0 }—0J

Thamrah

Kuwait University
Calculus 1 — Derivative
(Section 3.1)

For Contact and Support:

YouTube: Precalculusq8 Twitter: Precalculusq8




Basic Derivatives Rules

d
Constant Rule: —(¢)=0
ax

Constant Multiple Rule ai[cf(x)] = cf '(x)
X

d , . .-
Power Rule: —(x") = nx*!

ax

Sum Rule %[f(x)— g(x)] = f(x)+ g'(x)
X

Difference Rule g[f(_r) —g(x)] = f(x)-g'(x)
X

Product Rule a%[f(_x‘)g(x)] = f(x)g'(x)+ g(x)f (x)

d[f(x)] gx)f(x)-f(x)g'x)

Quotient Rule: — = b
dx| g(x) | [g(x)])

Chain Rule g-f(g(x)) = f'(g(x))g'(x)
X




(1]

The Power Rule If n is a positive integer, then

1
=, (x") = nx
dx

The Constant Multiple Rule If ¢ is a constant and f is a differentiable func-
tion, then

 [ef (] = e

Derivative of the Natural Exponential Function
d

(e*) = e

dx

X

The Sum Rule If f and g are both differentiable, then

d 1
) + g)] = ——f () + —g(x)
dx Ix X

4

The Difference Rule If f and g are both differentiable, then

d
L) — 9] = - F() — gl

dx ge”




3.1 Derivatives of Polynomials and Exponential Functions

+ h) — f(x —C
f'(x) = lim fx ) — ) = lim c—<¢_ ImO0 =0
h—0 h h—0 h—0

Derivative of a Constant Function

d*» =0
,‘ﬁ(c)

@ Power Functions
We next look at the functions f(x) = x", where n is a positive integer. If n = 1, the
graph of f(x) = x is the line y = x, which has slope 1. (See Figure 2.) So




Derivative of a Constant Function

doga
AX(B) = 0

The Power Rule If n is a positive integer, then

d
e — (X" ) =nx"

1

cL o A - _Zz 7
T () = = /A,C(x =3

The Constant Multiple Rule If c is a constant and f is a differentiable func-
tion, then

il VR SERSNLRPYE
E[Cﬂ'\)] (dxf(-\)

d

o (4°) =4 3% ) =2 %"

Derivative of the Natural Exponential Function
d

E((),\) —_ ().\

d(, 2y x
—dzx@e )J=de




The Power Rule If n is a positive integer, then

d
I (.\'”) T nxn*l
dx

EXAMPLE 1
(a) If f(x) = x°, then f'(x) = 6x°. (b) If y = x'"" then y’ = 1000x°”.
dy . d . R
3 i ';’.._

) If y = t*, then — = 4¢°. d) —(r’) =
(c) If y =1t", then e t ()dr(i)

LAL\.\A.\.'.u':“ 4l ’,9].‘.2 JJLC g’.LiJ S<U J;b L@.Q\g.u."u [@B)

i\/;: 1 bl oysbd sl o) oSG Wiy Ldsada T
dx 24/x

EXAMPLE 2 Differentiate:
|
(a) flx) = - (b) y = {/x2

SOLUTION In each case we rewrite the function as a power of x.
(a) Since f(x) = x 2, we use the Power Rule with n = —2:

l g - .
Fix) (—(X‘“) = =2 = 2y

dx

2 _(2/3)-1




EXAMPLE 3 Find equations of the tangent line and normal line to the curve y = xy/x
at the point (1, 1). Illustrate by graphing the curve and these lines.

