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* Increaing / Decreasing Test:

a) If f'(x) > 0 on an interval I, then f is an increasing (') funtion on J.

b) If f/(z) <0 on an interval I, then f is an decreasing () funtion on 7.
Lhas 3,4 sl ¥y wlyi Sue 8 dlall 3f dya0 o Lie
* The First Derivative Test:
ﬂSuppose that ¢ is a critical number of a continuous function f,

13) 8,5 oLiae
local Ly il

local smax b) If f changes from — to + at ¢, then J has a local minimum at c.

a) If f' changes from + to - at ¢. then J has a local maximum at ec.

MmN ¢) If f' does not change sign at ¢, then f has no local extrema at c.

* Concavity Test:

;)
/ i
13 iyms oL a) If / (z) > 0 for all z in interval /, then the graph of f is concave upward

X A (CU) on /.
ole¥ 8,280 dlall )
JaY o b) If f () < 0 for all 2 in interval I, then the graph of f is concave downward
(CD) on I.

* Curve Sketclﬂn]g Guidelines:

1. Domain: find the domain of the function I, denoted by Dy,
2. intercepts: find y-intercept (0, f(0)) and z-intercept (2, 0).
3. Symmetry:

a) if f(-z) = f(z) for all z € Dy, then f is even function and the curve
is symmetric about the y-axis. That is, (a,b)  (—a,b). Take f to
be 22, 2, or cos(z) as an example.

b) if f(—=z) = f(z) for all 2 € Dy, then f is odd function and the curve
is symmetric about the origin. That is, (a,b) + (—-a -b). Take f to
be z, 2%, or sin(z) as an example.

- Asymptotes: Horizontal asymptotes (H.A.) and Vertical asymptotes
(V.A)).

. Increasing/Decreasing Test: interval on which [ is increasing or de-
creasing,

. Local extrema: find all max. and min. local extrema.

. Concavity and Inflection Points: find where the curve of fis CU or CD
and find all of the inflection points.

. Sketch: use all of the previous information to sketch the curve of f.




Definition - Domain of a function:

The domain of a function is the set of all real numbers for which the function 1s

well-defined.

Remark:
The domain may be stated explicitly by giving a specific interval that is a subset of

the real domain of the function, for example, if we write

The domain of a polynomial is R.

The domain of a rational function f(x) = = ; where p(x) and Q(x) are

P(x)

Qx)’
polynomials, and Q (x) # 0; is the sct of all real numbers except where Q(x) =
0. That is; the domain of a rational function is R/{Q (x) = 0}.

iii. The domain of Vx, where n is an even integer, is x > 0.

iv. The domain of V/x , where n is an odd integer, is R.

\/) The domain of \Vl’/ﬁ l()?x IS <0/00)
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Find The domoin

= |-e™

= C% —!

\we%-( 7 (n = X -l Z 0 =2 X#I

o’o <‘00/‘) U <t/00) :ﬂ{/i\%

y = In(4 — x*). U _x" >0
4> A" = 2>l
22 X 2>-X

(- ,2) -2 X

, (-2, )
.. Poman = C—Z/Z>

L ln(x?%-¢) then x*-4 >0 x°>4
x| > 2 N2 or -x 22
X < -2

( 2,)0m) C-w0,-2)

ooo T\(\C A.OVO\;V\ <‘00/—Z)U(Z/00)




Find The domain

2
1C(7() = X 2+l _ (x41) (x+\)

xE-4x +4 (x-2) (x-2)

z

_x+° :< X+
(x-2)* 7“2>

Domoaw - x-2 70 .. X #2
(’00/ 7) U(Z/ od) = lK/fZ)Z

f(z) =1In(z? + 1).




B. Intercepts The y-intercept is f(0) and this tells us where the curve intersects the

y-axis. To find the x-intercepts, we set y = 0 and solve for x. (You can omit this step
if the equation is difficult to solve.)

Y Seog ablEW Sas axis as intercept Ld dls S bk s

exX.

2
+2x+3
L) = 2

X -2
X -1)(x+3)
y = ¢

(x-2)

for x-iat “y=o0

)

0 = EIXTD (1) (x43) =0

(X—-2)




C. Symmetry

(i) If f(—x) = f(x) for all x in D, that is, the equation of the curve is unchanged
when x is replaced by —x, then f is an even function and the curve is symmetric
about the y-axis. This means that our work is cut in half. If we know what the curve
looks like for x = 0, then we need only reflect about the y-axis to obtain the com-
plete curve [see Figure 3(a)]. Here are some examples: y = x°, y = x*, y = | x|, and
y = COS X.

(i) If f(—x) = —f(x) for all x in D, then f is an odd function and the curve
is symmetric about the origin. Again we can obtain the complete curve if we know
what it looks like for x = (. [Rotate 180° about the origin; see Figure 3(b).] Some
simple examples of odd functions are y = x, y = x*, y = x”, and y = sin x.

£ fFo-x) = o)
T‘"\CV\ SYW]MC%Y[C O»‘DOM+ 7/—O~X“_S
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(a) Even function: reflectional symmetry

HC fFe-xy=-Ffo /Then i1 symwcﬂig

)

‘a\pouJ( —thﬂ, OYI'?\V\
\

0
If neither of the above, then there is \_/I

no symmetry.

(b) Odd function: rotational symmetry
x*+3

X%—4x
(—x)3+3
{(=x)* —=d(—x)

f(x) =

f(=x) =

_ =x3+43
x2+4x




Examples (Even Functions): Examples (Odd Functions):
x? =2 x3—x
5 Vx
x?|x| x3|x|
x*+1 x*+5
3x8 x3 + 2x
x3 —2x x3 — x°
x° x4
Example: Determine whether each function is Even, Odd or Neither. 0 0( ‘L
1. f(x)=x>+x /

-0 4(-2) = ~X -X = —()(S+I) =-tw
2. f(x)=1—x* y

| —(—X)q =|—X =+w
3. f(x) =2x —x? NCH\AV

2

2 (-0 =) = —zx—xz = —(2x+x") S/
4. f(x) = x|+ 2
|-xlt2 =121 +2 = fix)
5. f(x)=3

fn=3=FCx even m

W, €ven

even

X

6. f(x) = x2+ x6 /
- X _ =X _ Z
., % -z, € 'P(l)
L (0t aT+x
nfG) = .
" ) , Veither <
(-x") o




D. Asymptotes

Vertical Asymptotes .
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It is a Vertical Asymptote when:

as x approaches some constant value ¢ (from the left or right) then the
curve goes towards infinity (or —infinity).

Horizontal Asymptotes HA ab ol

W fx) o
A= od

H.A Lal Zosill sia 13 « Zass o limitJ! gdls 13)

\im Fax) s (v
A= - 00
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It is a Horizontal Asymptote when:

as x goes to infinity (or —infinity) the curve approaches some constant
value b




D. Asymptotes
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4) limit infinity for functions involving a radical
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B What Does f' Say About f?

E. Intervals of Increase or Decrease

Increasing/Decreasing Test
(a) If f'(x) > 0 on an interval, then f is increasing on that interval.

(b) If f'(x) < 0 on an interval, then f is decreasing on that interval.

FIGURE 1

The First Derivative Test Suppose that c is a critical number of a continuous
function f.

(a) If f’ changes from positive to negative at ¢, then f has a local maximum at c.
(b) If f' changes from negative to positive at ¢, then f has a local minimum at c.

(c) If f' is positive to the left and right of ¢, or negative to the left and right of ¢,
then f has no local maximum or minimum at c.

C E Dowmon
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B Local Extreme Values

F. Local Maximum and Minimum Values

The First Derivative Test Suppose that ¢ is a critical number of a continuous
function f.

(a) If f' changes from positive to negative at ¢, then f has a local maximum at c.
(b) If f' changes from negative to positive at ¢, then f has a local minimum at c.

(c) If f is positive to the left and right of ¢, or negative to the left and right of c,
then f has no local maximum or minimum at c.

(a) Local maximum (b) Local minimum

(¢) No maximum or minimum (d) No maximum or minimum

domaind! il cJl Lass T ST
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EXAMPLE 1 Find where the function f(x) = 3x* — 4x* — 12x* + 5 is increasing
and where it is decreasing.

SOLUTION We start by differentiating f: Domoin o £ WC (S "R

fl(x) = 12x° — 12x* = 24x = 12x(x — 2)(x + 1)

Interval X X X X f

x < —1 decreasing on (—, —1)
—]1 < ¥ <K0Q increasing on (—1, 0)

0<x<?2 decreasing on (0, 2)

x> 2 increasing on (2, «)

Mcvensing on (-1y0) U (2702

{ACCVCQS(VI% (-0, -1) U 0)2)




EXAMPLE 2 Find the local minimum and maximum values of the function f in
Example 1.

f(x) =3x*—4x> — 12x* + 5

i) = 12x% — 12x% — 24x = 12x(x — 2)(x + 1)

-1

—

“/ X — 0 éD—p(MAX)\ X

X:‘| 'éanfmn

L{
£(-1) = 3(-1) —L{(-I)B—IZ(—-lJZnLS
= 3 ‘f'L{‘lZ‘\‘f = O

4 2
Le2) =3C2) —d(a) -12C2) +5
=48 -32-99+5 = -27
9 3 2
1C(O):3(o) ~4(o) -12C0) +5 = 9

o F has Local vinimun ot (-I/O)M(L(zlzﬁ
£ has Local maximam ot (0/5')
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(a) (b)

Definition If the graph of f lies above all of its tangents on an interval /, then it is
called concave upward on /. If the graph of f lies below all of its tangents on /, it
1s called concave downward on /.

Concavity Test

(a) If f"(x) > 0O for all x in /, then the graph of f is concave upward on /.

(b) If f"(x) < O for all x in /, then the graph of f is concave downward on /.

; (b) Concave downward
(a) Concave upward




Definition A point P on a curve y = f(x) is called an inflection point if f is con-
tinuous there and the curve changes from concave upward to concave downward or
from concave downward to concave upward at P.

Figure 7 shows the graph of a function that is concave upward (abbreviated CU) on
the intervals (b, ¢), (d, e), and (e, p) and concave downward (CD) on the intervals (a, b),

(c,d),and (p, q).




(a) Find the intervals on which f 1s increasing or decreasing.
(b) Find the local maximum and minimum values of f.
(¢) Find the intervals of concavity and the inflection points.

9. fx) = x> —3x*—9x + 4

Lex) = -3 - +4

l) Domain of F 0 is fR (pol\/)
2) Plex) =32% - 6x -1
) critical numbers _J ’

Pl = o
£'ex) =ONE
qcl(x) =0 = 37@2—51 -4 - o
3(xf-2x—=3) = 3Cx-3)(ay\) =0

| )X =3 Xz —\ ave critial
Z/) \W+€V\/a\ Munoe/




y) intervay £

(=0, =1) , (-1,3), C3,00)
-1 3 2

= +
/N N LT
£ 1S \acreasing on the wtenal (-0,-1) U(3,00)
J(: 1S D ecreasing  on e wterws| (—1,3)

Por Locol wmoximum:-
PCD= (0 -3¢n"-aC0) +4
-3 44 +4 = 14
For local minimum
P3) =(3)-3(3)"-403) +4
= 2F-27% 172 +4 =-253

Vo F os local maximum on (-1, Q)
10 "W os \oco\\ Minimum  On <3/ -23)
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U N 9

10 hos cowncave L P wor A ( \/QO)
£ Wase  concove  downward (=0, ()

Pay= (1) =3¢ -901) +4
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* Increaing / Decreasing Test:

a) If f'(x) > 0 on an interval I, then f is an increasing (') funtion on J.
b) If f/(z) <0 on an interval I, then f is an decreasing () funtion on 7.

* The First Derivative Test:
Suppose that ¢ is a critical number of a continuous function f,

a) If f' changes from + to - at ¢. then / has a local maximum at c.
b) If f' changes from - to + at ¢, then f has a local minimum at .

c) If f' does not change sign at ¢, then f has no local extrema at e.

* Concavity Test:

a) If f/"(x) > 0 for all z in interval I, then the graph of f is concave upward
(CU) on /.

b) If f'(2) < 0 for all 2 in interval 7, then the graph of f is concave downward
(CD) on 1.

