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Derivative of a Constant Function

d
E(c) =0

(1) 4 =1 1

The Power Rule If n is a positive integer, then

d
o (x") = nx""

1

The Constant Multiple Rule If ¢ is a constant and f is a differentiable func-
tion, then

d d
I [cf(X)] = ¢ Ef (x)

Derivative of the Natural Exponential Function

d
T (e¥) =e"

The Sum Rule If f and g are both differentiable, then

d

d d
L)+ g(0] = () + g

The Difference Rule If f and g are both differentiable, then

d d d
L0~ g0] = 2 f () — ()




7. [5+5=10pts.] Let f(x) =¢€* — 2.

(a) Find the point on the curve of f where the tangent line is horizontal.

(b) Using part (a) find an equation of this horizontal tangent line.

(a) Find the point on the curve of f where the tangent line is horizontal.
We have | f'(z) = " — 2|,
Thus, | f'(z) = 0| when ¢” = 2 i.c., [z = In2] So the given curve has horizontal tangent

when |2 = In2]. The corresponding point is | (In2,2 — 21n 2) |

(b) Using part (a) find an equation of this horizontal tangent line.

Equation of this tangent line is |y =2 — 21In2|




33-36 Find an equation of the tangent line to the curve at the
given point.
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61. Find an equation of the normal line to the curve y = \/;
that 1s parallel to the line 2x + y = 1.
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x2+1 ifx<l1
x+1 ifx=1

Is f differentiable at 1? Sketehthegraphsoffand—+'.

For £ te be differenTiable at
L=l ,tThen
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)
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fcy =2 ) {\' < Cont on 2

(
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(s not differentiable at X = |




Using Definition of Derivative to Evaluate a Limit
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Table of Differentiation Formulas

d d d
E(C) =0 E(x”) = px"! E(ex) = g*

(cf) =cf (f+9' =f+4g (f—9' =f—4¢g

(f9)" =fg9' + gf’ <i> = u
g g




—1
2. [10 pts.] Find equations of the tangent lines to the curve f(z) = L 1 that are parallel to
%
the line z — 2y = 2.

2 2 1
m. Now, any tangent line to the curve has slope = m =3 This

1
implies that = 1 or x = —3. Therefore, the equation of the first tangent line is y—0 = §(z— 1)

We have f'(z) =

1
and the equation of the second tangent line is y — 2 = §(x +3).

I)]c‘()() = z
(r+1)°

Y '\{l —wmOc-X) = \/_ O = \/L(%*l)
fov(3,2) - N-2 =Y, (x+?)




1'2—

7. [15 pts.] Find the point(s) on the graph of f(z)= =
z

at which the tangent line is

horizontal.

(z +2)(2z) — (2% — 3)(1)
(z +2)?
using quotient rule or simply z® + 4z + 3 = 0 which implies that z = —1, —3. Thus the graph

of f has horizontal tangent line at the points (—1, f(—1)) = (—1,-2), (-3, f(—2)) = (-3, —6).

=0

The tangent line is horizontal whenever f () = 0 that is when

2
2
7. [10 pts.] Find an equation of the tangent line to the graph of f(x) = % at x = 0.
T er

We have f'(z) = (=HRmeEpess)

using the quotient and product rules for dif-
ferentiation. Now f(0) = 2 and f’(O) = —4. Thus an equation of the tangent line is given

by y — 2 = —4(x — 0) or simply y = —4x + 2.




3
5. [10 pts.] Find all points on the curve y = L 1 5 where the tangent line is perpendicular to
z

the line y = x.

52 LI fol\=p 0D

The slope of the liney = x is

dy (x+2)—(x+3) 1
dx (x + 2)2 T (x+2)?

Solving for x,

Gy lT> kt2=1=>x=-3,-1

Hence, the points are P;(—3,0) and P,(—1,2).




33-36 Find an equation of the tangent line to the curve at the
given point.
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1'2—

7. [15 pts.] Find the point(s) on the graph of f(z)= =
z

at which the tangent line is

horizontal.

(z +2)(2z) — (2% — 3)(1)
(z +2)?
using quotient rule or simply z® + 4z + 3 = 0 which implies that z = —1, —3. Thus the graph

of f has horizontal tangent line at the points (—1, f(—1)) = (—1,-2), (-3, f(—2)) = (-3, —6).

=0

The tangent line is horizontal whenever f () = 0 that is when

2
2
7. [10 pts.] Find an equation of the tangent line to the graph of f(x) = % at x = 0.
T er

We have f'(z) = (=HRmeEpess)

using the quotient and product rules for dif-
ferentiation. Now f(0) = 2 and f’(O) = —4. Thus an equation of the tangent line is given

by y — 2 = —4(x — 0) or simply y = —4x + 2.