SOLUTION The derivative of f(x) = x+/x

}u(‘) _ %",(3,/3)-] = 3,V \’/-"

So the slope of the tangent line at (1, 1) is f'(1) = j Therefore an equation of the
tangent line 1s

¥~ ] =3(.r - 1)

The normal line is perpendicular to the tangent line, so its slope is the negative recipro-
3 . o) . . .
cal of 3, that is, —3. Thus an equation of the normal line is

y—1= —_%(.\' - 1)

The Constant Multiple Rule If ¢ is a constant and f is a differentiable func-
tion, then
d

d
= [ef(x)] = ¢ = (x)

EXAMPLE 4

d p g . g 5 5
(a) [—(3.\' ) =3 —(x%) = 3(4x’) = 12x°

dx dx

d 1
(b) ~—(—x) = ~—[(—1)x] = (=1) — () =

dx dx




The Sum Rule If f and g are both differentiable, then

{ , 1 A
“—[f(0) + 9] = ——f() + ~—g(x)
dx dx

dx

(f+9 =f+4g

The Difference Rule If f and g are both differentiable, then

! 1 d
L) - 9] = =) — = g(x)
dx dx

dx

EXAMPLE 5

1 ,
dc_(lf8 + 12x° — 4x* + 10x°® — 6x + 5)
x

_ 1 ! / l
—(*) + 12— (%) — 4= (x*) + 10— (x*) = 6 — (1) + —(5)
X b dx dx dx dx

= 8x’ + 12(5x*) — 4(4x*) + 10(3x%) — 6(1) + 0

= 8x7 + 60x* — 16x> + 30x> — 6




EXAMPLE 6 Find the points on the curve y = x* — 6x” + 4 where the tangent line is
horizontal.

SOLUTION Horizontal tangents occur where the derivative 1s zero. We have

dy d

de  dx

= 4x* — 12x + 0 = 4x(x* - 3)

Thus dy/dx = 0 if x = 0 or x> — 3 = 0, that is, x = +./3. So the given curve has
horizontal tangents when x = 0, J3,and —/3. The corresponding points are (0, 4),
(y’B. —5), and (—+/3, —5“). (See Figure 5.) &

(—V3,-5)

FIGURE 5
The curve y = x* — 6x* + 4 and its
horizontal tangents




B Exponential Functions

Derivative of the Natural Exponential Function

d

(e*) =e

X

EXAMPLE 8 If f(x) = e* — x, find f’ and f". Compare the graphs of f and f’.
SOLUTION Using the Difference Rule, we have

fllx) = i(e" — R)= i(e") d

) ——((x)=e"—1
dx dx dx Ly =8

In Section 2.8 we defined the second derivative as the derivative of f’, so

M) — d o G i —
f"(x) I (e”) i (1) = e




3-32 Differentiate the function.
3. f(x) =2% 5. f(x) =52x + 2.3

3) £ (x)=0 <o ayd

5) (%) -5.2

7. f() =265 =32 —4r 9. g(x) = x*(1 — 2x)

7) 'C'('E) :6{:1-6{" “LI

1) 9(x) = s 2963 ;33‘(2) _2X _ 6741

M. g(t) = 24 13 F() = >

r

2

OO = ==

D92 (-3)t




3-32 Differentiate the function.
15. R(a) = (Ba + 1)°

R(ﬂ) = qaz_‘_éa, _\_1

R (a) =

17. S(p) =p — p

A
2

5(p)=p




3-32 Differentiate the function.

| -
19. y =3e" + —

Yx

4 4

l
+ 0O = Ql'f%

3%%): &Li 7(.'

2-y |
G__'e') go rgé_) U“S-i COY\S‘FO\V\'* ).:u}_) & LJ_S)
. O S
c




33-36 Find an equation of the tangent line to the curve at the
given point.

33. y=2x"—x"+2, (1,3)

ylzgj(_Z‘Z?C

\/\(l) =) —20) =4

o, M =Y

0 equaiion of *’aw;evﬁf \\he
Y=Y = m(-x)




33-36 Find an equation of the tangent line to the curve at the
given point.

34. y =2¢* + x, (0,2)

| X
y:Zﬁ + |

( O
7(0):26 + |

® 0 ,_ :
° Y —\/l = mCxX—2X ) 6%12;:;9
\ine

Y -2 :3<x—-())

Y =3xXt2




33-36 Find an equation of the tangent line to the curve at the
given point.

2
35'y='X+_a (273)
X

— |
y:;(+-21

y‘: [+ (-l¥2x )

2

v(z) = |-

o” m:I/Z
EqQATWOMcyF'%mn?ew+ Ve -
7_71‘ =mCx -x )
N -3 = /, (x-2)
Y -3 =Y




33-36 Find an equation of the tangent line to the curve at the
given point.