* The Second Derivative Test:
Suppose that f* is continuous near a number e.

a) If f'(c) =0 and f(e) > 0, then f has a local minimum at e.

b) If f'(c) =0 and f"(e) <0, then [ has a local maximum at e.

* Curve Sketc‘llinlg Guidelines:

1. Domain: find the domain of the function I, denoted by Dy,
2. intercepts: find y-intercept (0, f(0)) and z-intercept (2, 0).
3. Symmetry:

a) if f(-z) = f(z) for all z € Dy, then f is even function and the curve
is symmetric about the y-axis. That is, (a,b)  (—a,b). Take f to
be 2%, 2%, or cos(z) as an example.

b) if f(—2) = —f(2) for all 2 € Dy, then f is odd function and the curve
is symmetric about the origin. That is, (a,b) = (—a,-b). Take f to
be z, 2% or sin(z) as an example.

4. Asymptotes: Horizontal asymptotes (H.A.) and Vertical asymptotes
(V.A)).

5. Increasing/Decreasing Test: interval on which [ is increasing or de-
creasing,

6. Local extrema: find all max. and min. local extrema.

7. Concavity and Inflection Points: find where the curve of f is CU or CD
and find all of the inflection points.

8. Sketch: use all of the previous information to sketch the curve of f.
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Graphing Rational Functions

A. Test to see if the graph has
symmetry by plugging in (-x) in the
function.

Options:
If the signs all stay the same or all

change, f(-x) = f(x), then you have
even or y-axis symmetry.

x?+3
f&) =5
_ (=x0)?+3
f(=x) = 7 =2
x?*+3
=0

If either the numerator or the
denominator changes signs
completely, f(-x)= -f(x) then you have
odd, or origin symmetry.

2

X
FO) =
(=
f=0= i
xZ
T3 +x

--(7=)

If neither of the above, then there is
no symmetry.

x3+3
A x? —4x
. (=x)*+3
Fe0 = Tor iy
_ —x343

B. Test to find y-intercepts by
replacing x with 0.

3x%2+8

x3 -2

_3(0)>+8
fO) = Gp—7

fO) =

8
= — = —4

-2
y-int. (0, —4)

C. Test to find x-intercepts by setting
the numerator equal to 0.
Shortcut: Since multiplying by the
denominator will eliminate it, you
can just set the numerator equal to
zero.

2x

x+1

flx) =

0=2x - 0=x
x-int. (0, 0)

D. Find the vertical asymptote by
sefting the denominator equal to
zero.

The result is the equation of the
vertical asymptote. Keep an eye
out for holes. Holes occur when
there is a factor that is the same
both in the numerator and in the
denominator. ITIS NOT A VERTICAL
ASYMPTOTE because it simplifies
away.

x%2 -9
=3+
_ (x=3)(x+3)
~ (x—=3)(x+5)

x—3=0, x=3




Graphing Rational Functions

Therefore at x=3 there is a hole.
x+5=0x=-5

Therefore at x=-5 there is a vertical
asymptote.

E. Find the horizontal asymptote.

To find the horizontal asymptote you
compare the degrees of the
numerator and the denominator.
Note: horizontal asymptotes can be
crossed while vertical asymptotes
can never be crossed.

Options:
If the degrees are the same, you

take the ratio of the leading
coefficients and that is your

asymptote.
5x2
fo) = x*>+7
ratio = 1 so the asymptoteisaty =5

If the degree of the numerator is less
than the degree of the
denominator, y=0 is your asymptote.
() = 4x —9
fx = x2+3
1 < 2 so the asymptoteisaty =0

If the degree of the numerator is
exactly one greater than the degree
of the denominator, there is no
horizontal asymptote but there is a
slant asymptote.

x%+2
X

f&x) =

2 > 1 so there is no horizontal asymptote

G. Find points.

Plot at least one point between and
beyond each x-intercept and
vertical asymptote. Plug a numberin
for x and solve fory. You want to do
this so you can find which side of the
asymptotes you are going to graph
on.

H. Graph using the information you
have found.
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2x°

x> —=1

EXAMPLE 1 Use the guidelines to sketch the curve y =

ey

A. The domain is

3

2(-x)

) -X) =z =———

x| x?=1#0={x|x#*1}=(-%—-1)U(=1,1) U (1, ) e 0t )

7) 2
: 2X
B. The x- and y-intercepts are both 0. / =
¥ 1 § % . 8 2
C. Since f(—x) = f(x), the function f is even. The curve is symmetric about the y-axis. X -1

=fx)

2x* 2

D. lim — = —— 2
x—xw x° — l Xx—E® l = l/.\“—

Therefore the line y = 2 is a horizontal asymptote.
Since the denominator is 0 when x = =1, we compute the following limits:

lim lim
x—1 x—1

lim
_l +

X—>

lim1

X

Therefore the lines x = 1 and x = —1 are vertical asymptotes. This information
about limits and asymptotes enables us to draw the preliminary sketch in Figure 5,
showing the parts of the curve near the asymptotes.

¥ gl




‘ -4
WC()( - - | / 7[ = (xz-li(z

* crttl(a\ \nuwvxbﬂf f ()of

1@(7( o = —Yx =0
X = O E Domern

=DNE

\
F(X) =DNE = x%-1=0 = x=-1

But x=1, 2 =-1 &0

N

= |

WDiS MCV&}S\V\Q on (-0, -1)and (-1)0)

fis decrensing on Coy 1) and (1)
2(0)?- = O
tot
mox ot (0,0)




¥ concauity Wk points

2x°+Y
Cxt-1)°

\\ > = O
P £

\ | ‘
_F (X)) =0 = (212-{—4 —= O \W‘WISIHC_

P x) =

16\\06) — DNt — x°-\ =o0
= +
X ,lngfr

+
U0 U

Thus the curve is concave upward on the intervals
(—o, —1) and (1, *) and concave downward on (—1, 1). It has no point of inflec-
| N tion since 1 and —1 are not in the domain of f.




Therefore the line y = 2 is a horizontal asymptote.

2x* 2
Iim — = lim ———= 2
o xf — 1  x—oxw ] — 1/x°

X

x = | and x = —1 are vertical asymptotes.

lim
.1

A

lim
x——] = v ]

7@ 'S '\V\CVC(}S\V\Q oNn (‘w/—l)omo( (—l/o)

WC iS dﬁC/Co\Sm? oW (O/ 1) o\V\(){(\/oO)

Lo cal wmox o\+ CO/O)

concave upward on the intervals (-, —1) and (1, )

concave downward on (=1, 1). —




FIGURE 6

-

Finished sketch of y




6. [4x 10 =40 pts.] Let f(z) = (‘Il_ Tk

(a) Find the vertical and horizontal asymptotes of the graph of f, if any.
3z —1
(.r il 1‘):5‘

i. Find the intervals on which f is increasing and the intervals on which f is decreasing.

(b) Given that f'(z) =

ii. Find the local maximum and minimum values of f, if any.
6(1 —x)

RS

i. Find the intervals on which the graph of f is concave upward and the intervals on
which the graph of f is concave downward.

(¢) Given that f”(x)

ii. Find the points of inflection, if any.

(d) Sketch the graph of f.

2
L =2

6. [4 x 10 =40 pts.] Let f(z) = ( e
T T =

The domain of f is: | D; = (—o0, —1) U (—1,00) |

2

(a) We have: | lim "

il 1| Therefore, y = 1 is a horizontal asymptote of the graph
z—too (I + <

of f.

.T"3 —F Z -
Furthermore, liml EFEIT = oo |and hence r = —1 is a vertical asymptote of the graph
r—>— 4 b3 =

of f. 5 0

' _E Sl bl ol
{ (0 =9 , pue

3z — we have: f'(z) =0iff z = 1/3.

(b) Since f'(z) = (1+—1;‘

i. Moreover,

& -1 1/3
f + | — 0 £

f vl I N L

f is increasing in the interval (—oo, —1) U (1/3, o).
f is decreasing in the interval (—1,1/3).




ii. The only critical number of f is |z = 1/3|. Since f’ changes sign from negative to

positive at 1/3, we conclude that| f(1/3) = —1/8 is a local minimum value by the FDT |.

In fact, f(1/3) = —1/8 is the absolute minimum value of f.

. TN ()_(l - I) M N — () EE e
(c) Since f"(x) = EEEITE we have: f"’(x) =0iff x = 1.

i. Moreover, | f"(x) > 0iff x € (—o0, —1) U (—1. 1), where the concavity is upward |.

In turn, | f"(x) < 0iff z € (1,0¢), where the concavity is downward .

ii. As the concavity changes at + = 1 and f is continuous on its domain, we conclude
that ’ (1,0) is an inflection point ‘




5. [1“ X 4 =40 I)tS.] Let f(l) — 1“(.1.2 + ])

(a) i) Study the symmetry of the graph of f.
ii) Find the horizontal asymptotes of the graph of f, if any.
2%
2 +1
i) Find the intervals on which f is increasing and the intervals on which f is decreasing, if any.

(b) Given that f'(z) =

ii) Find the local maximum and minimum values of f, if any.
2(1 — z?)
(;1.2 + 1 )2 2

i) Find the intervals on which the graph of f is concave upward and the intervals on which the

(c¢) Given that f"(z) =

graph of f is concave downward, if any.
ii) Find the points of inflection, if any.

(d) Sketch the graph of f.

5. [10 x 4 =40 pts.] Let f(z) = In(2?* + 1).

Dy = (—00,0¢ )‘

(a) 1) Since| f(—x) = In(( 7‘1{)2 +1) = f(x) ‘ for all z € Dy, the graph of f is symmetric about the y—axis.

.o 3. . P < 4\ [ ~ P .
ii) Since| lim In(2® 4+ 1) = oo |, | The graph of f has no horizontal asymptotes |.
Kot i

'

2%
241

i) We have | f'(z) = 0whenz = 0 ‘ Since ’ f'(z) < 0whenz < Oand f'(z) > Owhenz >0},

(a) Given that f'(z) =

therefore, f is decreasing on | (—oc,0) ‘ and increasing on | (0, 00) |.

ii) The only critical number of f is 'lr = \
Since f’ changes sign from negative to positive at 0, | f(0) = 0 is a local minimum | by the First
Derivative Test. Furthermore, this local minimum is an absolute minimum value of f.

2(1 — z?)

b) Given that f"(z) = ——=.
(b) Given that f"(x) 21

- |. We have | f(z) = 0 when 2 = +1 |

Since ./W{J') < 0 on ‘( ~x,—1) and (1,00) | and f”w) > 0 on |(—=1,1)| therefore,

the graph of f is concave downward on ’ (—o0,—1) and (1, 00) |, and concave upwardon | (—1,1) |

ii) Since f is continuous, the points { (=1,In2) |and | (1,1n 2) |are points of inflection.




(d) The graph of f

N




7. [40 ptS,] Let )‘(1) =1+ (;,_,.2.

(a) Find the horizontal asymptotes of the graph of f, if any.
(b) Given that f'(z) = —2ze *".
i) Find the intervals on which f is increasing and the intervals on which f is decreasing,
if any.
ii) Find the local maximum and minimum values of f, if any.
(c) Given that f"(z) = 2(22%2 — 1)e ™.
1) Find the intervals on which the graph of f is concave upward and the intervals on which
the graph of f is concave downward, if any.
11) Find the points of inflection, if any.

(d) Sketch the graph of f.

LI dndeall i Jall




7. [40 pts] For the function f(x) =1+ e~**, we have
(a) [10 pts] lixy L e* =1 } Therefore, y = 1 is the only horizontal asymptote.
(b) [10 pts] We have ‘ j"(.r‘) = (O only at z = 0 and f'(x) exists for all x |.

Therefore, ithe only critical number is = = () '

Using the Increasing/Decreasing Test, we conclude that the function
it is decreasing on the interval (0, oc)

and

f is increasing on the interval (—oc, ()
By the First Derivative Test, this implies that ‘f has a local maximum at z = 0, f(0) =2

Moreover, f(0) = 2 is the absolute maximum value of f.
nd f” () is defined for all z |.

=
YA

(c) [10 pts] We have l f”(‘r) = Oonly atz =

L ~0) and concave downward on (

, =) and (75

Using the Concavity Test, we conclude that
F

the graph of f is concave upward on (—oo
v

N P

.1+ e ) are points of inflection.

