oe o (C
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local maximum
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\
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3. [10pts.] Find the maximum product of two positive x and y such that 2z+y =

100.




2. Find two numbers whose difference 1s 100 and whose product
1S a minimum.




3. Find two positive numbers whose product 1s 100 and whose
sum 1s a minimum.




4. The sum of two positive numbers is 16. What 1s the smallest
possible value of the sum of their squares?




21. Find the point on the line y = 2x + 3 that is closest to the
origin.




EXAMPLE 3 Find the point on the parabola y* = 2x that is closest to the point (1, 4).




4. [10 pts.] Find the dimensions of a rectangle with area 100 m* whose perimeter is as small as

possible.

3. [10pts.] Find two nonnegative numbers z and y whose sum is 15 and P = 2%y” is a maximum.

Q7. [10 pts.] Find the point on the curve y = /x that is closest to the point (2,0).




4. [10 pts.] Find the dimensions of a rectangle with area 100 m* whose perimeter is as small as

possible.




EXAMPLE 2 A cylindrical can is to be made to hold 1 L of oil. Find the dimensions
that will minimize the cost of the metal to manufacture the can.




EXAMPLE 1 A farmer has 2400 ft of fencing and wants to fence off a rectangular field
that borders a straight river. He needs no fence along the river. What are the dimensions

of the field that has the largest area?




EXAMPLE 5 Find the area of the largest rectangle that can be inscribed in a semicircle
of radius r.
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4.9 Antiderivatives

Definition A function F is called an antiderivative of f on an interval [ if
F'(x) = f(x) forall xin I.

II] Theorem If F is an antiderivative of f on an interval /, then the most general
antiderivative of f on I is
Fx) + C

where C is an arbitrary constant.

EXAMPLE 1 Find the most general antiderivative of each of the following functions.
(a) f(x) = sinx (b) f(x) = 1/x ©) f(x) =x", n# -1

(a) If F(x) = —cos x, then F'(x) = sin x, so an antiderivative of sin x is —cos x. By
Theorem 1, the most general antiderivative is G(x) = —cos x + C.
(b) Recall from Section 3.6 that

1
5.5 (Inx) =—
dx X

So on the interval (0, «©) the general antiderivative of 1/x is In x + C. We also learned
that

d 1

—(In |- —

dx ( \x|) X
for all x # 0. Theorem 1 then tells us that the general antiderivative of f(x) = 1/xis
In |x| + C on any interval that doesn’t contain 0. In particular, this is true on each of
the intervals (—2, 0) and (0, ). So the general antiderivative of f is

Inx + C, if x>0
F(x) = .
In(—x) + C, if x<0

(c) We use the Power Rule to discover an antiderivative of x”. In fact, if n # —1, then

i xn+l B (n + l).x” B
dx \n+1 n+1




4.9 Antiderivatives

Function Particular antiderivative Function Particular antiderivative

cf(x) cF(x) sin x —COS X

f(x) + g(x) F(x) + G(x) sec’x tan x
x"(n# —1) sec x tan x

1 1
; \/l—x2
1
1 + x?

X

e

b*

: cf(x)dx = ¢ ‘f(x) dx ’ [f(x) + g(x)]dx = ff(x) dx + ‘ g(x) dx

B = e 61

n+1 - 1

[ x"dx = +C (n#-1) —dx=In|x|+C
J n+ 1 b

. R b*
e*dx=e*+ C b*dx = 2 + C
d J In b

sinxdx = —cosx + C cosxdx=smx + C
sec’xdx =tanx + C csc’xdx = —cotx + C
secxtanxdx =secx + C cscxcotxdx = —cscx + C

1 .
—dx=sin"lx+ C

\/l — g

——dx=tan"'x + C
Jx®+ 1

~
n

| sinh x dx = coshx + C coshxdx =sinhx + C




EXAMPLE 2 Find all functions g such that

2x5—ﬁ

X

g'(x) = 4sinx +

EXAMPLE 3 Find f if f'(x) = e* + 20(1 + x?)"'and £(0) = —2.




EXAMPLE 4 Find fif £"(x) = 12x2 + 6x — 4, f(0) = 4, and f(1) = 1.