(
7N

eq woTion of ‘r&mg@ﬂr Vi e
w/_\/\ = m CIXC-X,)

\{___():—_3_<7C-l)
BL/ >
\/T—/L/xﬁ-?

\/((|):




56. For what value of x does the graph of f(x) = e* — 2x have
a horizontal tangent?

Hovizontal taugent meawns

dY _ | _ “x) =0
O()L =0 / \/ & /‘G
X

Fo) =" -2x

]C/()(J — 51——2

For H.A S f oo =o

X
—> & =

. X =lu2

ALY UL X i L y s o5 15
Y:@. _2(ln2) =2 -2lnwz

. Tangent is Norizontal ot ((nz,2-22




10 pts.] Let f(z) =" — 2x.

(a) Find the point on the curve of f where the tangent line is horizontal.

(b) Using part (a) find an equation of this horizontal tangent line.

(a) Find the point on the curve of f where the tangent line is horizontal.

We have ’f’(z) =

Thus, | f'(z) =0

et — 2 ‘

when €” = 2 i.e., |x =1In2| So the given curve has horizontal tangent

when . The corresponding point is ‘ (In2,2 —21n2) ‘

(b) Using part (a) find an equation of this horizontal tangent line.

Equation of this tangent line is |y =2 —2In2|




57. Show that the curve y = 2e* + 3x + 5x° has no tangent
line with slope 2.

2
S =
Ol daas 5L a5

\\\MPOSS‘I\O\Z iy Janias X!

Zﬁer 15" = =1 has ho

Solution and no <uch fawgemf ex (st




58. Find an equation of the tangent line to the curve y = x* + 1
that 1s parallel to the line 32x — y = 15.

=

L,»32x-y=\s = y=32%x-15

v =32

2

PO\V&\\€| lines

oo- Cq \L()f\“\ov\ O’F ’k‘oxvx? ev\’& \\\/\Q

Y =Y = -2 =y -
\/:32%—/7~




@ Theorem If f is differentiable at a, then f is continuous at a.

NOTE The converse of Theorem 4 is false; that is, there are functions that are con-
tinuous but not differentiable. For instance, the function f(x) = |x| is continuous at 0
because
lim f(x) = lim x| =0=£(0)

v—0)

WCOV 10 ‘to \QC oL‘tF\éefe\ﬂJVl'a\\o\C at
L =d_, Tthen

)

) i = £ (%) "continwous
X —> o

l B '(L
z)ﬂtca) = £ («)




() x>+1 ifx<l
x:
: *+1 Tx=1

Is f differentiable at 1? Sketeh-thegraphsoffand—+'.

For £ te be differenTiable at
L=l ,tThen

) lim = ‘P(l) "continuous
A —> |

)

z)ﬂ(n = £ ()

Nm Xt =2 lim a4l =2
X—> |~ > \*

Ly =2 ) {\' < Cout on 2

(
) f ) =20 = fl)=2w) =2
£ - 1 el

(s not differentiable at X = |




72. At what numbers is the following function g differentiable?

(2% if x<0

glx) =42x—x* FO<x<2

K2—x ifx=2

The functione 2x y 21—12/ 2 — XN

Vet COV\{‘ Ox\/\CL (k“(:,e e\/GVYb/]Aefe.
But we need fochecle
ot X = 0, L

ot X =0

lim 2x =2C) =0 ,9(0)=0
X—>0"

9 2.
lim 22 - X :Z(O)—(o) = O
xX—>07

“ \im 9x) = lm g =glo) g s ot
A—D 0 X = ot o A=0

|
°t9' (o) =2  glo) Z2-2(0)=2

® - 3(0) RS co/\{' ond 9)(0) = j'(O)
- +
3()() \S CI(FGCVCVIJH&L(& ot X =0




ot AL =2
2
lim 2x-x5 =2(2)-2" =0

X—>2~
lim 2 - X =2-2 = O
xX—>97

%’ \\‘m 9(1) - \‘\y\q g()t) — 3(2) ..,a (S cont
X2 x—=>2% o A=2

°.‘3"(2) —2-2x =2-2(2) = -2
® o’ 9‘ (2) = —|

+
l

l
°. ¢ (2) (2)
+ 7 ﬁﬂ

. 9(%) (s ot dipp({r@mjmabie
aJC X =2

g is dift onllR/ 2§




f(x)={xz if x<2

mx +b if x>2

Find the values of m and b that make f differentiable
everywhere.