: gis . ; |
Since f is continuous, | the points <$

(d) [10 pts] The graph of the function f:




i

xIr

e

1 —e=1°

[4 x 10 =40 pts.] Let f(z) =

(@) [5+ 5 = 10 pts.] Find the vertical and the horizontal asymptotes of the graph of f, if
any.

) [5+2.5+ 2.5 =10 pts.]
e’

ii. Find the intervals on which f is increasing and the intervals on which f is decreasing,

i. Show that f'(z) =

if any.
iii. Find the local maximum and minimum values of f, if any.
_ ) ” et + (,21: 1
(c) [5+5=10pts.] Given that ["(z) = ————.
(1 — ed l).’-

i. Find the intervals on which the graph of f is concave upward and the intervals on
which the graph of f is concave downward, if any.

ii. Find the points of inflection, if any.

(d) [10 pts.] Sketch the graph of f.

LI dadeall od Jal
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6. [4 x 10 = 40 pts.] Let f(x) =

D¢ = (—o0,1)U (1,00).

x 1

(a) We have: | lim ‘— = —¢ and( im — =0l

=00 | — @1 z——00 ] — e*T—1

Therefore, the lines y = —¢ and y = 0 are horizontal asymptotes of the graph of f.

L

( . .
Furthermore, | lim —— = Foc ‘and hence = = 1 is a vertical asymptote of the graph
r—13 —

of f.

(€)1 —e") — (e7)(=€e") e’

(1 — e*—1)2 T (1 —e= )2

fl(z) =

Since | f'(z) = ulﬁ fllz) >0forall z # 1|

Thus | f is increasing on its domain ‘ Furthermore, | f has no critical numbers| Hence

f has no local extreme values |.

f’(x) >0 on(—oc,1) and f"(z) < 0on (1,00) |

(c) Since | f"(z) =

(1.==1)3

Therefore, | the graph of f is concave upward on (—oc, 1) and it is concave downward on (1. ) |

There are no inflection points | (f is discontinuous at = = 1).

(d) Sketch




o
(17 -4)°
2% (X+f)
(x*-¢)°

£ o)

10“ (%) = 6(x“+14x+3)
(x*-¢)°

a) Find the vertical and horizontal asymptotes for the graph of [, if any.

b) Study the symmetry of the curve y = f(x).

¢) find x-intercept and y —intevcept

i) Find the intervals on which [ is increasing and the intervals on which [ is decreasing.

ii) Find the local maximum and minimum values of [, if any.

1) Find the intervals on which the graph of f is concave upward and the intervals on which
the graph of [/ is concave downward.

i1) Find the points of inflection, if any.
e) Sketch the graph of f.

) Domain of F x)
X -4 0 = x"#Y
e X =12
Domain of £ (s \?\/{iz}
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EXAMPLE 5 Sketch a possible graph of a function f that satisfies the following
conditions:
(i) f'(x) > 0on(—,1), f'(x) <Oon(l,x)
(ii) f"(x) > 0on (=%, —=2) and (2, %), f"(x) <O0on(-2,2)
(iii) lim f(x) = =2, lim f(x) =0
xX—>— X—x

SOLUTION Condition (i) tells us that f is increasing on (—2, 1) and decreasing on
(1, o). Condition (ii) says that f is concave upward on (—%, —2) and (2, %), and con-
cave downward on (—2, 2). From condition (iii) we know that the graph of f has two
horizontal asymptotes: y = —2 (to the left) and y = 0 (to the right).

We first draw the horizontal asymptote y = —2 as a dashed line (see Figure 9). We
then draw the graph of f approaching this asymptote at the far left, increasing to its
maximum point at x = 1, and decreasing toward the x-axis as at the far right. We also
make sure that the graph has inflection points when x = —2 and 2. Notice that we
made the curve bend upward for x < —2 and x > 2, and bend downward when x is
between —2 and 2.

FIGURE9




. [10 pts.] Sketch a possible graph of a function f that satisfies the following conditions:

(a) f(0)=0, f(4) =3 and f(6) = 0.
(b) f'(z) <0 on (—00,0) and (4,00), f'(x) > 0 on (0,4).

(c) f"(z) <0 on (—o0,0) and (0,6), f”(x) > 0 on (6,00).
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S=Surface Area = A = Area.
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Steps In Solving Optimization Problems

1. Understand the Problem The first step is to read the problem carefully until it is
clearly understood. Ask yourself: What is the unknown? What are the given quanti-
ties? What are the given conditions?

. Draw a Diagram In most problems it is useful to draw a diagram and identify the
given and required quantities on the diagram.

. Introduce Notation Assign a symbol to the quantity that is to be maximized or
minimized (let’s call it Q for now). Also select symbols (a, b, c, . .., x, y) for other
unknown quantities and label the diagram with these symbols. It may help to use
initials as suggestive symbols—for example, A for area, & for height, 7 for time.

4, Express Q in terms of some of the other symbols from Step 3.

5. If O has been expressed as a function of more than one variable in Step 4, use the
given information to find relationships (in the form of equations) among these
variables. Then use these equations to eliminate all but one of the variables in the
expression for Q. Thus O will be expressed as a function of one variable x, say,

Q = f(x). Write the domain of this function in the given context.

. Use the methods of Sections 4.1 and 4.3 to find the absolute maximum or minimum
value of f. In particular, if the domain of f is a closed interval, then the Closed
Interval Method in Section 4.1 can be used.

-

Nom)  agel

Spont 151 B vyl —c

Maximized or minimized \@s st o0 N WA T ¥

b 5 /::‘;J—e("")-‘\skél y>—¢
Domoin M U';‘“‘:‘ _)é;\'_}) critical value JI %&\0 - 0

=

obs mox ?1 ab; Wih E o;; Z) C/iJﬂ'col VallLC JI —-l

()\3»&\ Le os\p — v




absoulte miniJls absolute max sl caids ,h Luie

(I

First Derivative Test for Absolute Extreme Values Suppose that c is a critical

number of a continuous function f defined on an interval.

(a) If f'(x) > O forall x < cand f'(x) < 0 for all x > ¢, then f(c) is the abso-
lute maximum value of f.

(b) If f'(x) < Oforall x < cand f'(x) > 0 for all x > ¢, then f(c) is the abso-
lute minimum value of f.

- A

Zs

Coo

+

,_i_

~_

/7

/7

\>
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s at X =2¢

Then The abs wmatimum Is at 2 =620

10\\(70 2,

concave down

LY v0

Concave uPp

Ll qsnall g,k oe ol

obs

A

local minimum Lasie glay &l 3801 UK dase Lagls dull) daisl ) 13)

\V

&\35 Minimuwm

(C

ynax

Lasic paing oladll U< Al Layls Tl &t 13)

local maximum




3. [10 pts.] Find the maximum product of two positive x and y such that 2z+y =

100.

We want to maximize zy = x(100 —2z) = 100z — 22%. For this purpose, we let f(z) = 100z — 22°. We
have fl(.z') = 100 — 4z. The only critical number of f is = 25. Now f”(.z') = —4, using the second

. . " . I ar
derivative test f (25) = —4 < 0, so f has absolute maximum value f(25) = 1250.

ZX—LY —|loo :)7:[00121

9(7/ :77 DO\MAM . X o
| -
{:(1) = X (|oo-2x) = looX —2x °

o \
‘POV CV[+(CQ,l \/Q‘ULC."’ ‘F (m - O

£'x) = loo 42X =po
12X = looe = (=25

Z5S 026

+ _
/ \

Then the obs VVIOX\Wuv\ IS aJC A =2749

o X\/ = 29#%#So = |1So




2. Find two numbers whose difference 1s 100 and whose product
1S a minimum.

|> 1*\/ = l o O
S L = loo +y Sy 51X J Rl Lela

XY :72 DOYYIO\A'\ (R
SoF Y =(loct¥)y
=) =looy+y”

frUy) = oo t2Y
fovr critical wumboer f\(\/):O
((JDTZj =0 =2 Y =-50
5%

— 50

/7

T\(\EVl J(_\/lc: aLS  WMinimum Is aJC >/ - —S 0

Lo A =loo-5s0 , X = So

®




3. Find two positive numbers whose product 1s 100 and whose
sum 1s a minimum.

XY =loo
+Y =27
L) = X —+

/

L
\oo

t )= -

A

X

tov critica\ umber

\ 0o
Pz0=1'q) = | =
12,

— IZ: \ 2o

Sl Sl
Oesa G e

a_};}o J|.s.c.;’2(|

T\ﬂeﬂ J(_hc A\DS WL L W llS O\’t l: \0

oo

= lo = 7/:\0




4. The sum of two positive numbers is 16. What is the smallest
possible value of the sum of their squares?

x4y =\ 7:\(—1

z 2 Dowmaint X 20

2 2
‘F(X) — X . ‘l" ( lg’x) L/‘F(;C):Zx+2(\4‘l)(

=2x -32+472x !

’F(X) - xz—f' (2«5{—327( ‘1—12) Foo = 4x -3z

Fex) = 2x%-322 + 254

Px) = 4x —32
£ = Y -32 =0 = Yy =32

ol il s ¥

32 — 8 b ol Laysal
o s ool
L{ gy Gl

% L

£ — +

N e

»

X =

T\ne\ﬂ J[_hc: au\ps WL LMW IIS a’t l:%
SY=6-8=8 oty = gt 4 gt =dvEe =118




21. Find the point on the line y = 2x + 3 that is closest to the
origin.

D :\I (7(—)(0)2+(\/ -¥)° Xo Y. X Y
J /S
. The distance between (0,0) and(X,ZnS)

D :\] (7(—0)Z + (2243 -0)

2 2

(L) + (2zx+3)

2 2

Lfx)y= (X)) + (2z+3)
F((x) = 22X + 202x+2)Q2)

fla) = 22 +3x+12 = lox+ 12

. _ -z _ -6
AT T

L (-4 ,3)
IS the closet
Polnk to

the mi?iw




EXAMPLE 3 Find the point on the parabola y* = 2x that is closest to the point (1, 4).

D :J (X—Xo)zﬂ—(\/ -0

2 o Z
7/2:?,7( = 1:2/__7

Xo Yo X 7
77 ’
T\\e distance bctweem (',L/) &Wd(LzY/ 7/

)

:>y?»2:o = \/3:8 >YyY=2

%)

+

o ? Z
/ So(2,2)
1S Yhe closet
T\ne\ﬂ J(_Llc &\05 WL LW IIS aJC \/ p— 2 PO\\“* {’0 (‘/L{)




4. [10 pts.] Find the dimensions of a rectangle with area 100 m* whose perimeter is as small as

possible.

If the rectangle has dimensions z and y then its area | A = zy = 100 m?, so y = 100/z| The

perimeter | P = 2x + 2y = 2z + 200/x | We wish to minimize the function | P(z) = 2z + 200/x

for z > 0. Since | P'(x) =2 —200/2* = (2/2*)(2* — 100) |, the only critical number of P is

x=v100 = 10 ‘ Now | P"(z) = 400/z* > 0/, so the graph of P is concave upward on (0, 00)

and | P(10) = 40 is an absolute minimum value | The dimensions of the rectangle with minimal

perimeter are |z =y = 10 m ‘ (The rectangle is a square).

; 2 : 2 3. .
. [10 pts.] Find two nonnegative numbers = and y whose sum is 15 and P = 2%y is a maximum.

Answer. We have z+y = 15 and hence y = 15— with 2 € [0, 15]. The objective is to maximize
P(x) = 2°y* = 2*(15 — z)* on [0,15]. The derivative is P'(z) = 2z(15 — x)* — 32%(15 — z)* =
x(15 — 2)?[2(15 — 2) — 3x] = 2(15 — x)*(30 — 52). Therefore, P has one critical number in
(0,15), = 6. Since P(0) = P(15) = 0, and P(6) = 6°9° > 0, the Closed Interval Method

. . 22 Ao 3
gives the maximum value as P(6) = 6°9°. Therefore, the two numbers are z = 6 and y = 9.

Q7. [10 pts.] Find the point on the curve y = \/z that is closest to the point (2, 0).