1-22 Find the most general antiderivative of the function.
(Check your answer by differentiation.)

1. f(x) =4x + 7

3. f(x) =2x° — 2x% + 5x

5. f(x) = x(12x + 8)




1-22 Find the most general antiderivative of the function.
(Check your answer by differentiation.)

3. f(x) =2x> — 3x% + 5x

5. f(x) = x(12x + 8)




1-22 Find the most general antiderivative of the function.
(Check your answer by differentiation.)

7. f(x) = Tx*° + 8x~*




1-22 Find the most general antiderivative of the function.
(Check your answer by differentiation.)

1. f(x) =3/x — 2Ix




1-22 Find the most general antiderivative of the function.
(Check your answer by differentiation.)

2
13. f(x) = ;

L
5




14. (1) =

3t — 3 + 612

t4

1-22 Find the most general antiderivative of the function.
(Check your answer by differentiation.)




22. f(x) =

2x2 + 5

x2+1

1-22 Find the most general antiderivative of the function.
(Check your answer by differentiation.)




25-48 Find f.
27. f"(x) = 2x + 3e*




25-48 Find f.
3. f'(t)=t+ 1/t°, t>0, f(1)=6




25-48 Find f.
41. f"(0) = sinB + cosO, f(0) =3, f'(0)=4




25-48 Find f.
45. f"(x) = e¢* — 2sinx, f(0)=3, f(m/2)=0




1
4. [10 pts.] Show that F(x) = 5 (z°tan™' 2 — 2 + tan™" z)

is an antiderivative of f(z) = ztan™! z.




5. [10 pts.] Let f(z) =sin(Inx). Show that F(z) = % sin(Inz) — cos(Inz)| is an antiderivative
of f(x).




l"';
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5.2 The Definite Integral

@ Definition of a Definite Integral If f is a function defined fora < x < b,
we divide the interval [a, b] into n subintervals of equal width Ax = (b — a)/n.
We let xo (= a), x1, X2, . .., x, (= D) be the endpoints of these subintervals and we
let xi, x¥, ..., x;f be any sample points in these subintervals, so x;* lies in the ith
subinterval [x,—1, x;]. Then the definite integral of f from a to b is

fbf(x) dx = liirgc zn:f(x,*)Ax

provided that this limit exists and gives the same value for all possible choices of
sample points. If it does exist, we say that f is integrable on [a, b].

N

FIGURE 4
J ’ f(x) dx 1s the net area.

il cad daleal | g Jol<ill

f x
z f(x") nx
L= J g o Al




f b ) dx = Tim S F(x¥) Ax

—> 00 .
h =1

) § s the integral sigr

2) O O»V\(L 13 1—}'\6 \W\i{'S OXC "Llc (H{Q?}’A‘
3) f’(?() i< the iv\Jrccgra\mL

n
H) 2 WC(X‘L*) AX s called R(EVV»ann Sum

L= |

(4] Theorem If fis integrable on [a, b], then

jbf(x) dx = h_I)I:}O if(xi) Ax

Right end-points
and xi=a+iAx

e ft o, =a+(i-1)hx

= 5(xio + x;)




7/:;[2/ n =¢ Lo,373

TaK\Yl@ SOW?\& tPoirﬂLI o be ’€€{-




Riemann sum Ja olgha

$CX):J¥-XL

) —2 { KL
\3\/ ‘tak'\na toe the \("\O)V\‘l‘

LX) = \‘4 ~ xt

N Lasae ga and b ad o ol Lialoss oo o1 555801 5 SISl ggun alle] ((
, g Xgh o= —2

—_—

b = 2
O~
ik 8T e Lww SAmple pointsy! sl (V
F<1<9\4'£

D = — -7
Y

VI:V

i ol Bl el (2

— |

| 2 |

Jj@'é&@@
DanOn

o okli dlsdl (1
el oo aaS 2
Rqﬁ'a\"f - [Js 42 4z 46 1 () = 2+2y7




6. [10 pts.] Evaluate the Riemann sum for f(z) =3 — 2*, taking the sample points to be right

endpoints and ¢ = 1,b =4, and n = 3.