3
5. [10 pts.] Find all points on the curve y = ‘ 1 5 where the tangent line is perpendicular to
x

the line y = x.

52 LI fol\=p 0D

The slope of the liney = x is

dy (x+2)—(x+3) 1
dx (x + 2)2 T (x+2)?

Solving for x,

Gy lT> kt2=1=>x=-3,-1

Hence, the points are P;(—3,0) and P,(—1,2).

—1
2. [10 pts.] Find equations of the tangent lines to the curve f(x) = L | that are parallel to
x

the line x — 2y = 2.

2 2 1
— . Now, any tangent line to the curve has slope = = —. This
(x+1)2 (x+1)2 2

implies that x = 1 or x = —3. Therefore, the equation of the first tangent line is y—0 = i(x— 1)

We have f'(z) =

1
and the equation of the second tangent line is y — 2 = §(x + 3).
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Derivatives of Trigonometric Functions

d .
— (sin x) = cos x = —CSC x cot x
dx

d , d
— (cos x) = —sin x — (sec x) = sec x tan x
dx dx

— (tan x) = sec’x — (cot x) = —csc’x
dx dx

Differentiate.

sin 6
1 +cosO

11. f(6) =

10'(9) — Cos@(l+(osB) = (-5w8f) (swd)

z
(\ 4 Cos@)

{‘(Q) _ C0S@+ os*P+sin O (058 1 |
(1+cos8)” C1+cosB)’

'(2 \ ( Q) - / C o7
(1 + (o5 6) et




°°o° P.‘\
: - P beda A+

Date: 2022 Chapter 3: Differentiation Rules E
5|4

Calculus A

Chapter 3: Differential Rules

Sections: 3.4 The Chain Rule

oo 1298
2 :!:\l A+

05! T4

Twitter: @Precalculusg8
YouTube: Precaclulusg3



EéAiﬁﬁ>

BASIC PROPERTIES

(cf(x)) = e(f ()

(F&x) +g(x) =) +g'G)
.

—(k)=0

ax

PRODUCT RULE

(Fg()) = Fx)g() + F(x)g(x)

QUOTIENT RULE

d ( f(x) ] gl - fx)g'(x)
dx\g(x)/ [g(x)]?

POWER RULE

CHAIN RULE

—(F(g()) = Fg()g' G

COMMON DERIVATIVES

d

'a' "
—(x) =1
dx
d - -
—(sinx) =cosx
dx
d ¢ 3 .
—\lcosx) = —sinx
dx
d _ .
—(tan x) = sec“ x
dx
a .
—(secx) = secxtanx
dx
d .

"‘ L)
—\lcscx) = —cscxcotx
dx
d = ”
— (cotx) = —cscx
dx

. - "
—(a*) = a* In(a)
dx

” g
—(e*) =8
ax




CHAIN RULE




S ) Let €u):[z+swa—xﬂl%

find £'C1)

, 3
Fooy =4[ 24 sin (1=x") Jros (1-x*) (ex

3
oGy =70 24 stn U= 1F) ios G 1))

2

(=% L2—0] (-2
T Cly= w(g)(-2) =-6¥%

4. 10 pts.] Ifg(1) =4, ¢'(1) =5 and f'(6) = 4, find % { f(2r + g(m))}

r=1

d
T f(2x+g(0) = f'(2x + 9(0). 2 + g' ().

d
af(2x + g(x))l = Ff2+g).(2+4g' (W) =f'(6).7=(4)(7) = 28.




2. [10 pts.] Find an equation of the tangent line at the point (0,0) to the curve

1 +sin(z +y) = zy + cos(y).

dy  y—cos(z+y)

We have = — |
dr  cos(r+y) —z +siny

This implies that the slope of the tangent line is

d
m = % 0,0) = —1|. Therefore, an equation of the tangent line is

1. [10 pts.] Find an equation of the tangent line to the curve y = (x + e®)® at x = 0.

We have y|,—o = (0+1)* = Land y = 3(z 4 €°)%(1 4 €%)|,—0 = (3)(1)(2) = 6. Thus an equa-

tion of the tangent line to the given curve at the given point is give by y — 1 = 6(x — 0).