The distance d from the point (2, 0) to a point (z, y) on the curve y = \/r is: ’d =/(z —2)2 + (y/x — 0)2 ‘

and the square of the distance is| D = f(z) = (z — 2)? + x|

Differentiating, we obtain | f'(z) = 2(x —2) +1 =2z — 3|

f'(x) = 0 when z = 3/2|. Observe that | f’(z) < 0 when z < 3/2 and f’(x) > 0 when = > 3/2|, so by the

FDT for Absolute Extreme values, l the absolute minimum occurs when x = 3/2 |. The corresponding value for

yis|y = 1/3/2 | Thus, the point on the curve y = \/x closest to the point (2,0) is| (3/2,+/3/2) |




. . . . 92 . .
4. [10 pts.] Find the dimensions of a rectangle with area 100 m* whose perimeter is as small as

possible.
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EXAMPLE 2 A cylindrical can is to be made to hold 1 L of oil. Find the dimensions
that will minimize the cost of the metal to manufacture the can.

\/: 1[.”(VC: | 0 oo cm/?

W € W&VIJC To minimize the surfoce area
D omain
2T © + 21rh Vv 70
wvth —> |, = leee n>o
Tyt

200

»
)
SA = Yoy _  2o00°
r?—

?ﬁmd +Vﬁ C/Hﬁ(al VAIWCIP'

2
= 2NV -+

L/ﬂ'V}—-Zaoo

VZ

L/ﬂlyg:‘ 2000
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EXAMPLE T A farmer has 2400 ft of fencing and wants to fence off a rectangular field
that borders a straight river. He needs no fence along the river. What are the dimensions

of the field that has the largest area?

X*?CJv\/:l‘?‘oo e,
N 20

2)( —\—\/ :ZZ{OO
N =240 - 2x O < XS NLo0

.. /A( _ 7(\/
o Ay = A (2400-72X)

Ax) = 2%00x—2x°t

A = 2400 - 4x e
for critical valwe = A (x) =0
= Alcx) = 2400 -4x = ©
= Y4 A= 2400 = ;{,:/00

(oﬂ % . - 7/:26’00—2(0’«»)
_-'- — = 2400 —\260

AN 7 T

Then the o bs  makimum IS aJC A =600 X = foo
y: 200

=\2060

2. Dimensisns




EXAMPLE 5 Find the area of the largest rectangle that can be inscribed in a semicircle
of radius r.

-

SOLUTION 1 Let’s take the semicircle to be the upper half of the circle x* + y* = r
with center the origin. Then the word inscribed means that the rectangle has two
vertices on the semicircle and two vertices on the x-axis as shown in Figure 9.

Let (x, y) be the vertex that lies in the first quadrant. Then the rectangle has sides of
lengths 2x and y, so its area is

A = 2xy

To eliminate y we use the fact that (x, y) lies on the circle x> + y* = r* and so

y = m Thus

The domain of this function 1s 0 < x < r. [ts derivative is

which is 0 when 2x? = 72, that is, x = r/+/2 (since x = 0). This value of x gives a
maximum value of A since A(0) = 0 and A(r) = 0. Therefore the area of the largest
inscribed rectangle is

FIGURE 9
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4.9 Antiderivatives

Definition A function F is called an antiderivative of f on an interval 7 if
F'(x) = f(x) forall xin /.

[i] Theorem If F is an antiderivative of f on an interval /, then the most general
antiderivative of f on [ is

Fix) + C

where C is an arbitrary constant.

EXAMPLE 1 Find the most general antiderivative of each of the following functions.

(a) f(x) =sinx (b) f(x) = 1/x c) f(x) =x", n#—1

(a) If F(x) = —cos x, then F'(x) = sin x, so an antiderivative of sin x is —cos x. By
Theorem 1, the most general antiderivative is G(x) = —cos x + C.
(b) Recall from Section 3.6 that

d
—{nx)=—
dx X
So on the interval (0, ) the general antiderivative of 1/x is In x + C. We also learned
that
d \ 1
—(In|x]) ==
dx X
for all x # (. Theorem 1 then tells us that the general antiderivative of f(x) = 1/xis
In | x| + C on any interval that doesn’t contain 0. In particular, this is true on each of

the intervals (—, 0) and (0, =). So the general antiderivative of f is

) Inx + C, if x>0
F(x) = . I
In(—=x)+ C; H x<0

(¢c) We use the Power Rule to discover an antiderivative of x". In fact, if n # —1, then

xN (n+ Dx"
n—+1




4.9 Antiderivatives

Function Particular antiderivative

Function Particular antiderivative

cf(x) cF(x)

F(x) + G(x)

sin x —COS X

secx tan x

sec x tan x

sin " 'x

tan 'x

cosh x sinh x

sinh x cosh x

“ cf(x)dx = ¢ ‘ f(x)dx

v o

[ kde = kv 48

_ntl

+C (n#-1)

‘ x"dx =

n +

‘ etde=¢e"+ C

‘ sinxdx = —cosx + C

‘ sec’xdx =tanx + C

‘ secxtanxdx =secx + C

‘ % i |

X

dx =tan 'x + C

‘ sinh x dx = coshx + C

‘ [f(x) + glo)]dx = ‘ f(x)dx + ‘ g(x) dx

v

o |
—dx
X

In |x| + €

b*

[ b*dx + i
. 7 Inb

cosxdx=sinx + C
csc’xdx = —cotx + C

cotxdx = —cscx + C

| )
dx =sin"Ix + C
/ 9
\/1 = A

coshxdx = sinhx + C




EXAMPLE 2 Find all functions g such that

SOLUTION We first rewrite the given function as follows:

’) \.5 /\.
: L) V) :
g'(x) = 4sinx + — =4 sinx + 2x°
x »

Thus we want to find an antiderivative of

1/2

g'(x) = 4sinx + 2x* — x

Using the formulas in Table 2 together with Theorem 1, we obtain

.5 1/2

g(x) = 4(—cos x) + 2 % .

1
> 2

+ €

=—4gos X +5x" —2vx +C

EXAMPLE 3 Find f if f'(x) = ¢ + 20(1 + x*)”" and f(0) = —2.

SOLUTION The general antiderivative of

f(x) =e"+ 20tan"'x + C

To determine C we use the fact that f(0) = —2:
f0)=¢"+20tan' 0+ C = —2
Thus we have C = —2 — | = —3, so the particular solution is

f(x) =e*+ 20tan"'x — 3




EXAMPLE 4 Find £ if £"(x) = 12x% + 6x — 4, f(0) = 4, and f(1) = 1.

SOLUTION The general antiderivative of f”(x) = 12x* + 6x — 4 is

\j
3

125 +6—4x+C=4r' + 3> —4x + C

Using the antidifferentiation rules once more, we find that

4

* % x° ; :
f(x) = 4T+ 37— 4T+ Cx ¥+ D=x"4+2" ="+ Cx+D

To determine C and D we use the given conditions that f(0) = 4 and f(1) = 1. Since
f(0) =0 + D =4, we have D = 4. Since

fl)=1+1—-2+C+4=1

we have C = —3. Therefore the required function is

f=x*+¥—-2"—-3%x+4




1-22 Find the most general antiderivative of the function.
(Check your answer by differentiation.)

1. f(x) =4x + 7

2
F(X):é/<%)+§zx + C

Fen = 22" + 7+ ¢

3. f(x) =2x° — 3x% + 5x

Jcé/ 3 2
() =22 2 X L5~
4 3

4 3
Fog = & r +
2

5. f(x) = x(12x + 8)

Pax)=12x"+8%x

2

32
SO0 =122 487 +C = ua 4 uxtc




1-22 Find the most general antiderivative of the function.
(Check your answer by differentiation.)

5. f(x) = x(12x + 8)

Pa)=12x"+%x

2 2

ch):\2%;-+8§?+<.=4x3+4xﬂ{




1-22 Find the most general antiderivative of the function.
(Check your answer by differentiation.)

7. f(x) = 7x*° + 8x7%°

Fex)y=dz x + C

10. f(x) = e°

F(x) = efx 4 ¢




1-22 Find the most general antiderivative of the function.
(Check your answer by differentiation.)

1. f(x) = 3/x — 23/x

\ \
fou=3x" —2x"

3/

F(x) = 3(—




1-22 Find the most general antiderivative of the function.
(Check your answer by differentiation.)

2
X

13. f(x) = %

| |
£ = . —2(7)

Fcx) :'5—96_ — 2 lnlxl + ¢

1 + ¢+ ¢?

7

15. g(1) =

2
3 I T

t




1-22 Find the most general antiderivative of the function.
(Check your answer by differentiation.)

3t — 13 + 612
t4

14. (1) =

Y
Fty - 3t

10((') - 3 —

F(4) =

F(4) =

F(4)




1-22 Find the most general antiderivative of the function.
X 2 + 5 (Check your answer by differentiation.)

22, f(x) = 2
) . x2+1

2 4+ 2

x|

Fcx) = 2x J(—Bto\m_(?( + C




25-48 Find f.
27. £"(x) = 2x + 3e*

10( 2. X
(X) =X + 3¢ + ¢,

2

_ X X
£ ) = S +3ef Hax +C

28. "(x) = 1/x*

]C” (x)

]C‘CX) —




25-48 Find f.

34, f'(1) =1+ 1/1°,

Py =t +t

3

-1

YA
‘F(t):L—i_‘_C =

2

-2
il dagd f(t) JJ 4o

We have £(1) =4

tZ
2

2tt




25-48 Find f.
41. f"(0) = sinf + cos6, f(0)=3, f'(0) =4

P((Q) = —cos @+t S\vxé’—kcl
o £l0) =y

—-Cos0 tswmo +C
oY =-ltc, > cC=5

\

.'.P((Q) — —cosd +swl + 5
o F(0) = —swmb - cos@+ 5 +¢,

‘90 F(O):g
. 3 = —SWm0D —cosP + Slo) + €,

3‘-‘*$+C2 — CL:47/

P ) = —swd —cos@+s8+Y




25-48 Find f.
45. f"(x) =e* — 2sinx, f(0)=3, f(w/2)=0

(
F(x) = e* +2cosx +¢,
F(x) = e* +2sinx +¢x +¢,

We have f(0) =3
F (o) = e 42smo +Co ¢,
3 = [*l‘CZ — CL:Z'

S () = e+ 2sinx +c 42

We have H'—Z) = O




1, .
4. [10 pts.] Show that F(z) = 5 (:1:2 tan" 1z — z 4 tan™! z)

is an antiderivative of f(z) = xtan™'z.

l

_ | ~( z _ |
)—?BZXtan L+ X (|+7Cz> o >]

A

—;gzxtan“‘er o (R ]

| 4 ° | 42

l ~( x4 |
?BZXtaw L+ |+7(2 } ]

—;—BZZtavf(x +] = | ]

%BZ“MV‘%] = Xton X

.o B ols an o\\a{’iier'\\/oﬂtl\/e o £ £




5. [10 pts.] Let f(z) =sin(Inz). Show that F(z) = : sin(lnx) — cos(Inx)| is an antiderivative

of f(x).

)
- () = ( Swmjnx) - COS(\HX)] + 7—;[605(%;4)';- (-S\w(\nx)—)i)
2

} B | _7( 1 X )
_ s (lnw) —Z(_OS(\mx)'\- > XCOSUMZ)-{- XS\V\(\

. [ {
d\h (l"%) - L Cos(lux)+ — Cos(lnz) + — Sin(ln
z 2 2

osmUex) 4+ il

Z 2

= s\ (\nx)

Y F IS o o\\a{’iier'\\/oﬂtl\/e O‘E 1C

1 xrl 1
=5 [ﬁill(lll T) — ('()5(111.1')} + %[— cos(lnz) + —sin(lnx)| = sin(lnz) = f(x)|, we conclude
2Lz T

. {sm(ln x)— ('us(ln.x-)] is an antiderivative of f(z) = sin(Inz).
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5.2 The Definite Integral

Definition of a Definite Integral If f is a function defined for a < x < b,
we divide the interval [a, b] into n subintervals of equal width Ax = (b — a)/n.
We let xo (= a), x1, x2, ..., x, (= b) be the endpoints of these subintervals and we

let x{*, x3°, . .., xJf be any sample points in these subintervals, so x;* lies in the ith
subinterval [ x;—, x; |. Then the definite integral of f from a to b is

"hf(.\‘) dx = lim if(,\-;k) A

Ja 1—00 . _

provided that this limit exists and gives the same value for all possible choices of
sample points. If it does exist, we say that f is integrable on [a, b].