II. The Riemann sum of f(z) = 2 on the interval [1,5] using n = 4 and taking the sample

points to be the right endpoints is:

d
4

)
)
) —30.
)
)

a

() B N}

o o

o

0.

e) None of the above.




I1. The Riemann sum of f(x) = 2% on the interval [1, 5] using n = 4 and taking the sample
points to be the r‘}éht endpoints is:

le@//

a) 25.
) 54.
) —30.
) 0.

e) None of the above.

F) 30




[. The Riemann sum of f(z) =sinz, 0 < z < 7 with n = 3 taking the sample

points to be the right endpoints is equal to

e) None of the above.




1. Evaluate the Riemann sum for f(x) = x — 1, =6 < x < 4,
with five subintervals, taking the sample points to be right end-
points. Explain, with the aid of a diagram, what the Riemann

sum represents. oy { “ % _| dx o n=s
_¢ vight end




3. If f(x) = 16 - x ,0=x <15, find the Riemann sum with
n =4, taking the sample points to be midpoints. What does
the Riemann sum represent? Illustrate with a diagram.

The right end = af , The left eud = |60

sleadly (el dgas o e b ol Jlsd) Gudi s




Integration in terms of areas

o
f \JAZ—XZ A x
— a

Saa, 5l 8,500 ad 13) Cayan sl

J.AIS.” J9da ~_9\9.4.’Zu

Note ;
No€

civcle

I
o

[

-0

EXAMPLE 4 Evaluate the following integrals by interpreting each in terms of areas.

(a) fol J1 — x2 dx




35-40 Evaluate the integral by interpreting it in terms of areas.

35. fl(l — x)dx

Il Aty Sl sgans passail Gask oo Al aeui s
-C(X) = | -X

f-n=2
For = |
Fcul = ¢
£l = -

Aveo of Triangle = _‘Z (Base]l Cheight)

el dalws 1 1 daadls
Al oSS ¢, X-axisy!

2
§ Cl-x) dx = ovea of triangle ABC -[-oﬁ,% of triangle CDE

ol




35-40 Evaluate the integral by interpreting it in terms of areas.

37. jf3(1 + 9 — x2) dx




1
IV . /\/1—x2d:1::
e

L.
/4
/2

a

0
e) None of the above.

)
)
)
)
)




@ Properties of the Definite Integral

When we defined the definite integral | f(x) dx, we implicitly assumed that @ < b. But
the definition as a limit of Riemann sums makes sense even if a > b. Notice that if we
reverse a and b, then Ax changes from (b — a)/n to (a — b)/n. Therefore

f: f(x)dx = —Lb f(x)dx

If a = b, then Ax = 0 and so

f f(x)dx =0

Properties of the Integral

b .
. | cdx = c(b — a), where cis any constant

Ja

T + g0 dr = [T Fdx + |7 g dx

b b )
.| of(x)dx=c f f(x)dx, where c is any constant

Ja

TG = g(aldx = |7 () dx — | g) dx

FIGURE 13
fbcdx =c(b — a)







0

FIGURE 15

EXAMPLE 7 If it is known that |,° f(x) dx = 17 and | f(x) dx = 12, find |, f(x) dx




50. Find [, f(x) dx if

o=

3

X

for x < 3
for x =3




48. If |, f(x) dx = 7.3 and [ f(x) dx = 5.9, find [, f(

49. If [, f(x) dx = 37 and |, g(x) dx = 16, find

| [2/() + 3g()] dx




5
f(x)dx =7, then the value of /(Bf(:v) + x)dx is equal to
1

one of the above.




1
6. [10 pts.] Let f and g be two continuous functions such that / f(x)dx
2

and /1 g(z)dx = 5. Find /1 [f(z) — 2¢(x)]d.




Comparison Properties of the Integral

b
6. If f(x) = 0 fora < x < b, then j f(x)dx = 0.

7. If f(x) = g(x) fora < x < b, then fbf(x) dx = jh g(x) dx.

8. If m < f(x) < Mfora < x < b, then

m(b — a) < L”f(x)dst(b — a)

FIGURE 16




Show That (estimate ) Or
pse P}/OPfZVf’ieS oL 'l\/\J(‘wegLVa/

3
‘/\<;J7(2+3 dx < H3
|




55-58 Use the properties of integrals to verify the inequality
without evaluating the integrals.