Let £ i dif€ L0 @=ba

= 2(2) =4

L) =x
(2,4)




Using Definition of Derivative to Evaluate a Limit

@) — tim L0~ 1@

xX—a X — d




83. Evaluate lim

x— 1

% 0sine dekinkion
DG‘de/NaAWUQ

|
fex= [im 70(7() ~ f

X —> oo X

\ooo
'(3(9(1 = ?Qo

(o000
Feyy

\ = |
‘F/Cx) — oo JC

—

—=
—

449

99

( q
g (1) = \oooll)

bl gl adiy Ja -
¢( factor) Jalsill 4ay yls adsy Ja -Y
s3al,Ll Ly b qdni JaY

absolute ) sllas ALl o8 Ja -¢
(value

squeeze theorem 44,k Ja-0
¢ adis

sinfinity I @l culll Ja -1

Lane T,k Jlaalls oin bl Ja -V
(il sk e Sie oiny ) Jal

sk cpnl Epk ¥y el L 13)
"4' ’g‘“ s I |

= \0Os

loo o




Question 4. Evaluate the following limits:

|
Pex) = 20172 % A= 2017

— |
ao‘P(\):‘lyy\ — 20l7#
A== o — \




[
-P (a) = \‘\m

W—> o0

‘P'( |6) - \‘\yn

W= 16

foo - F(a)

L — o
Fery - +@6)

AL — O

£ =T =
x =2 = P(I@:W

20— \6

o2 — \6

—
—

Z
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3.2 The Product and Quotient Rules

B The Product Rule

The Product Rule If f and g are both differentiable, then
d

dx

f(x)

{
[9(0)] + g(x) ~— [F()]
dx

EXAMPLE 1
(a) If f(x) = xe*, find f'(x).
(b) Find the nth derivative, f"(x).

SOLUTION
(a) By the Product Rule, we have
‘ d _
f'(x) = —(xe¥)

dx
d d

X G + ; A X
‘ dx (€) + e dx (x)

=xe*+e*1=(x+ 1)*
(b) Using the Product Rule a second time, we get

{
Fix) il [(x + 1)e”]

dx

d _
x+1) (e") +
dx

=(x+ 1)e*+e" -1

Further applications of the Product Rule give
f"(x) = (x+ 3)e* fUx) = (x + 4)e"

In fact, each successive differentiation adds another term e*, so

f“”(-\‘) - (". + ”)()\'




EXAMPLE 2 Differentiate the function f(r) = v/t (a + bt).

SOLUTION 1 Using the Product Rule, we have

d
dt

(Vi)

flit)y =t —[ (a + bt) + (a + bt) —
dt

/9

\/t_' b+ (a+ bt) -5t "

a+ bt a + 3bt

= b/t + == —
2./t 2./t
SOLUTION 2 If we first use the laws of exponents to rewrite f(z), then we can proceed
directly without using the Product Rule.

f(t) = av/t + bty/t = at'? + bt*?

f'(t) = Lar ' + 3bt'”

which is equivalent to the answer given in Solution 1.

EXAMPLE 3 If f(x) = +/x g(x), where g(4) = 2 and ¢'(4) = 3, find f'(4).

SOLUTION Applying the Product Rule, we get

=2 [ ] = V7 L 10 + o0 L[]

Vx g'(x) +
= Vx g'(x)




B The Quotient Rule

okl a8 anlgy e SGELET S0 g5 ‘:EQ.U Slaial K g e il g
@ﬂ_\:.jxé.cjaﬂ oY e.g_SLa;I‘_,S.u Y) okl aay aalgy

The Quotient Rule If f and g are differentiable, then

900 < LF()] = ) g0

(x* + 6)(2x + 1) — (x> + x — 2)(3x?)
(x* + 6)?