FIGURE 4

*b .
‘ f(x) dx 1s the net area.

il cad daleal | g Jol<ill

2 x
z f(x") nx
L= J g o Al




J f(x)dx = lim Ef(x ) Ax

—>C0 .
n i=1

) § s the integral sigr

2) O O»V\(L 13 1—}'\6 \W\i{'S OXC l’blc (H{Q?}’A‘
3) f’(?() i< the iv\Jrccgra\mL

n
H) 2 WC(X‘L*) AX s called R(EVV»ann Sum

L= |

@ Theorem If f is integrable on [a, b], then

“b ,( -\.) ([x - lin] E /(\1) A\
Ja n—w® i)

Right end-points
b—a

Axi= and x;i=a+ ilAx
n

e ft o, =a+(i-1)hx

El — %(X,'_l T X,’)




7/:;[2/ n =¢ Lo,373

Tox\C‘\Yl7 SOW?\& Poin*! o be ’€€{-




Riemann sum Ja olgha

$CX):J¥-XL

) —2 { KL
\3\/ ‘tak'\na toe the \("\O)V\‘l‘

£(x) = \‘4 -yt

N Lasae s and b ad o ol Lialoss oo o1 853801 5 SISl ggun alle] ((
, g xXgh o= —2

—_—

b = 2
O~
b 8T e L SAmple pointsy! sl (V
F<1<9\4'£

D = — -7
i

VI:V

i ol Blel) @l (2

— |

| 2 |

Jj@'éy—@@
DanOn

o okli sl (1
el oo aaS 2
Rqﬁ'a\"f - [Vs 42 4z 46 1 () = 2+2v7




6. [10 pts.] Evaluate the Riemann sum for f(z) = 3 — 2%, taking the sample points to be right

endpoints and a = 1,b =4, and n = 3.

4 —1
We have | Az = 3 =landz;=a+iAz=1+1%fori=1,2 3|

Therefore, | R3 = [f(2) + f(3) + f(4)] x 1 = [(—1) 4+ (—6) + (—13)] = —20|.

2

Lx) = 3-x

y h =3

x SQWlP“e pD‘\v\'ts 1‘:0 \Qﬁ Yl%\/\t

AXZ \D‘& = 71—
" 3

f(z)y = -
| 2 > H fez) =6

£(Y) =-13

{Yw) - -6 —\3

sz f?C(D(,)* +1C(1)*+1C(1)*] A X
2 3

= [ =1 + -6 +-13 7Q)




II. The Riemann sum of f(z) = z? on the interval [1,5] using n = 4 and taking the sample

points to be the right endpoints is:

[

a) 25

be
vV b5
)

—

4.
—30.
0

&,

1)

5
d) 0.

e) None of the above.

| =

x SamP‘ﬁ po‘\v\J[s {0 \96 Yl%hf

A?CZE’&: =1
n 4

fezy= 4
x| 2] 3 | 4 | 5 FGo) = 4
£F(%) =16

WED() 4 9 16 25 fs) =25

B RL/: fVC(x,)* +7ﬁ(1)*+7ﬁ(1)*+7ﬁ(1q)*] AX
2 3

= [ 4 +q9+16+257 (1) = s¢




II. The Riemann sum of f(x) = z* on the interval [1,5] using n = 4 and taking the sample

points to be the ri/gfht endpoints is:

le(—l/

* Sam?'ﬁ po\l\(\‘ts 1(;0 bﬁ ’€]C+

AX‘—’ /‘D’a = > — 1
n i

f(1) = |
fezy=y4
Pl Z < fez)=q

F(Y) =16
f(?() L7Z A 6

RL’: I.’#(x,)* +1ﬁ(“*+7ﬁ(“*+7t(1")*j AX
2 3

- [ | +4 +9+16 10) = 30




. The Riemann sum of f(z) = sinz, 0 < x < 7 with n = 3 taking the sample

points to be the right endpoints is equal to

e) None of the above.

+(x) = Sinx
«=0 , b="T"

x Samplﬂ pD‘W\‘tS ‘to \Qﬁ Yi%l«‘t




1. Evaluate the Riemann sum for f(x) = x — 1, =6 < x < 4,
with five subintervals, taking the sample points to be right end-
points. Explain, with the aid of a diagram, what the Riemann

7
Suim representS. oy { X — | d X ,n =S
~¢ cigut end

Fox) = = |
—(5/%:4 /h:S

x SCXWIZP“& QD‘\V\%s 1o be Vl%'/\t

AY = b= _ H4-C0_ 5
n S

X _2 0 Y

Fix) -3 -

RS: [ +x) +1C(7L)*+1C(7L)*+7C(7Lq)*+1°(13] AX
2 3

= l-s+-3+-1+1+372) =-lo
(-4 L 4 )2




3. If f(x) = 6-2% ,0<ux Slg, find the Riemann sum with
n =4, taking the sample points to be midpoints. What does
the Riemann sum represent? Illustrate with a diagram.

‘P(%) =6 =X

\( ‘ \
g v\ Loy
DZL‘/ (

o0 , b=16 , h=¥
% Sample pownts £o be mid\oomfg

Ax = - _ =° _y4
n 4

X § o
1[\(7() i lo #

RL,: [ Fx) +7C<x)*+vc<x)*+qc<xq)*] AX
2 3

(1Y + lo+6 +21(4) =129

The right end = af , The left end = |60

sbeadls Gl dga o e il 5 Jl3ad] Ll L)




Integration in terms of areas

o
f \]az—xz A x
— a

8,500l dalowe Saa, 5l 8,500 ad 13) Cayan sl
J.AIS.” SPRES ~_9\9.4.’Zu

Note: o
A = L TT’\/Z 8,500 &, daliws NotE f \I%‘—oJ

Lf circle -0

T

EXAMPLE 4 Evaluate the following integrals by interpreting each in terms of areas.

(a) fo' J1 — x2 dx

1




35-40 Evaluate the integral by interpreting it in terms of areas.

35. j_zl(l — X) dx

Il Aty Sl sgans passadl Gask oo Al aesi s
-C(X) = | =-X

f-n=2
Feor = |
Fcul =0
£l = -

Aveo of Triangle = _‘Z (Base]l Cheight)

cial dalws 11 dasdls
Al oSS ¢, X-axisy!

2
§ C(l-x) dx = ovea of triangle ABC -[-o‘_b,% of triangle CDE

al




35-40 Evaluate the integral by interpreting it in terms of areas.

37, f:(l + /9 — x2?) dx

+ §O\IT12 A

-3

\/ =Ja-x

\/2:‘[—7(.Z

2
A * +Y =Aa ->vpper perk
of quav tev crde with yvadin

:‘743:3

-3

o

-3

)
| dax +§ \| -x* Jx Avea of The civde =1y ®
-3

- But we have c(bta/fcr circle
= 3 + 1

4 o A=Lawm®

1
4

g 15
7 g




1
IV . /\/1—:1:2(1;1::

1.

a)
b) /4.
c) /2.
) 0
)

e) None of the above.

J =Nl = 2=

vpper Po”' of semi-cwele
J"’ with r=\

= XZ+>/Z =

Aveo of The civde =1y ?

But we have Sﬁmi - Circle %




B Properties of the Definite Integral

When we defined the definite integral ‘:, f(x) dx, we implicitly assumed that @ < b. But
the definition as a limit of Riemann sums makes sense even if @ > b. Notice that if we
reverse a and b, then Ax changes from (b — a)/n to (a — b)/n. Therefore

“ f(x)dx = —‘II f(x)dx

a
Jb

If a = b, then Ax = 0 and so

Properties of the Integral

b i
cdx = c(b — a), where c is any constant

va

*b

[ f(x) + g(x)]dx = "hf(.\') dx + "h g(x) dx

Ja

‘h v ‘h . .
cf(x)dx = ¢ ‘ f(x)dx, where cis any constant

Ja

b

[f(x) — g(x)]dx = “hf (x) dx — "h g(x) dx

Ja

area=c(b—a)

FIGURE 13

[# cdx=c(b — a)

v




EXAMPLE 6 Use the properties of integrals to evaluate ’;: (4 + 3x?)dx.

SOLUTION Using Properties 2 and 3 of integrals, we have

1

(4 + 3x?) dx = "l4dx + ‘.l Ix*dx = ‘:l4c1.¥ + 3 ‘:: x?dx
JO JO JO .

JO
We know from Property 1 that

:mu=M1—m=4
and we found in Example 5.1.2 that "01 x*dx = %. So
“I (4 + 3x°)dx = Cddx + 3| x2dx
JO J0O JO

=4+4+3.5=5




FIGURE 15

EXAMPLE 7 If it is known that |," f(x) dx = 17 and | f(x) dx = 12, find ;" f(x) dx

SOLUTION By Property 5, we have

f(x)dx

" 10 "l()

meﬂ+hﬂﬂwz

0

‘:“f(x) dx = [“”’f(x) dx — [:f(x) dx=17-12=5




50. Find [, f(x) dx if

3

X

for x < 3
for x = 3

5}(7() dx =




48. If ; f(x) dx = 7.3 and [, f(x) dx = 5.9, find [, f(x) dx.

2 7 3
5 Cex)dx = 5 L) dx +51C(z)0¢x
2

b

49. If [, f(x) dx = 37 and |, g(x) dx = 16, find

|, [2£(x) + 3g()]dx

9 q
25?()(%1 + 3; 9 (X) d x

2 (3%) +3(16) =74 +98% =122




s
3; Fecodx + [
|

3 (2) +%(25‘—-1)

2 | +‘_ZCZL/) — 20+ 12 =33




1 3
6. [10 pts.] Let f and g be two continuous functions such that / f(x)de = —1, / flz)dz =3,

111(1/ r)dr = 5. Find /{f —2¢g(x)]dx.

L |
[?C?de = —[ tode= —(-1) = |

/2

2 VA 2
f 7CCX) 0(76 = /FC?L) A x +/‘F()£)O(9C
J 1 Z

. fgwccm d x
|

3 3 3
,'. f EFLX) -23(7()3c17c = /7C(;c)dx —2;90() ob(
! 1

:Z/‘Z(S) :—o/

Answer. \\eha\e/ f(x)dx —/ f(z)dx +/ f(z)de = —(—
H(.n(c./ (x) — 2¢g(x)) dx —/ f(x)dz —?/ Ndr=4—-2(5) =
1




Comparison Properties of the Integral

6. If f(x) = O fora < x < b, then | f(x)dx = 0.

7. If f(x) = g(x) for a < x < b, then "bf(.x_) dx = 'I g(x) dx.

va

8. If m =< f(x) =< M fora < x < b, then

mb — a) < "hf(.\") dx < M(b — a)

Ja

FIGURE 16




Show That (estimate ) or
pse PI/OPerf’§eS oL 'lmj(‘we?m/

3
‘/\<;J7(2+3 dox < H3R
|

< x <2

4 < °+3 <12

2 S JXZJrB L 2Jz2

2

: 2
(2dxs [ Vzuzde € § 205 dx
J

‘ l

3
2(3-1) < )( {20z dx < 203 3-1)
|

4 < f3\|zl+3 dx < 4z
J




55-58 Use the properties of integrals to verify the inequality
without evaluating the integrals.

57. 2<J‘_ll\/l i x* a’x$2\/§

(‘)»o\<’a\\ oo

xJI s 5] gaae dle Y
Sl o1 aalgll oo 5T
Seal Lal edgll udiyg
Sl ol aalsll oy

[0 dxf+1 <7

I

—

l |
| dx 55 NEZTIY st?ch
—| —|

l
| J:l —(—l)l\<§ NE' A}( gﬁfl—ﬁ—l)]
~

l
2\<5 Jxel da < 20z
0




55-58 Use the properties of integrals to verify the inequality
without evaluating the integrals.