3.5 Implicit Differentiation

dy

—— @l sy (implicit Differentiation ) gieall GLEELEY 46,k audti
4L e X e VI il gule am (15< UL

eXomples: —

2 2
— X + Y =25

— 72Xy Lswmx = fx swnx) —|

— swm(x+y)= X

d

\) 7CL£_> 2
4 1

) v 2y Y
d

S\nx — | swwx

3)\/6 _“’1>7/€ +Y €
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EXAMPLE 1
dy

(a) If x* + y* = 25, find —.
dx

(b) Find an equation of the tangent to the circle x* + y* = 25 at the point (3, 4).
q g P

An equation of the tangent to the circle at (3, 4) is therefore

y—4=-3(x-3)  or 3x+4y=25




@ Derivatives of Inverse Trigonometric Functions

Derivatives of Inverse Trigonometric Functions

d 1 d 1

— (i ] — _ -1 - -
dx (Sin. ) V1 — x2 dx (€5E"0) xX/xr—1
1

9 (cos 1 % (secn) = —=

—\COS X)) = — e X)) = —F/——
dx V1 —x? dx x/x%2—1
I

— (tan %) = T

dx 1 + x?

d
—_— t lx) = —
I (cot™'x)

EXAMPLE 5 Differentiate (a) y = and (b) f(x) = x arctan+/x.

sin” 'x

SOLUTION

d d d
_y —_ — (Sin_lx)_l — —(Sin_IX)_z - (Sin_l.X:)
dx

@) dr  dx

|
(sin"'x)*y/1 — x2

f'(x) =x (4 x7"?) + arctan+/x

|
L+ ()

= Z(I\/—ix) T arctan\/;




Derivatives of Logarithmic Functions

d 1

_1 —_—
dx(ogbx) xInb

d 9 '(x)
_— 1 3(1} —
dx (log.») 9(x) In b

d

_1 —
dx(nx) X

g'(x)
g(x)

< [in g()] =

EXAMPLE 1 Differentiate y = In(x’ + 1).

SOLUTION To use the Chain Rule, we let u = x° + 1. Then y = In u, so

dy dydu 1 du
dx du dx u dx

| 3x?

— 3x2) =
x3+l(x) x2+ 1
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LAWS OF LOGARITHMS
Let a be a positive number, with a # 1. Let A, B, and C be any real numbers with A > 0 and B > 0.

Law Description

1. log,(AB) = log,A + log, B The logarithm of a product of numbers is the sum of the logarithms of the
numbers.

A
28 loga<E> = log,A — log, B The logarithm of a quotient of numbers is the difference of the logarithms of the
numbers.

3. log,(A€) = Clog, A The logarithm of a power of a number is the exponent times the logarithm of the
number.

- In(AR) = lnA 4+ B

n A) = InA-1nB

3
v AX = X \nhA

L>€x; \n XL( = ‘f\n?( / \V\XSMM :(3\\47()\7\1

PROPERTIES OF NATURAL LOGARITHMS

Property Reason

1.In1=0 We must raise e to the power O to get 1.
2.lne=1 We must raise e to the power 1 to get e.
3. Ine* =x We must raise e to the power x to get e”.

4. " =x In x 1s the power to which e must be raised to get x.
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@ Logarithmic Differentiation

The calculation of derivatives of complicated functions involving products, quotients, or
powers can often be simplified by taking logarithms. The method used in the following
example is called logarithmic differentiation.

Sin Jz \noC : Llcsa.&im).la]l‘;m
gx: x y L Y, \)_?—C L}-‘:J*l_s“wglali.lll.s -;
ale 8a8as dly -

N
(3x + 2)°

EXAMPLE 7 Differentiate y =

SOLUTION We take logarithms of both sides of the equation and use the Laws of Loga-
rithms to simplify:
Iny=3Inx+1In(x*+ 1) — 5In(3x + 2)

Differentiating implicitly with respect to x gives

1dy 3 2x 3

|
— 5.
2 x4+ 1 3x + 2

+

1
y dx 4 x
Solving for dy/dx, we get
dy 3 X 13
— | v _.I_ . e
dx ~\ 4x % + 1 o+ 2

Because we have an explicit expression for y, we can substitute and write

dy x4 xr + 1 ( 3 L 15 )

dx  (Gx+2 \4x X2+1 3x+2
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9(X)
< [#oa]
d

9 (x)

l) y = L) s
hy :‘\hF(n

)
ny = 90 \ntx

)\
9 (X) L(x) + 9 ()‘

l e |
Lf) 7 fw 0’9\‘;\‘
-7 <9(x)# ,+ (nh ﬁ :
s y'= "

ZT (R




S ) Let €u):[z+swa—xﬂl%

find £'C1)

, 3
Fooy =4[ 24 sin (1=x") Jros (1-x*) (ex

3
oGy =70 24 stn U= 1F) ios G 1))

2

(=% L2—0] (-2
T Cly= w(g)(-2) =-6¥%

4. 10 pts.] Ifg(1) =4, ¢'(1) =5 and f'(6) = 4, find % { f(2r + g(m))}

r=1

d
T f(2x+g(0) = f'(2x + 9(0). 2 + g' ().

d
af(2x + g(x))l = Ff2+g).(2+4g' (W) =f'(6).7=(4)(7) = 28.