57. 2 < f_llﬂ +xldx <22




55-58 Use the properties of integrals to verify the inequality
without evaluating the integrals.

56. 1\/1—i—x2dx< 1\/l—i—xdx
fo 0




Show That (estimate ) Or
Vse Properties of ntegral
jul

;7 (Sin " +3) dx < %
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5.3 The Fundamental Theorem of Calculus

Sl Gt 4k \PEWN

The Fundamental Theorem of Calculus, Part 1 If f is continuous on [a, b], then
the function g defined by

¢@=j7mm- a<x<b

is continuous on [a, b] and differentiable on (a, b), and g'(x) = f(x).

upper limitJ! &

TG —~
- = ‘P - (|
- § £t)dt x) )

A, g (X)

AL § WC('L‘) a(.t' :16(3(1))2‘(9() —wcﬁ\nzz))‘nl(ﬂ)

W (0

Yo A il sany (ol (uiSns Lyt

The Fundamental Theorem of Calculus, Part 2 If f is continuous on [a, b], then
|" () dx = Fb) — Fla)

where F is any antiderivative of f, that is, a function such that F' = f.

(Ldns Lhial ]

-2

not continous ot O & C‘Zﬂ)




’ x) dx
l | redx=—|" 1

[ f f(x)dx =0

]Ci nd the derivative

[ - ' Y o('ZI
t% +

= Z+4
Where £(t)= J¢

X
4 [WE(%)ZO
X —
(t)d € ™

A X

— 1 = fw) -0
¢ [F(x) = FZO)
d x

Fex) = JZZ+7




. A T —
Find E[! Jt2+5 dt |

%7 +h€ FUY\OLO\YMV\%‘M TthI/EVV\ of Calwluu
) = {15

(f
d ? &
H[ijt)a{tj = Axf{fu—)]l

:%EF(A/) — Fx?{ = 0 -+

:—\IX3—5

EXAMPLE 4 Find -~ f “sec t dt.

dx J1

%7 the Fundoamental Theorem of Coleulus

9(4/

4 R dz°
dxj sechdtt——seres <ﬂ)

l

2 ”
— Yx Secx)




7-18 Use Part 1 of the Fundamental Theorem of Calculus to find
the derivative of the function.

7. g(x) = fox\/t + 13 dt




11. F(x) = fo\/l + sec t dt

|:Hint: fox/l + sect dt = —jox\/l + sect dt]

2
12. R(y) =f t7sin t dt

Y




13. h(x) = Lex In t dt

/4

Otan 0dO







5. [10 pts.] Find the slope of the tangent line to F(x) = [ In(1 + 2t)dt at x = 1.




7. [10 pts.] Find the inflection points, if any, of the curve

xT

y/(l—t)etdt.

0




4. [10 pts.] Find an equation of the tangent line to the graph of the function

“ In(t + 2)




1C‘|V10( ‘pCIJ |‘F ‘p ‘(S ConTinons
Lonction swih € hat o

[+t
0

2C %
/HH dt = A stax + ( £ 4t
O




x?+1 2
t
5. [10 pts.] Let f(z) = / T dt. Find the absolute minimum value of f, if any.
1




Y1t
Q9. [10 pts.] On what interval is the curve y = / P18 dt concave downward?
0




59-63 Find the derivative of the function

3x1/l2_1

59. g(x) = Lx T du

1+2x ]
60. g(x) = f tsin t dt

1—2x




59-63 Find the derivative of the function

61. F(x) = fxz e' dt

X

2x
62. ['(x) = L_ arctan ¢ dt

X




o 24N
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For example, we can write