56. "0' JI + x2 dx < "U' JI + % dx

l
[ +x* dx € § J1+x dx

f F0 2 900 For agx b

Y b
Jrhem §1C(9L)0(7( . S j()() A %

a O-
2

We Kanow X X own Lol

2541 & A+

2240 <Ia+]

)
|
o } \‘H—xz dx § Jditx dx
0 O




Show That (estimate ) Or
Vse Properties of ntegral
jul

jv (st " +3) dx < %

2 <CSIn“a+3 <Y
T

v =
swnx +3 & j ¢
v
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5.3 The Fundamental Theorem of Calculus

~

Sl Gt 4k \PREWN

The Fundamental Theorem of Calculus, Part 1 If f is continuous on [a, b], then
the function g defined by

glx) = “'\f(‘t) dt a<x<b

Ja

is continuous on [a, b] and differentiable on (a, b), and g'(x) = f(x).

upper limitJ! &

L @ —
- = ‘P - (|
T § £t)dt x) )

OL g (X)
AL § WC('L‘) a(.t' :10(3(1))9‘(9() —wcﬁ\nzz))‘nlcﬂ)

W (0

Yo A il sany (o1 (puiSns Lyt T

The Fundamental Theorem of Calculus, Part 2 If f is continuous on [a, b], then

*b :
‘ f(x)dx = F(b) — F(a)

Ja

where F is any antiderivative of f, that is, a function such that F'= f.

L dnd [alal ]

not COerimuouS ot O & C‘Z/l>

-2




-
l /@) dx = =" 1) dx

| £(x)dx = 0

]Ci nd the derivative

[ = ' Y o('ZI
t% +

= 2+
Where £(t)= J¢

X
4 [1[(%)16
X —
(t)d € ™

A X

— 1 = fw) -0
c [F(x) = FZO)
d x

Fox) = JZZ+7




. A T —
Find E[! Jt2+5 dt |

%7 —(—\,\@ FUY\OLO\YMV\%‘M TthI/EVV\ of Calwluu
) = {15

(f
d ? &
H[ijt)a{tj = Axf{fu—)]l

:%[ F(g) — Foul = 0 -f o0

:—\IX3—5

EXAMPLE 4 Find - ’ sec ¢ dt.
dx Ji

%7 the Fundoamental Theorem of Coleulus

9(4/

4 R dz°
dxj secl dt = Secn <ﬂ)

l

2 7
— Yx Secx)




7-18 Use Part 1 of the Fundamental Theorem of Calculus to find
the derivative of the function.

7. g(x) = f;\/t + 13 dt

%7 the Fundamental Theorem of Caleulus

L
9(7@ :S Jt+t2
D

91(76) = J 7(-\—13

9. g(s) = L (t — t2)8 dt

%7 the Fundamental Theorem of Caleulus

| — {Zz
g (s) = (§ -8 ")




M. F(x) = | V1 + sect dr

[Hint: W\/l + sect dt = — ’O‘Jl + sect dr:|

E)?/ *’\f\@ FUV\ (La\mf:\/\f'al Thﬁo»/em of Calculw

F (x) = —stem

2
12. R(y) = f t°sin t dt

y

%7 —‘—\,\@ FUY\ O(,a\mf:\/\f‘al ThfoVEVV\ mc Calcultu

2 Y .
Rey) = (tiswtdt = —( ¢ sintde
Y 2

R[(\/) - — \/Bglmy




13. h(x) = L In ¢ dr

B\/ FTC -

h' ') = \n(e™) de

A o
. \(\‘(%): X e ’—")Cex

/4

17. y = " 0 tan 6 d0

B\/ FTC -
J X

\/:—( B Con B

T
aL(J_)

|
Y -<—\|7Lfaw\17c)

| I
7 - (—ﬁfa Vl\]i) < X )
\/’ _ tanl X

—_—

Z




18.y=f? J1 + 2 di

Sin x

%7 the Fundoamental Theorem of Caleulus

S\ 2

JI+t: dt

y = —\ I+sin’x Asmx

A2

7 = —\JH-S\mx coS x

Y — — cosx \ [+5in%




2

5. [10 pts.] Find the slope of the tangent line to F(x) = / In(1 + 2t)dt at x = 1.
Vi

%7 1’\/\6 FUV\OLO\\mf’,V\hﬂ T\(L€OI/€VV\ of Ca'culuu

0‘, g (X)

A § D dt = F(gcx))g'oc) — £ (hw) h'wo

W (x)

7
ln( +2Vx)
2\ »

15‘(9() =9 (ln(l+2x°)
ot A =1

ln(1+2J7)

1[‘(1):2())(ln(|+2(llz

)

- 2 [n3 _\V\(E)
2
n3

J
F (X) = ‘V\(l'l’Z?(z)(Q.)C) — ln(l+2ﬁ)—r

A




7. [10 pts.] Find the inflection points, if any, of the curve

£
e y:/(l—t)e’a’t.
roni Do the s

BY the Fundamental Theorem of Caleulus

10(1

X
(% I aX
Y :; (l-tle"dt =y =U-z)e -

@)
( X

7/ — Cl=-o0)e

x
NE — _e 4 (l-n)e

74
— e’ (—-l+41-X)=-x¢

X .
= —Xe =0 .-}C:Oé%

© o0 L ydl das b oL
Lleo¥ | 1AL XJ! o gl

0 +
= \// (1 -t)e dt
°© -

inf peint (o) 0)




4. [10 pts.] Find an equation of the tangent line to the graph of the function

flx) = /' A 3) dt atz=—1.

4 t?+1

i . In(z®+2) _ ,
Answer. Thanks to the Fundamental Theorem of Calculus, we have f'(z) = ](: = ~(32°)
x5
3In(—1+2)

and hence my¢,, = f'(—1) = = (. In turn, f(—1) = 0. Thus, an equation of the

tangent line to the graph of f at r=—1lis: y=0

E)?/ 1’\/\6 FUV\OLO\\menf‘QI T\(LfOI/EVV\ of Ca|culb&5

3
Lt = flon = M) (o
16+

2
_ 3(nc
[0 (C0t2) ) = (2" )

¢

=) |

3 (o) _ 0
2

> N —\/, - £|Gl) (x—’xl)

xtofimd vy, ,sub o=~ nfe

l
ﬁ(x):[ m(t+2) 1t =o
— tz‘l'l

.o, \/ - Oz O (7(—(~() =




WC‘IVIU(. ‘pCI) I‘F ‘p ‘{S ConTinons
Ponction sSwihh £ hat

2C %
fﬁ(ﬂdt — A SIWX + [ £ gt
9,

[+1°
0

By the Fundoamental Theorem of Caleulns

BY AH[«L Bo‘H’l S\OlQ

. £ x
Foo =(sima + 2 cosx +

e

Flx) — z — S\ oL + X oS

|+ xt

= S\ +X cos X

I = S\noe + A cos X

I +2c°

> [ Sihx+7¢ Co;x]
X




241
5. [10 pts.] Let f(z) :/
i

dt. Find the absolute minimum value of f, if any.

[‘2
Vit +1

B>/ the Fundomental Theorem of Coleulus

)(Z"\'l 2 2

{ t 1t = Cxf+1) (2%)
| t2 4] J(z‘ﬂ)zﬂ

2

|
Foo =0 = 1) (zg =0
A = o & Domown

_t,

e

= O

x fcx)

The abs.min at (o0, 0)




1t
Q9. [10 pts.] On what interval is the curve y = / 718 dt concave downward?
Jo U

l—z
2+ 8 |
() —(2?248)—22(1—-z) z2-22-8 (z+2)(x—4)
z) = : : - : — = : :
(z2 + 8)2 (z2 + 8)2 (z2 + 8)2
Observe that, | f”(x) > 0 on (—oo, —2) and (4, o), and f”(z) < Oon (—2,4) |

By the Concavity test, the graph of f is concave downward on | (—2,4) |.

By the FTC, we have

%7 1—\,\@ FUY\ O(,O\Ynﬁnhxl T\aﬁo»fem of Calculus

2 7
- -8 -2x+2x
7

—

(2" +8)

— QLZ—-ZX - ¢ o (x+2) (x=4)
2 2
(9( TS) (Xz‘fg)z

\
ﬁ (X) =o /(DC-tZ)()(~‘/):O Sox=-12
_— -2 o 2 X =

¥-\\ n L ]ﬁ < ConcaVe Aowvsw/d
57 T U own (-2,4)




59-63 Find the derivative of the function

2
3X _ 1
59. g(x) = f u,, du

2 n* + 1

By?ﬁt/ ,
9'(31) — (Bjﬁz _"
(23x)° 4+

@ (x) = 3209x ")
(Tx"41)

14+2x

60. g(x) = L t sin ¢ dt

—2%

@7 FTc (=

@'(7() = (l42x)Cswllt+zx) (2) —
(| =2X) (sinC1—2x) (-2)

=(2 +42) ( sinC[+2x)— (4x-2)(sin(i-2




59-63 Find the derivative of the function

61. F(x) = j\ e dt

X

@\/ FTC:’ z 2
| (x°) (1)
F(x) = e (22) — ¢
x ! x
= 2XE - €

.
62. F(x) = J\/T arctan ¢ dt

Ry FTC -

F'e) = tan(2a) (2) — ton ()
tan WX

=2 taw—‘ (2x) -
I\ x
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For example, we can write
because

. " C[ .
‘ secxdx =tanx + C because ” (tan x + C) = sec’x
J dx

2o

[ efdx = c [ f(x) dx [ L) + g]dx = | f(x) dx + | g(x) dx

[kdx=kx + C

xnll 1

‘ x"dx = +C (n# -—1) —dx=1In \v| + C
J n+1 J X
. v . b’
e‘dx=¢e*+C b*dx = + C
d b In b

sinxdx = —cosx + C cosxdx=smx + C
sec’xdx =tanx + C csc’xdx = —cotx + C
secxtan xdx =secx + C csexcotxde= —¢cscx + C

dx =tan"'x + C ————dx=sin"x+ C
U + l N \/l T '\-2

sinh x dx = coshx + C coshxdx = sinhx + C




2

J‘2x4x

(

we Know j%btd% = x4+ C

2

ojt?(::lijzxdj(:l—‘-c

- 2
ot x =2 Jaxdx = 2 +¢

% Subtract 2 2
C24¢) — (17+4¢)

44— -C =13




.

The Fundamental Theorem of Calculus, Part 2 If f is continuous on [a, b], then

" f(x) dx = F(b) — Fla)

where F is any antiderivative of £, that is, a function such that F' = f.

2

D ddasde

Coklls gealls ¢ 355 oIS

Loailly el ¢ 5% ¥ JalSS




“ f(x)dx = F(x) means F'(x) = f(x)

j L dx — tan X +C

h&td

L,
fﬁialx:jx o{)L:_Zg% + C
e

Jloxo(x = ¢

In\o

I

W
;QL d o X L
| |

587(0(% e+ C

Properties of the Integral

*b )
. | ¢cdx=c(b — a), where cis any constant
Ja

"b

N + gldx = [T F) dx + [ g(x) dx

*h . *h .
.| cf(x)dx=c ‘ f(x)dx, where ¢ is any constant
Ja va

b

| [fOx) — g(x)]dx = ‘/ f(x)dx — ’/ g(x) dx




EXAMPLE 1 Find the general indefinite integral

" (10x* — 2 sec’x) dx

SOLUTION Using our convention and Table 1, we have

" (10x* — 2 sec’x) dx = 10 J xtdx — 2 ‘ sec’x dx

i

10%—2tanx+ C

2x> — 2tanx + C

n2 3
EXAMPLE 4 Find ‘ <2x3 — % + — =7 > dx and interpret the result in terms of
areas. ©0 »

SOLUTION The Fundamental Theorem gives

2 . 3 ’\,«1 ‘ '\_3 | 2
‘ 28 = 04— dx=2——6—+ 3tan 'x
Jo X% 4 ] 4 2

0

=Ixt—3x2+3 tan_’x];
=72 -32*) +3tan"'2-0

= —4 + 3tan'2




1-4 Verity by differentiation that the formula is correct.

p 1 V1 + x2
Ts + C
’ x%/1 + x2 X

_|/z

) 2
_( —(1+x") () = I+x° )TO
Zz
X

() ()
142 ST




1-4 Verify by differentiation that the formula is correct.

3. J tan’xdx =tanx —x + C

—
—

<t0~V\9L—7C‘\-C>

2
seczx -\ + 0 =8sec 4 —\
SCCL?L:tanZ%%—(

2
<ect — | = tonax




EXAMPLE 5 Evaluate the integral ": e*dx.