2. [10 pts.] Find an equation of the tangent line at the point (0,0) to the curve

1 +sin(z +y) = zy + cos(y).

dy  y—cos(z+y)

We have = — |
dr  cos(r+y) —z +siny

This implies that the slope of the tangent line is

d
m = % 0,0) = —1|. Therefore, an equation of the tangent line is

1. [10 pts.] Find an equation of the tangent line to the curve y = (x + e®)® at x = 0.

We have y|,—o = (0+1)* = Land y = 3(z 4 €°)%(1 4 €%)|,—0 = (3)(1)(2) = 6. Thus an equa-

tion of the tangent line to the given curve at the given point is give by y — 1 = 6(x — 0).




) Pind the equotion of Fament line
O»J‘,- CO/B) o

3
Viexty 42 -3y°=o0

9 / 2 |
2Ty T Xy 42y o3 —byy

3 (3) (\‘) + ( | ) 7
/ o) \/) 1 (0)(3>+ (0)
—({<3>(>’|) - O

2?7|_l?>>/|‘—'6 — O[YI:O
y =©

>/~\/\:Vﬂ (Z“%/)

y _ 3o -0) \/:3




Q3. (10 pts.) Find an equation of the tangent line at the point (0, 1) to the curve with equation

2y + 2y + zsin(2?) = ¥ + 1.

2y + 2y + zsin(2?) = ¥ + 1.

Differentiating both sides wrt x we get:

At (0, 1) we gel
]

'2'.

Thus, an equation of the tangent lineisy — 1 = 2.

+
g -

Q4. [10 pts.] Find an equation of the tangent line to the curve y = sin(zy?) at the point (7 /2, 1).

Differentiating implicitly with respect to x, we get ‘ y' = cos(zy?) [y? + 2zyy'] |

At the point (7/2,1),

y" = 0. Thus, an equation of the tangent line to the given cure at the point (7/2, 1) is |1




1
b) Find (,_y if: ¢ =

(M

. x 2
| — C\
2
l- (21, |~ IJ v o

ousdll

I
(e~ 2n) — ( m,a) (z) ¥ x

2
Cewm™'(2x))

2L (S\n-\(il)) ,|\,.¢'122 — Zx
(sn™'em) — (=) N-9yx%

C—\ 7
(sw™'(2x)) () -

(S\V\-‘(il)),l\,qzz - 2
J 7 4 Com~'(2n)”

~ sin™!(22) V1 — 47? - 2%
V1 —4x? (sin_]('.Z:n))2 |




@L\/ +2y — 3¢ = s\ (Y)

Y ] ( \
e <>/ + Y ) +2Y —3:603(\;{7>/

e

7 l
’(“DC)/)’@ -+ 27/ ,-S:Cos(wy\




= gihx lnx

= cosx |nX 4+ — s\xX

N A

.

(
y —(cosX \nx St
( + =)

Siwn X
X

.. \/ <(osl\m¢ +




1 ;
¢) Find %J— if: y = (32° — 2z + 1)'*"%,
dx

Taking the logarithm of both sides we get: Iny = tanz In(3z% — 2z + 1).

J 6z — 2) tanz
Differentiating w.r.t z yields: % =sec’z In(32% — 22+ 1) + E:;E? : ;z in]z).
) y' _ sec’ 7 (3% — 27 + 1) (3-772 ~27+ 1)+ (6 —2) tan=z
Ty, = = ' .
: : sec?z In(322 — 22+ 1) (322 — 224 1) + (62 — 2) tanz
Thus ' = 3: " - 24 1 Lan SCCT 1
us (( 1 t+1) ) ( (372 — 2z + 1)

3

|
Q2. [10 pts.] Find (I—y where y = (sin z)""*.
dx

Inz

Taking the logarithm of both sides we get: Iny = In(sinz)™* = Inz In(sinz).