3

fxzdx=x?—l—C

j sec’xdx =tanx + C

cf(x)dx = ¢ “f(x) dx

[ kdx =kx + C

n+1

[ xmdx = +C (n# —1)
J n+1

e'dx=e"+ C

sinxdx = —cosx + C
. )

secxdx=tanx + C

secxtan xdx =secx + C

1

- dx =tan 'x + C
L i N |

sinh x dx = coshx + C

because

d 2
because —(tan x + C) = sec’x
dx

2o

’ L/ (x) + g(x)]dx = ‘ f(x)dx + ‘ g(x) dx

|
—dx=In|x| + C
J x

4 . [) G
b*dx = + C
J In b

cosxdx=sinx + C
i g
cscxdx = —cotx + C

cscxcotxdx = —cscx+ C
. |
V1 — x2

coshxdx = sinhx + C

dx=sin"lx+ C




2

J‘2x4x

(

we Know jﬂbﬁd% = x4+ C

2

ojt?(::lijzxdj(:l—‘-c

-~ 2
@tx:ZZJZKO(XfZJrC

% Subtract 2 2
C24¢) — (17+4¢)

44— -C =13




.

The Fundamental Theorem of Calculus, Part 2 If f is continuous on [a, b], then

where F is any antiderivative of f, that is, a function such that F' = f.

[' e dx = F) - Fla)

2

D ddasde

Coklls gaalls ¢ 355 oIS

Laailly el ¢ 5% Y JalSS




j (
&gl

|z

J f(x)dx = F(x) means F'(x) = f(x)

dx =

dx =

jloxAx =

; 7Ll0 d 2

| e

A d

(b

(b

Properties of the Integral

f‘b .
. | cdx=c(b — a), where cisany constant
Ja

T+ gdx = [T F() dx + | g(x) d

b b )
| ocof(x)dx = cj f(x)dx, where cis any constant

7700 = gOolax = ["p dv = [ gx) d




EXAMPLE 1 Find the general indefinite integral

j (10x* — 2 sec?x) dx

2

3
<2x3 — 6% ok — = ) dx and interpret the result in terms of
x

EXAMPLE 4 Find f

areas. 0




1-4 Verily by differentiation that the formula 1s correct.

\/1+x2 X

1 1+ x2
1.] Y i
x2




1-4 Verify by differentiation that the formula is correct.

3. ftanzxdx =tanx —x + C




EXAMPLE 5 Evaluate the integral f e*dx.

SOLUTION The function f(x) = e* is continuous everywhere and we know that an anti-
derivative is F(x) = e, so Part 2 of the Fundamental Theorem gives

f e*dx=F3) — F(1) = ¢’ — ¢

EXAMPLE 6 Find the area under the parabola y = x* from 0 to 1.

SOLUTION An antiderivative of f(x) = xis F(x) = $x>. The required area A is found
using Part 2 of the Fundamental Theorem:

A= folxza’x =

EXAMPLE 7 Evaluate f dx

X
SOLUTION The given integral is an abbreviation for
6 1
f —gx
3 x
An antiderivative of f(x) = 1/x is F(x) = In | x| and, because 3 < x < 6, we can write
F(x) = Inx. So

6 1 6 6
[{—dr=mnx];=m6-m3=mZ=m2

3 X

EXAMPLE 8 Find the area under the cosine curve from O to b, where 0 < b < 7/2.

SOLUTION Since an antiderivative of f(x) = cos x is F(x) = sin x, we have

b ) b ) ) )
A=f cosxdx=s1nx]0=smb —sin0) =sinb
0




5-18 Find the general indefinite integral

7. f (5 + 3x% + 3x7) dx




5-18 Find the general indefinite integral
9. f(u + 4)Qu + 1) du




19-44 Evaluate the integral.

19. f (x* + 2x — 4) dx










25, fﬁ sin 6 do
/6



















27. JOW (5¢* + 3 sin x) dx










1 X
35, fo (x'° + 10%) dx




Integrating an Absolute Value

Bl 3 JolS5 gils
dayad el O g 5l IS oS

LeLe (ST

ch(x) dx + ff(x) dx = Lbf(x) dx

¥
j‘x—l‘dx

O

9 /
L/
}'7(—|1A)L = j—(%—l)b&/ +Cx-1) dx
0







’ — 1| dx
a4, fo\zx |




3m7/2 .
46. L | sin x| dx

a1t

+ Siwx

%

+ SW\ e

— S\

n

— S

0




iU

; [ cosol dx

O




bo | ><S
&= . LN
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(4] The Substitution Rule If u = g(x) is a differentiable function whose range is
an interval I and f is continuous on /, then