SOLUTION The function f(x) = e* is continuous everywhere and we know that an anti-
derivative is F(x) = e", so Part 2 of the Fundamental Theorem gives

"erdr=F3) — F() = &' — ¢

EXAMPLE 6 Find the area under the parabola y = x* from 0 to 1.

SOLUTION An antiderivative of f(x) = x*is F(x) = 3x°. The required area A is found
using Part 2 of the Fundamental Theorem:

1

r_o
33

0

"6 d.\'

EXAMPLE 7 Evaluate | —.
J X
SOLUTION The given integral is an abbreviation for

“6 ]— dx

v3i X
An antiderivative of f(x) = 1/xis F(x) = In | x| and, because 3 < x < 6, we can write
F(x) = Inx. So
6

(*Ldr=Inx]'=1n6—In3=In>=1n2
),y =Inx;=1In n3=In—-=In2

EXAMPLE 8 Find the area under the cosine curve from 0 to b, where 0 < b < /2.
SOLUTION Since an antiderivative of f(x) = cos xis F(x) = sin x, we have

b

*b . . . .
cos xdx = sin x]o =sinb —sin() =sinb

A=

0




5-18 Find the general indefinite integral

Zs ’ (5 + %xz + %x3) dx

f4
Sx+ix +i7cq —+ C

9 ¢




5-18 Find the general indefinite integral.
9. f(u + 4)Q2u + 1) du

J<2mz+w+8m+¥> du




19-44 Evaluate the integral.

19. f (x* + 2x — 4) dx

—
—

27
?ﬂLCI‘lZ—E

|
— =+
2

-4 1

1 +ﬂ’\z—£ig—%1

§ — [ —

3

. %_
.(—F—g— 2

| =

3

| 3

4
__\,




- — +

2 nly] + v 4 ¢







25. f " sinO do
/6

«[—LOSQJ

- — [cosél

— [ cos() — COS<TF7) i







CYl2) +2(J7) 3 -4+

2 20 Z
[ 8 +?(32):[—[ -t







2 ({13

We Kuow I3 = Jar2 = 20z

Nz (202 =) = 4Jz{z -2
- Je-213




21. fz (x* — 3)dx

X .
= L5 -3 1
2

3 —
= 3(3) ) — L

(2)

~ 32 ]




27. JOW (5¢* + 3 sin x) dx

T
—l-B{ S\ 2C
(@)

5 L 67(]; + 3 E—COS%]:T
SCe -¢e°3 -3 [ cosor — coso
sfe" =11 —3C-1 -11

5" -5 —3(-2)

se"'- S 414 = se 4]




(e+l) (e—-1)

e+l










Integrating an Absolute Value

Bl 3a Ll il
ayad el O g 5l IS oS

LeLa (ST

| f)dx + | f(x)dx = | f(x) dx

¥
j‘%—l‘d%

O

9 /
L/
}l%—lld)(, = j—(?c—l)c)xqt/ +Cx-1) dx
0




2
; |7CL+27C—3| d X

17

XZ+ZXf3 pl®) W\ /| @Jf: A’:Q;%
(x-1) (X+3) o
| € (0/3) But = -3 % (0,3)

3

/ 3
" J /XZJFZQC’S{ da = —jlz—tbc?dx_fyz‘ﬂx_gd

o (o)

l

Cg 2 | 7(3 2 3
=R [ Pl S R P
3 - 2 (
(4 —2) —(oto-0) + (B 1q-9) -(L+1)

3
3 A

3

e R




— 1| dx
2\2x
44, L

<7
X

( 2X -|)
r
d(‘ _
\Qac

/
)

|

A —

2

ly
2

Z —”A)(
) + ‘Z?(
I\dlx f
2 _
/lzx
C "(JX_
j‘
”D

I/z
0
’/?_

Z —| dx
72X
X‘Ff
d
2X
it

I/Z

2

xl\/z
z_
[ x
l/z-'—
Zzo
X
[ x




3m/2 .
46. JO | sin x | dx

%

+ Siwa + Swn L
T

— SW¢ — S

0o

K | sina| dx :{

6

™
:E—(_OS)C:( —J:—COS)(]
(6]

—

S\ X

O C X T

{_g‘mx, T < x < 2%

T

O

2

3T
2

S\Vl;’( AJL +X— Sin xd3

T
30

_—

2

i

3
— f(os'rr—cmoz + [ Cos — — COST\'Z

-L-1-t]+[ 0o —N1J

2 + |

==




o %

; |l co<oc| dx e S R

—~(os5K 4+ oS X

0 s

ar ™
J cosxda + j —CoSA doc

™
2

2 \
— [ swx

™
T

0

B e . i .
[ sin— —siwol — [ sin® - Sin v

[ - o1 -L o-11
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@ The Substitution Rule If u = g(x) is a differentiable function whose range is
an interval / and f is continuous on /, then

‘ f(g(x)g'(x)dx = ’ f(u) du

Lalae Susnge Ll oI Al gl 5027 (12 U SEAT el

Jlsadl Jals o (c

QMQS@QAHMJhiﬁ. (6

ud/l ,BaT7 -\

seiiall Loilly Ll -

o Gl aaly sadties juay JalSalla3¥ =Y

sans sl Je KA o =€

(same 5l 13) LelolSS ae ) Lben¥ T Ul LalSs ang U Jus -0

X Speg'\&\ Cose A46. “‘.\’3\/2+xd.\' :f(u—z)zJu duw

Z

2
w= 24x = (n-2)=2x = (w-2) =2x
du = dx




1-6 Evaluate the integral by making the given substitution.

1. ‘ cos2xdx, u=2x

w = 2 x







1-6 Evaluate the integral by making the given substitution.

6. J‘\/2r+1dr, = P 1

U = 2C + |




3. J‘xz\/x-* +1dx, u=x>+1

3
= x + |




a. | sin%6 cos df, u = sinf

L =<ndg dw = cosd d8

Jsmzécosﬂ d g = jmzdw

3
- (sinéd) +
3

15. f c05%0 sin .40

U= Cos &




chs%gx) St ( Sx) Joc

W = cos (Sx) (/{w:~5'5'\w(5x)o47~

—_IOUL — s\ (5x) OLDL
5

fo@(—'—

5







5 </—27<)Cl pa

|
‘TJ(AQO(L/L —

.

—_—

l

——\LO—PC:—— Cl=22)

20

2 0

| o
+ C










a + bx?

19.j¢

3ax + bx3

dx

L= 3o +bx” d
L= (3at3bx") dx

Ju =
u=3(atbx )dx

b
— (a+bx ) du







23. fseczﬂ tan’6 d6

A = Tanb Aduw =sec’ddd

j sec 0 toan 6d4 :ng A U

¥ q
=+ = femY
= 4

——




25. jex\/l + e* dx

C X
UL:[+€7 dw =& dx

jexJ |+ % U{QC:[JTdU\

3/2
-z

— (1+e”) + ¢
3




28. f e“'sin t dt

L = cost d = — swt dt
_dvtt SMt é{f

fﬁwd s\t d¢ = jﬁm (-duw)

A
=— € +C




— —cotx + C







46. sz\/2 + x dx

I = Z + oC

w — 2 =X
2

(L,L—Z) - x°

= OLUL: lol?(

-359(?’ 24 x% dx :j(u—l)zm A

J (U&—‘/wn“f)uvl/z A




47. fx(2x + 5)% dx

w =2x +5
w —S
2

jx(zxwts)%c(?c :J(

=

2




55, jol Y1 + 7x dx

w = [+ #oc

Wg
2
E[(I—Jr?(l))

3 R
2 61" — (0 = = Lls-11= 25










Car/2 . .
cos x sin(sin x) dx
JO

L= Sihx Adw = cosx dX

Tf/z

j (osX S\\(\(S\MQL)JD( = j S\ (W) dou

(6]
W

- -—cosw = — [ cos(sinx) |
6

(>

— [COS(E\V\(\—T{) — (os(sino) L

= — Lcos(l) — Cos(o) 7

—cos ()Y + 1 = | —cCcos(l)







et 12

b 3lle sl allad X! duasll Gkl JalS3 ggun ¥ 3lall Ll

[ (v2) T =[in(e's1) = (nle'se

O

— n(e+1) —Inl = |n(+e)




Examples (Even Functions): Examples (Odd Functions):
x? =2 x3—x
5 Vx
x?|x| x3|x|
x*+1 x*+5
3x8 x3 + 2x
x3 —2x x3 — x°
x° x4
Example: Determine whether each function is Even, Odd or Neither. 0 0( ‘L
1. f(x)=x>+x /

-0 4(-2) = ~X -X = —()(S+I) =-tw
2. f(x)=1—x* y

| —(—X)q =|—X =+w
3. f(x) =2x —x? NCH\AV

2

2 (-0 =) = —zx—xz = —(2x+x") S/
4. f(x) = x|+ 2
|-xlt2 =121 +2 = fix)
5. f(x)=3

fn=3=FCx even m

W, €ven

even

X

6. f(x) = x2+ x6 /
- X _ =X _ Z
., % -z, € 'P(l)
L (0t aT+x
nfG) = .
" ) , Veither <
(-x") o




@ Symmetry

The next theorem uses the Substitution Rule for Definite Integrals (6) to simplify the
calculation of integrals of functions that possess symmetry properties.

Integrals of Symmetric Functions Suppose f is continuous on [—a, a].
(a) If fiseven[f(—x) = f(x)], then _“i” f(x)dx =2 J‘:f(.\‘) dx.
(b) If £ is odd [ f(—x) = —f(x)], then [ f(x)dx = 0.

Even-Odd Identities:
sin( —x)
cos(—x)

tan( —x)

EXAMPLE 11 Since f(x) = (tan x)/(1 + x* + x*) satisfies f(—x) = —f(x), it is odd

and so

"l tan x
J-1 1+ x>+ x

Tdx=0

1
(b) / (2% + cos x) tan z dx.

21

1 1

(b) /(.1‘2 + cos x) tan z dz. Since| f(x) = (2* + cosz) tanz is odd, /(.1‘2 +cosz)tanzdr =0/
i] :l




Y= J25-x®

2

Y :ZS—XL

A vyt =25




9. [10 4+ 10 = 20 pts.] Evaluate each of the following integrals:

dux.

i /ﬁw;m?

1
dz. Let lu=+vz+1 = du= dr = —dzr = 2du |.

-f NG

® | e

A -2
dz=2 | wdu=—+C=

Therefore, /\/— VT +1)2 J u? u

r°tan zdx =

)
) —
) 2

e) None of the above.




7. [10 + 10 = 20 pts.] Evaluate each of the following integrals:

I. /81113(17) cos(x) dx.

7. [10+ 10 = 20 pts.] Evaluate each of the following integrals:

I / sin®(x) cos(z) du.

Let |u = sinx, then du = cos zdzx |.

4 4
‘ , u
/ sin®(z) cos(z) dx = / uw’du = 1 +C = 1 +C'|

2

“ 1
II. / dzx.
4. xlnz
dx

Let |u = Inz. then du = — |
€T

| * du 2
dg = — = [In |~u,|]] =In2—-Inl=In2|
Je 1

zlnzx U




7. [10 + 10 = 20 pts.]

cos(mx)

Evaluate each of the following integrals:

dx.

(i)

(1 + sin(mx))3

(i) /l

' In(z?)

)

dux.

Answer.

Let u = 1 + sin(7wx), then du

“—4%4—1

cos(mx)
(1 + sin(mx))?

dr = —

o
/"

= mcos(mx)dx. Therefore, — du =

/
1
+ C.

1 _,

™ ( ) O o

(ii) / ol )
J 1

T
1
Let w =Inxz. then du = —dux.
T

dr = 2/
J1

—-3+1

dx.

¢ In(2?)

T

Therefore, /

1 + sin(7x))?

B Sy
na

—dx =2
T

o ] ‘ 1
/ udu = [u‘“)} = 1.
Jo 0




7. [10 + 10 pts.]

dx

) | sy

Inz)°

(a) We use the substitution v = Inx, then /

(b) We use the substitution « = 1 + tan x, then /

2n2:

Evaluate the integral

2 sec

o) [

0

dx
\5

r(lnx)

" du
= | =
7 2
2s8ec”x
1 +tanax

2du
ar =
u

0

3 Wi

—
1 +tanx

— = [2Inu]

lx

2

EXAMPLE 5 Find ‘ V1 + %2 xdx.