, - . 3 : COS X ,
Differentiating wrt x yields: Y - — In(sinz) + —— Inz. Thus

y =z sinz

1 . CoS T :
y = (— In(sinz) + —— ln:z:) (sin z)"*.
T sinx




\nx

2 |
3) T (X)) = x+l), fladoy

\nx

Let \/ — LXZ‘H)

\ n X

\\/\7/ = \I/l (IZ+|>

\\/\7 —‘—(]h?()( \m (12_)_|>) Product rule

Z2x
Z %

7‘(\m (2%+1)) + [lnx) (

)




Question 2, Differentiate the followings:
(a) Find :—Z if y = z*in(2)
. dy n 2 l)lnn(r)

—ify= (322 -2z +

(b) Find 2z Y (
d . In(z)

(c) Find ﬁ ify = (22 + 1)

(d) Find dy if ™ + 2y — 3z = sin(y)
dx

dy . A =t
(e) Find d—g if y =2%y% + zsin(y) =y

SANIC
i) leb Y= x

SN

\\n7/ = n X

my = sl lnoc
il =slux — + cosx lnx

Y X
yl =Y (s — 4 cosx \nx)

sex
1 ”

dy  _ xmx [(S\vwc)—i + Cosx \nx)
dx




ar

~aaryy ]
(b) Find E |fy - (31.2 - 27 + l)lnn(:)

T av o

) leb ¥ = (3 -2 +\)
Lanx

by = n(3c =22 L)

her‘hwn\ﬂ<gi}—21fH\

7“ 2 2 Jx =2zl

- ‘l:OMJL
b
f

Ex —2

7/: VESCLQX \n ( 9‘;(,1—-29(' +\)_l_(3'xz-7¢+|){aw£

Ex —2

d\/ G awv
_ 2
—— = (3" —-2% ‘H\ [sec®c n(3™ =22 +1)

e

dx




. 't dYy
(€) Find == if o1 = (3 In(z)
L dr if y = (2% + 1)

| lm<xz+\)+(zf°> n o¢
X X+

| _ [[V\<7CL+\) 2o \nac
Yy =Y — ]

x|

a
\/l:(;tﬁf\) m[jlm(%L—H) zocinac
S t p ey




(d) Find d—y if €™V + 2y — 3z = sin(y)
dx

4) €1y 4+ xy') t2yy -3 =cos)

)
+¥xe™ 4 2yy =3 =y cosy)

|y N (V) = R — 69(\/
yxe ™ + 2yy = cos(y 7

X
7‘(7(&” T2y -Cos(yY) =3 -y¢€

X
3 -vy€




W,
(e) Find d—i if y = 2242 + zsin(y) = y

(

€>Z9L72+ zz(2yy‘) +ewnly) t XCDS(\/)\/s = v
/

7
219y + oy coscy) ' =—2xy* s
z 2
\/'< XN t X Costy) — | =—2xy-sinty)

=Y — sy B ( 2oy + Siy)
7 B 20y + XCoSCy) —| 22 + Acosty) ~




Question 3. Find an equation of the tangent and normal lines to the following curves at the given pomnts

(a) sin(z + y) = (z + 2)(y + 2) at P(2,-2)

€qu o f {‘amgevﬁc: 7’ —-\/‘ :\(Yl(DC—QLl)

ouls3¥] oy

S +Y) = XY +2o +2y 44 deleome

lesisl U o
X ) | ) /
cos (xay) - (Ly) = iyt 4242y

CoS (I%\/) - \//COS (x+v) = \/+17/+2+27/

| / /
\/ CoS(aA+Y) — 27 — XY :7/-{-2-—605(:&7)

yj(co%ULPH-—Z—l)::7+z—uwuuﬂ
Y+ 2Z- CoS(x+ty)

(cos(x+Y) -z -x)

o(2,-2)
-2+2-cos(2-1) O -

(COS(Z—Z)—Z—2> | =2-2




PCZ,-2) , y'=

(
€G[u, O'F ‘l‘amgevrl:: 7/ —-\/‘ = \/(9(_—)(‘)

N (- _— _
f—(1) =L (x-2)

Yt+2 =1 (x-2)
3




(b) y° + 2%y + 22 — 3y*> = 0 at P(0,3)

37/2\// +ny +%27[TZX—6YY’:O

3y fxty —6yy = -2xyY - 2K

\/'(3711+17'~{)/) = —2xy -2

7' 2y - X
3yE4xt-6¥

7Y —LX
3yt—fy ta®

o PpPCo, 3]
) B 2(0)(3) - O

y'= e
3(3)%-4(3) +o

€qw ot ’toVI9 \ 7’—3 :O(X‘O) => \/-3:’0
QOUJ\ ok Nofma\x uY\[LewcinwL Mlem"@@aﬂ




(c) 2y + 2%y + zsin(z?) = e*¥ + 1 at P(0,1)

/ / \
2\/ —+ 27L7’ -['7627/ £ s\ (x®) + ACeos(x)) 2
=" (y+ay')