| (90 g') dx = [ flu) du

Lalae Susnge LB oI Al ugl 5027 (12 U SEAT el

JbﬂlJﬁu%vg <C

dadl &lglas

udl ,BaTd -\

seiiall Loilly Ll -

o Gl aaly sadtes suay JalSall a3¥ =Y

Sane yuall Je S8 oy =€

(sams 5 13) LelalSS ae ) ben¥ | AIall L lKs dang U Jusk -0

X Spec'\&\ Cos e 46.fx2¢mdx :f(u-Z)lJu Jdw

Z

2
w= 24x = (w-2)=x = (w-2) =2x
dw = d x




1-6 Evaluate the integral by making the given substitution.

1. fcos2xdx, u=2x







1-6 Evaluate the integral by making the given substitution.

af¢m+1m,u=m+1




3. sz\/x-‘%-ldx, u=x>+1




a. | sin%6 cosd df, u = sinf

15. jcos36 sin O do




S 6053(57() s (Sx) Lo






















23. f sec?0 tan’0 do







28. [ e sini










46. fxz\/Z + x dx




47. f x(2x + 5)% dx




55. | Y1+ 7x dx
0










/2

cos x sin(sin x) dx










Examples (Even Functions): Examples (Odd Functions):
x? =2 x3—x
5 Vx
x?|x| x3|x|
x*+1 x*+5
3x8 x3 + 2x
x3 —2x x3 — x°
x° x4
Example: Determine whether each function is Even, Odd or Neither. 0 0( (L
1. f(x)=x>+x /

-0 4(-2) = X -X = —()(S+I) =-tw
2. f(x)=1—x* y

| —(—X)q =|—-X =+w
3. f(x) =2x —x? NCH\AV

2

2 (-0 —(CXx) = —zx—xz = —(2x+x") S/
4. f(x) = x|+ 2
|-xlt2 =121 +2 = f)
5. f(x)=3

fn=3=FCx evenm m

W, €uven

even

X

6. f(x) = x2+ x6 /
- X _ =X _ Z
—Z., % 2z, € 'P(l)
L (0t aT+x
nfG) = .
" ) , Veither <
(-x") o




@ Symmetry

The next theorem uses the Substitution Rule for Definite Integrals (6) to simplify the
calculation of integrals of functions that possess symmetry properties.

Integrals of Symmetric Functions Suppose f is continuous on [—a, a].
(a) If fis even [ f(—x) = f(0)], then [~ f(x)dx = 2 || f(x) dx.
(b) If fis odd [ f(—x) = —f(0)], then | f(x)dx = 0.

Even-Odd Identities:

EXAMPLE 11 Since f(x) = (tan x)/(1 + x> + x*) satisfies f(—x) = —f(x), it is odd

and so

J‘l tan x
-1 1+ x>+ x*

dx =20 [ |

1

(b) /(x2 + cosx) tan x dx.

-1







9. [10 4+ 10 = 20 pts.] Evaluate each of the following integrals:

dx.

1
(@) /\/5(\/5+1)2

1
IV. / v tan x dx =

1

)

0
) 1.
) —1.
) 2

e) None of the above.




7. [10+ 10 = 20 pts.] Evaluate each of the following integrals:

I / din®(z) cos(s) .

2

H./ ! dx.
. rlnz




7. [10 + 10 = 20 pts.] Evaluate each of the following integrals:

o [y,

+ sin(7x))3

i

=
(ii) / n(z >d;17.
J1




7. [10 + 10 pts.] Evaluate the integral

dz [ 2sec?x
b) | ———d
(&) /x(lnx)5 11 tanz

EXAMPLE 5 Find [\/1 T %2 x5 dx.




Q8. [5+5=10 pts.] Evaluate each of the following integrals.