SOLUTION An appropriate substitution becomes more obvious if we factor x” as x* - x.
Letu = 1 + x°. Then du = 2xdx, so xdx

J1 +x* xdx=

’ J1 + x? x*- xdx

" Ju (w— 1)

— 23 + u"*) du

2 5/2 ; 3‘/‘:\
« 2u”” +%u )+ C

YA+ 2N =21+ X2 +

2 2 5]

(1 + %)

+ €

1
sdu.Also x> =u — 1,50 x* = (u — 1)

. \f’?(u2 —2u+ 1)du




Q8. [5+5=10 pts.] Evaluate each of the following integrals.

/4 7 )
(a) /((‘-os x) (sin(sinz)) dx (b) / 4(1 + tanz)? sec’ z dx
, Jo

(a) Let| u = sinx, then du = cos z dx | Thus,

/(cos z)(sin(sinz)) de = /sin(u) du = —cosu+ C = — cos(sinz) + C'|

(b) Let| u = 1 + tan z, then du = sec? x dz |. Thus,

/4 ‘ ‘ 2 ‘ 4 5 2
/ 4(1 4+ tanzx)?sec? z dx = / 4u? du = %} = 28/3 L
0 1

1

EXAMPLE 6 Calculate . tan x dx.

SOLUTION First we write tangent in terms of sine and cosine:

. ~ SIn X
’ tan xdx = dx
. J cos x

This suggests that we should substitute # = cos x, since then du = —sin x dx and so
sin x dx = —du:
* sin x

[ tan xdx = ‘ dx = — ‘ I]—ldu

v COS X

—In|u| + C= —In|cos x| + C i

Since —In|cos x| = In(|cos x|™") = In(1/|cos x|) = In|sec x|, the result of Exam-
ple 6 can also be written as
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The area A of the region bounded by the curves y = f(x),y = g(x), and the
lines x = a, x = b, where f and g are continuous and f(x) = g(x) for all x in

[a, b], is

A= ["T(x) — g(x)]dx

Constant

V fx)=c

Linear

/

v

Absolute Value
> 5

/()= x|

Quadratic

Jf(x)=x2

Square Root

v f(x) =x3

Cube Root

Reciprocal/Inverse/

Rational

f(x) =~

Logarithmic

‘

V£ =1n (%)

Greatest Intege
tep Functi

Trigonometric
Functions

-

/ £(x) = cos (%)

f(x) =tan (x)




SOME FUNCTIONS AND THEIR GRAPHS

Linear functions
f(x) =mx + b

y

b

fixj=b flx)y=mx+ b

Power functions

f(x) = ="

flx) =23

Root functions
flx) = Vx

IS
4

TN if
(x) = Jx

Reciprocal functions

JI\

5 0

o
f'“*_\,:

Absolute value function

f(x) = |x]|

Greatest integer function

f(x) = Ix]

A




VERTICAL SHIFTS OF GRAPHS

Suppose ¢ > 0.

To graph y = f(x) + ¢, shift the graph of y = f(x) upward ¢ units.
To graph y = f(x) — ¢, shift the graph of y = f(x) downward ¢ units.

v

.\'

- y=flx) +e
o
//\/— flx) é/\/\/ U T 0“ T é t t >\
0 x ‘0 b x
y=flx)—¢
HORIZONTAL SHIFTS OF GRAPHS
Suppose ¢ > 0.
To graph y = f(x — ¢), shift the graph of y = f(x) to the right ¢ units.
To graph y = f(x + ¢), shift the graph of y = f(x) to the left ¢ units.
YA bl YA
y= flx —¢) e ]
Y =ftx)
y = flx)
c _ 7 (87 _
0 // //' : 0// X
The graphs of g and h are sketched in Figure 2.
= 5 Y A .
giR=Ed)E  f(x) = x° hix)= (x=2)
1 X

FIGURE 2




REFLECTING GRAPHS

To graph y = —f(x), reflect the graph of y = f(x) in the x-axis.
To graph y = f(—x), reflect the graph of y = f(x) in the y-axis.

FIGURE 4




Vertical Shift {-OL) T C
Horizontal Shift ‘G (X ()

Reflect x-axis — IS (1)

Reflect y-axis ‘F (=X)




In the Area and Volume Formulas section of the Extras chapter we derived the following formula for the
area in this case.

A=["f(x)-g(x)dx (1)

The second case is almost identical to the first case. Here we are going to determine the area between
x=f(y)and x= g(l) on the interval [t‘.tl] with f(v)=2g(»).

.‘.
d

In this case the formula is,

In the first case we will use,

' the Wl - ‘
upper lower
A= [ T = ]d.\‘.
function function

a \ /J

In the second case we will use,

d . o
[ right ) left
A= | "0 =l |y,
\ function ) | function
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upper lower
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/
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right left
o= ‘ o '— oL |y,
\ function / | function
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Example 1 Determine the area of the region enclosed by V=X and y = \/:

to Fmok JF\AE’, '\V\JFCVSéCJﬁOV\K Y:‘Y

[
A:/ UPper — lower

2
= [%1/2——;-(3()2

o

|




6. [10 pts.] Sketch the region enclosed by the curves f(x) = X and g(z)

and find its area.

l) POWHLS 0% MJF«?L/SCCJHM.'/

Lcx) = g (X)




I

-
Q10. [10 pts.] Find the area of the region enclosed by the curves y = 4 — 2% and y = 3.
to 1CN\0\. 1L\/\€ .\V\{'Gl/Scd—i(JV\l' Y:y
2 Z
4 -2 =3 = X +3-4=-o
Z
2w -l=0o = =101, x=-|
| |
z z
A = (%‘—x ) -3 dx :;(l-%)dlx
— |
2 — |
Y =4-x
! 2
X | -1l | o] ) V=4-X
V31712 /:\ v =3
-3 /
[\ o U\ X
X | -1 O] e
Y 321512 ) D 4
2
A= /_11[(4 —z%) —3|dzx = /_11(1 —2¥)dr =z — 1—3]1_1 =.4/3.




6. [10 pts.] Let R be the region between the curves y = z? and y = /z, from = = 0 to = = 4.

Sketch the region R, and find its area.







6. [10 pts.] Let R be the region between the curves y = 2° and y = /z, from z = 0 to = = 4.

Sketch the region R, and find its area.

6. [10 pts.] Let R be the region between the curves y = 22 and y = /z, from x = 0 to z = 4.
Sketch the region R, and find its area.
1 4
s : : 9 9 Il 49 50
The area of the region R is | A = (\/T - .1'") dx + (.1" — \/T) de=-+—=—|

3 3 3

0 1




3 = 10 pts.] Let R be the region between the curves y = = and y = 2%, from z = 0 to

. Sketch the region R and find its area.

Answer. The points of intersection are (0,0) and (1,1). The area is given by
92

)

"2 1 2 r2 371 3 2
A= / z—2%| dz = / z —z%) dz + / 2 —z) dz = { - } | { - ]
Jo ‘ ’ Jo ( ) 1 ( ) 2 3 o 3 :

SZDM




6. [10 pts.] Sketch the region enclosed by the curves f(z) = V& — land g(z) =z — 1

and find its area.

£X) = 9(x)

ya
-] = x-1 = (x-1) = 2 —|

SZDM

XZ—ZX—Fl = A —|
2
X —2x+| —X+\| =0

761—31 tZ2=o0
(x-2) (x-1)







8. [2+ 8 =10 pts.] Let R be the region enclosed by the curves y = — 2 and y

(a) Sketch the region R.

(b) Find the area of the region R.

& s . X 2 . vi% . . 9
(b) Points of intersection: For points of intersection of the two curves we solve 2 —4 = z — 2.

This gives 22 — 2 — 2 = (z + 1)(x — 2) = 0, which holds for z = —1 and z = 2. Thus, we

have two points of intersection: ’(—1. —3) and (2,0) ’

2

The areaof Ris: | A = /((.1' —2)— (2% — 4))dz = /(—.1'2 +x+ 2)dx = [ S

=1 “1




6. [10 pts.] Sketch the region enclosed by the curves f(z) = Vo — land g(z) = 2 — 1

and find its area.

SZDM




EXAMPLE 6 Find the area of the region bounded by the curves y = sin x, y = cos x,
x=0,and x = 7/2.

SOLUTION The points of intersection occur when sin x = cos x, that is, when x = /4
(since 0 < x < 7/2). The region is sketched in Figure 12.

A

y=sinx

/ _ T

Observe that cos x = sin x when 0 < x < /4 but sin x = cos x when
/4 < x < /2. Therefore the required area is

A:

Car/2 .
’ |cos x — sin x|dx = A, + A;
JO

‘w2

‘w4 .
— ‘ (sin x — cos x) dx

(cos x — sin x)dx + ‘
0

Jr/4

/4 g /2
= [sm x + cos x]” - E [—cos X — sin x]ﬂu




EXAMPLE 1 Find the area of the region bounded above by y = ¢*, bounded below by
y = x, and bounded on the sides by x = 0 and x = 1.

SOLUTION The region is shown in Figure 4. The upper boundary curve is y = e* and
the lower boundary curve is y = x. So we use the area formula (2) with f(x) = e*,

g(x) =x,a=0,and b = 1:




EXAMPLE 2 Find the area of the region enclosed by the parabolas y = x* and
y = 2x — x>

SOLUTION We first find the points of intersection of the parabolas by solving

their equations simultaneously. This gives x* = 2x — x% or 2x* — 2x = 0. Thus

2x(x — 1) = 0,80 x = 0 or 1. The points of intersection are (0, 0) and (1, 1).
We see from Figure 6 that the top and bottom boundaries are

5

yr = 2x — x° and Vg =X
27( —;'CZ:;;{Z
7 X-2x°=0 = 22(1-X) =0

and the region lies between x = 0 and x = 1. So the total area is

™~

A= '1 2x — 2xHdx =2 .‘: (x — x?) dx

JO J(

L3
3




EXAMPLE 7 Find the area enclosed by the line y = x — 1 and the parabola
y2=2x + 6.

vi =z 2x +f
\/2_6: 2 X

2
|

2










The areais,

(“( right left
. . |dy
J. function function } -

~ 4

(L=

-9 \ <~

r4

1 ,
== 4dy

o —_

4

! &« 1 .
(-—\-"+—\" +41')
6° 2° =

18

This is the same that we got using the first formula and this was definitely easier than the first
method.

So, in this last example we’ve seen a case where we could use either formula to find the area. However,
the second was definitely easier.

Students often come into a calculus class with the idea that the only easy way to work with functions is

to use them in the form y = f(.\‘) . However, as we’ve seen in this previous example there are




Lladl da il oal 13)
Jash suas T, U

A

The integrals for the area would then be,

A =I :\/2.\'+6 —(—\/2.\'+6)d.\'+rl\/2.\‘+6 —(x—1)dx
=I ':2x/2.\'+6 a’.\'+“'<I V2x+6 —x+1dx
= I: 22x+ 6 dx +J‘il V2x+6dx+ Jﬂl —x+ ldx

4
3

While these integrals aren’t terribly difficult they are more difficult than they need to be.

Recall that there is another formula for determining the area. It s,

d 2 _
right left
A= T = I [ 2 c<y<d
. function function

and in our case we do have one function that is always on the left and the other is always on the right.
So, in this case this is definitely the way to go. Note that we will need to rewrite the equation of the

line since it will need to be in the form x = f(,\‘) but that is easy enough to do. Here is the graph

for using this formula.




EXAMPLE 7 Find the area enclosed by the line y = x — 1 and the parabola
“=2x t+6.

SOLUTION By solving the two equations we find that the points of intersection are
(—1, —2) and (5, 4). We solve the equation of the parabola for x and notice from
Figure 15 that the left and right boundary curves are

: SUSI A
XL=5y" —3 and xg=y + 1

We must integrate between the appropriate y-values, y = —2 and y = 4. Thus

A= “ _ (xg — x1)dy = ."42[ (v + 1) = (21.\,2 = 3)} dy

—y: +y+ 4)d_v

—2(64) + 8 + 16 — (3 +