[ / \
2N+ 20y + XY £ sin(x) + 2x%es (2
=ve™ rexy

/ ( xy / x . ,
27/ +%27/ -t s :Yﬂ -27C7’——S\Y)(I)—szCoS(:

x
7’(<2 ‘f?(z“ AC 7) —Yﬂ ny—Sm(x) 2x “costx

\

ya'—Z%y-—snwa—qusuﬁ
xy

2+7(Z-7cc

l
2

e —o-0-o0 |

7= 2 +0 — O —2

€dw of Tang i v - ’:_(Z(?L—O)

36{\1\. ot N ormal + \/—l —-2(x—o0)




(d) y =z"= at P(1,1)

| naC
V=%

'V\\/ = \na lnx

€q\A. O'p wa@ \ \[ — | =0 (x—=0) = 7"]
qu ot Normal condefined




(e) y = sin(zy?) at P(%,1)

7// — C0S (967/1) . (\/21—29(?/7/)

/

y' = yicos (y’) + 2xyycosar)

\//—" 27(7/7/608 (xv°) = \/&cox (xy)

\//( - 2xy coS(xy’)) = ylcos (o)

v cos (xy")

| =2y cosCxy’)

| cos(Tn)

-
—2=tl-cos- )

€dw ot Tang : Y = =0 (x-3)= Y¥-I f\;fl

qu\, o+ N ormal '\UY\A'Q‘P\lVlCi Aoy alil) alb ;oY
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i -sid
Questiop, L. Show thay the left-hand-side js equal 1o the right-hand-sida

(a) % [sin"(g_r)] i 2

e —

V1 =457

(b) % sinh(z) = cosh(z)
d p! 1
(c) 7x [sec (%) e =t

Vi -1

—_—

now we diff witw vespedd to x
5‘\v\7/ = 2x

|
(COSY) Yy =2

) 2 —

° \/ = cosy




- d
3. [10 pts.] Let y = (v/x)™”. Find d—y
x

Taking logarithms of both sides of the equation and using the Laws of Logarithms to simplify,

we get:

g .u L .
Iny = In(y/2)™* =sinzln/z = 5 sinz Inz|

Differentiating implicitly with respect to x gives:

mn 1 /sinx
=0 ( + coszIn .'1:).
y 2 5

ds z)"% (sing
Therefore, i (V) < + coszx 111.’17> |

dx 2 T
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S=Surface Area = A = Area.

Rectangle
A=lw
P=2] +2w

Triangle
A = 5bh

P zat+tbtC

S:Z‘“’V\A-\- Z'WVL

P = Perimeter = Circumference = C. Volume =V

Square

A=x"”

P = 4x
2

Cube

V=

X

X

S=6x"

Pyramid

RECTANGULAR SOLID
[ = length, w width.

h height

Volume: | hah
Surface Area:

S = 2w + 2h + 2wh

ey




STEPS:

1. As you read the problem pull out essential information &

make a diagram 1f possible.

el o sllally LglS olibaall S
2. Write down any known rate of change & the rate of change
you are looking for, e.g.

dt dr

3. Be careful with signs...1f the amount 1s decreasing, the rate
ol change 1s negative.

4. Pay attention to whether quantities are fixed or varying. For
example, 1f a ladder 1s 12 meters long you can just call 1t 12.
And 1f a radius 1s changing a changing rate, just call 1t r You
will plug 1n values for varying quantities at the end.

csllally ldasll s by (o1 sl (g3 A1
6. Set up an equation involving the appropriate quantities.

7. Differentiate with respect to ¢ using imphicit differentiation.

8. Plug in known items (you may need to find some quantities
using geometry).

9. Solve for the item you are looking for, most often this will
be a rate of change.

10. Express your final answer in a full sentence with units that
answers the question asked.

4 cidgl] go Gailis sl Lol gy LS (T

= - _ | Lle Laaj
c“: e :J&

gl ¢ anall Gals ¢ (a3l de ]




Q2. (10 pts.] The surface area of a sphere increases at the rate of 48 m cm?/sec. Find the rate of change
of the volume when the surface area is 36 cm?.

J g dA q

=, Since 8rr
v dt

" d 6 . 7 , dV
cm*/sec, then . 2y/m cm/sec. Differentiating V' w.rt t we get: =

( r C
dV 4
= 4w -2\/7 = 72/ cm"/sec

dl "

We have V imrd and A dnr? = 36 cm?: 71

The length of a rectangle is increasing at rate of 10 cm/s
and its width is decreasing of rate of 4 cm/s. When the length is
40 cm and the width is 15 cm . How fast is the area of the
rectangle changing?