(a)/(cos x) (sin(sinx)) dx (b)/ 4(1 + tanz)?sec’ z dx

EXAMPLE 6 Calculate j tan x dx.




o°o° P.‘\
. . P Je2a A+
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(2] The area A of the region bounded by the curves y = f(x),y = g(x), and the
lines x = a, x = b, where f and g are continuous and f(x) = g(x) for all x in

[a, b], is

A= [T/ — g dx

Constant

V fx)=c

Linear

Absolute Value

/() = x|

Quadratic

Square Root

v f(x) =x3

Cube Root

/() =3x

Reciprocal/Inverse/

Rational

f(x) =

1
f(x) =3

Logarithmic

Exponential

Greatest Intege

Trigonometric
Functions

—

f(x) =tan (x)




SOME FUNCTIONS AND THEIR GRAPHS
Linear functions y

f(x) =mx + b
b

flxy=5b flx)y=mx+ b

Power functions

flx) = x"

Root functions
) = Vi

Reciprocal functions

e O o
flx) = pe. flx) = o=

Absolute value function y Greatest integer function

f(x) = |x| f(x) =[xl

N




VERTICAL SHIFTS OF GRAPHS

Suppose ¢ > 0.
To graph y = f(x) + c, shift the graph of y = f(x) upward c units.
To graph y = f(x) — c, shift the graph of y = f(x) downward c units.

YA ) YA

N/ L ]

HORIZONTAL SHIFTS OF GRAPHS
Suppose ¢ > 0.

To graph y = f(x — ¢), shift the graph of y = f(x) to the right ¢ units.
To graph y = f(x + ¢), shift the graph of y = f(x) to the left ¢ units.

4 y=flx=o¢ i

©
o/ ) o/
The graphs of g and / are sketched in Figure 2.
gx) = (x+42 flx)=x"1 hix) = (x—2)?
1__
T _7'4 f 1 f O i e f T f ;
FIGURE 2




REFLECTING GRAPHS

To graph y = —f(x), reflect the graph of y = f(x) in the x-axis.
To graph y = f(—x), reflect the graph of y = f(x) in the y-axis.

FIGURE 4




Vertical Shift {-OL) {6,
Horizontal Shift ‘G (X ()

Reflect x-axis — ‘("‘ (1)

Reflect y-axis ‘F (=x)




7.y R —

In the Area and Volume Formulas section of the Extras chapter we derived the following formula for the

area in this case.
b

A=["f(x)-g(x)dx (1)

a

The second case is almost identical to the first case. Here we are going to determine the area between
X= ~/'(,\’) and X = g(\) on the interval [(‘.d] with ,I'(,\‘)Z g(.\').

."
d

In this case the formula is,

A=[1(»)-g(y)dv

In the first case we will use,

b
upper lower
A= pp_ - ~ ldx,
) function function

In the second case we will use,

d
right left
A= i b, - . ) dy,
_\ function function | -
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b
upper lower
A= ppt.. - L dx,
. function function

d A
right left
A= ; & ) - . dy,
_ \ function function ) -
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Example 1 Determine the area of the region enclosed by V=X and y = \/:




6. [10 pts.] Sketch the region enclosed by the curves f(z) = 2

and find its area.




Q10. [10 pts.] Find the area of the region enclosed by the curves y = 4 — 22 and y = 3.




6. [10 pts.] Let R be the region between the curves y = 2* and y = /7, from 2 = 0 to z = 4.

Sketch the region R, and find its area.




5. [2+8 = 10 pts.] Let R be the region between the curves y = 2 and y = 2*, from z = 0 to

x = 2. Sketch the region R and find its area.




6. [10 pts.] Sketch the region enclosed by the curves f(z) = Vo — land g(x) =z — 1

and find its area.




8. [2+8 =10 pts.] Let R be the region enclosed by the curves y = x — 2 and y = 2% — 4.

(a) Sketch the region R.
(b) Find the area of the region R.




6. [10 pts.] Sketch the region enclosed by the curves f(z) = vV — land g(z) =2 — 1

and find its area.




EXAMPLE 6 Find the area of the region bounded by the curves y = sin x, y = cos x,
x=0,and x = 7/2.




EXAMPLE 1 Find the area of the region bounded above by y = ¢*, bounded below by
y = x, and bounded on the sides by x = 0 and x = 1.




EXAMPLE 2 Find the area of the region enclosed by the parabolas y = x* and
y=2x — x>




EXAMPLE 7 Find the area enclosed by the line y = x — 1 and the parabola
y>=2x + 6.