‘ db _
9\V€V\\ Vtid’omglc / W - \OC\M/g

L:é/o C\m y W = \S m

SLA=LW

dv
dt

= lo# 1S & Yo (—Y%)

\So = 1o = — |o CMZ/S

The area of rectangle is decreasing by 10 cm/s




Question 4. The followings are word problems for rectangular shapes. Use related rates to solve them.

(a) Each side of a square is mcrcasmg at a rate of 6 cm/sec. At what rate is the area of the square
increasing when the area is 25 cm?.

%l\/CV\Z- Squa\/e,/ A_Jc :{cm/s

A =25 cm?

d A
dt

=77

An }<V\0w\m

Cormulo o Awx) =

DIfE -
Ai dx

2 X
dt dt

we need X' -
Ak =2Scm” X/:\:xz

’ 2 S

A emf =X = X =5 cm Wb dpel

. A §
’ i(—f = 2(Scm)( 6em);) = G@CM/S




(c) Oil spi
1l spill
ed from
a tanker s i i
preads in a circle whose area increases at a const
nstant rate of 9

km /hr. How 29
e fast i e rad 6 km
s th 1 w
ius of the Spl" increasing hen its area is 1

given + Clrcle /dA = 9
at \VV\/\/”,

A = \( Ky 2
dr

onlknown v — =7
T o

2~

Formuloc I A )
=Ny

Dife -
dvr




ns§, :
The followings are word problems for cylindrical shapes. Use related rates t0 solve them

(@) 1f indrj | WfaSt
! f cylindrica] tank of diameter 6m is being filled with water at a rate of 2 m /hr, ho
€ Water Jeye] rising?

dh _ 1 dv
dt — wr2 dt |

. This implies that = . Therefore,




Example 1: “The Falling Ladder”

A ladder 1s shding down along a vertical wall. If

the ladder is 5 meters long and the top is

slipping at the constant rate of 0.9 m/s, how fast 1s
the bottom of the ladder moving along the
ground when the bottom is ¥ meters from the
wall?




(a) A 5-meter ladder rests against a vertical wall. If the top of the ladder is sliding down the wall
at a rate of 0.9 m/s, how fast is the bottom of the ladder sliding away from the wall when the
top of the ladder is 4m from the ground?

=0

A x

2(3)( )7‘2(‘7’ (—q>—o

:>P‘_}E




(a) A particle is moving along the curve y = v/ 1 + 27 in the r — y plane. If the y—coordinate is
increasing at a rate of 4 cm/sec at x = 2, how fast is the z—coordinate changing?

\/'L, ' )9\55;3
\+x? = (l+x°) . '

I/Z

. -
— (|
_Z(er)
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3.10 S o8 A ¢ I3

I) Find the linearization

L(x) = fla) + f(a)(x — a)

Z) Use a linear approximation (or differentials) to estimate

) = f@ + @) — a

> 25 e

eX. \|o~‘\ ;X =09 0= ) i Jlsdl al iad dile g 1)
ol sl 585 5 ot ol AU

e ) X =0l oz=0 Jleall L5
a)t\ﬁ~ I:.

. _ XJI (o das,8 daad (4655 - )

9.9 4 X = 9§ 7 oo=1e f(a)J! Load iyle 65 -Y

3) Find the differential of each function. cilass oS 1)

dx J 1esd

dy = f'(x) dx




3. [5+5+5=15pts.] Let f(z)=tan '(x+1).

(a) Find the linearization of f at x = 0.

(b) Find the differential of f with dx = 0.1 at x = 0.

(¢) Use a linear approximation to estimate tan='(1.1).

/ 1
We have f(0) = tan™'1 = % and f(z) = Tt Thus we obtain
/ 1
f(0) =3
1 i
(a) Lia) = fO) + f (O —0) = T+ Jlw—=0) = T + .
: 1
(b) dy = f(0)da = (5)(0.1) = 0.05.
q
(c) tan"'(1.1) = L(0.1) = % + 07 - % + 0.05

9. [10 pts.] Let f(x) = 2% cos(x).

(a) Find the linearization of f at a = 0.

(b) Use linear approximation to estimate f(0.01).

a) f(0)=1and f'(x) =2*In2cosx — 2* sinx. Therefore, f'(0) =In2.

Hence,
L(x)=14xIn2.

b) £(0.01) ~ L(0.01) =1+ 0.011In2.




Q3. [5+5=10pts.] Let f(z) = Inz.

a) Find the linearization of f ata = 1.

b) Use linear approximation to estimate In(1.01).

(a) Find the linearization of [ ata = 1.

S+ () (z-1)=z - 1.
(b) Use linear approximation to estimate In(0.01).
f(x) = x - 1, when z is near 1.

Therefore, In(1.01) = 1.01 — 1 = 0.01.

7. [10 pts.] Use linear approximation to estimate ~p( 1.95)

fu :\|7£Z+5

24 0

S0

L) =




Question 3. Given the function f(z) use Linear Approximation to estimate its value at nearby points.

(a) f(z) = €® cos(x), estimate £(0.1).
(b) f(z) = In(z), estimate In(1.1).

(L,B We have | f'(z) = e” cosx — e”sinz |. Also, we have

Therefore, | f(0.1) ~ f(0) 4+ f(0)(0.1 —=0) =1+ 0.1 = 1.1}

’\o) L) = p(&) ‘{—‘p'((k) (x_cq
L =\ ) a. — |\ ,

£00 = Ina Fcnp=1nll) = O

/

/ /
‘F (XY = _,\_ ( |
o ! £ () T =

Son(n) =0 1 (o)

\w(ll) = O-]




(d) f(z) = €, estimate %%,

{' (x) —=f (o) + ') Cx-a




1-4 Find the linearization L(x) of the function at a.

2. f(x) =sinx, a= /6

L (X)) =L (o) + ') Cx-a)

oL —

5. [10 pts.]  Find the linearization of the function f(z) = zlnxz at « = 1 and use it to

approximate f(1.1).

5. [10 pts.] Wehave: |L(z) = f(1)+ f'(1)(x —1) =0+ f'(1)(x — 1) |

Since f'(x) = x(1/x) + Inz = 1+ Inz and hence f'(1) = 1, we get

Thus, | f(z) =~z — 1|, when z is near 1.

Hence, | f(1.1) =~ 1.1 —1=0.1|
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3.11 Hyperbolic Functions

Definition of the Hyperbolic Functions

X =X
) e — e
sinh x =
2

e+ e
coshx = ——
2

sinh x
tanh x =
cosh x

-t

Hyperbolic Identities

N

sinh(—x) = —sinh x cosh(—x) = cosh x

cosh’x — sinh*x = 1 1 — tanh?
sinh(x + y) = sinh x cosh y + cosh x sinh y

cosh(x + y) = cosh x cosh y + sinh x sinh y

= sech’x




|- (10 pts.] Ify = zsinh(z? 4+ 1) + arctan(v/z + 1), find /.

y' =sinh(x? + 1) + 2x? cosh(x? + 1) +

1
2(x + 2)Vx + 1

2) Find A ) wWhere Y = 27(605\/\ x4+ (sec'w)
dx

s

. , 4 1
2"In2coshz + 2'simha+5 (sec 1.77) ( )
VI

r? -1

Y A
7(28 + Y s\ h ()

2C -
Y Y€ tye
-2 Xe —

xee




Q6. [10 pts.] Find an equation of the normal line to the curve: cosh(zy) = 2z + 3 at (0, 1).

we d ifE.
givx\n(xy) Ly + X\/ll =2 +3y’y'

ot (0/1) , weget

Sk Coxl)C ixl 4+ ow‘1=2+3(|)2y‘

" hormal line

eqw of normal \ine

Y-Yo =M, (-x,)

)I - | = 3 ()(—0)
2z




Sections 3.10, 3.11
Question 1. Evaluate the following limits:

(a) lim sinh(z) .

T—H00 ex

Cavw\oJC VsSe Sano(wic\/l +V€orcm own
S\ x
cosWac

. x -
p— \\m e - €
X—>. |6e”

| 6

- l-e
\ ¢
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Question 2. Differentiate the followings:
(a) Find % if z2e¥ + ysinh(z) = 4.

i 5
(b) Find 3—:;/ if y = 2% cosh(z) + [sec 1(z)]

¥ 2 Y/ /,
aj2xe +x ey +ysnhm +ycosh=0

o Y
v (x e v hcx) = —2xe -y cos ho

7/: B ZZQY-‘r ¥ cos  cx)

r
(x"e’ + b))

‘b) 2" In (2) coshix) +2 sinho

L/
+ 5Lsec (x [—
ec (0.1 \M&F?;j
/

7 o
ﬁ/ = 2  1n(2) coshex) +2 swlax
+ _GESe(_"(x)ZL/

| x| J2xc2-)
Derivatives of Inverse Trigonome tric Functions
4 (sinty) = —— 4 (esen) = ——m
7, sinTx e G T
4 cos ) 1 L o) = —5
—(cos™'x) = — — (sec”lx) =
dx V1= x? dx xy/x2—1
d » 1 d 1
4 - 2 (cot - _ _
=g o =TS I