2x* + x* + 12x + 6) — (3x* + 3x* — 6x?)
(x° +6)

'+ 6x2+ 12x+ 6
(.\“ + 6)?

Table of Differentiation Formulas




EXAMPLE 5 Find an equation of the tangent line to the curve y = ¢*/(1 + x?) at
the point (1, te).

SOLUTION According to the Quotient Rule, we have

o (1 (1 )
(1 4 2*)— (") = &* — {1 4+ x°)
dx dx

(1 + x?)?

= g*2x) (1 —2x+ x7)

1\ 2

) (1 + x%)?

So the slope of the tangent line at (1, %() 1S

dy

(l.\‘ v=1

This means that the tangent line at (1, lc) is horizontal and its equation is y = Je. [See

Figure 4. Notice that the function is increasing and crosses its tangent line at (1, 5(').]




3-26 Differentiate.
3. f(x) = (Bx* — 5x)e*

Py =(6x -5)e™ + (3x*-sx) e’

e (6x-5+3x%-5x)

c—
—

— e (3¢ 4x —9)

4. g(x) = (x +2/x) e

9'(1) = (l-%?,j_x ) ex + (7(4—2&)6)(
c/(x):(H '—)eerCerz\ﬁ)ex

X

9'()() — e (| +—}f+>ﬁzﬁ)

X

X

e
(l-—e%) =

——
g




3-26 Differentiate.

= x)

22X

C

1 + 2x
3 — 4x

7. g(x) =

9 () = (0+42)(3-49x) —(=9)(1+2x%)
(B—L/x)

_ £ -dx 44+ 8x
(3 =4x)°

x2—2 X E+ 2t 9

8. G(x) = (21—“)1




3-26 Differentiate.

9. Hu) = (u — vu )(u + vu))

Hw) = W +uwe —wjw —u

Hw = -

H'(w) = 2 - |

10. J(v) = (v — 20)(v™* + v 7?)

12. f(z) = (1 — €°)(z + €7)

I Z Z
F(z2)= |-ze—2z¢e




3-26 Differentiate.




3-26 Differentiate.

3+ 3t
t2 — 4t + 3

15. y =

SOLUTION

t* — 83+ 612+ 9
(1 — 4t + 3)?

17. y=¢’(p + pvp)

SOLUTION

y =e’(1+3yp +p+pyp)

’) -
x“e”
x* + e*

23. f(x) =

xe* (x> + 2e%)
(x* + e)?

f'(x) =




27
27—30
* F.
! 3(x) and
+
N J"(x
X )

<
) 1
C
)

£
xX)
_(fx
(
3
XZ
X+
)

y &

’(:(
l
jcuu)
( -
X e
| _’C<3
_61;(2
_.‘.
( :
BXF*I)+
+ (
xz bX
_[— ay
(+K$ﬁc
X
.
23X
)

Q\k
(X))
:E’,x
(1 '+
Ex+
b
2C <
)




27-30 Find f'(x) and f"(x).

28. f(x) = \/;e"'




3-26 Differentiate.




33-34 Find equations of the tangent line and normal line to the
given curve at the specified point.

33. y = 2xe*, (0,0)

26 o (2%
2L
Y':Z@ Cl+x)
O&t (O/U)
LN (o) =2e"(Jt0) =2

YN, = m X=X =y =0 =20 -0)
. eolLkod‘iOn of T angent \ine at (0,0) 15 Y =22

o

% equmf‘\on 01& VIDVYMJ ‘{‘am&enf , —

m

Y_Yl S (x=X) = y-0-= -‘/2 (x—o0)

o o — —\
o"‘ Tan?en‘t' Ume \/::ZL ) no,/yyw\\ l[V\c 7/:_)/27(




47. If g(x) = xf(x), where f(3) = 4 and f'(3) = —2, find an
equation of the tangent line to the graph of g at the point
where x = 3.

9'(1):10(76)‘1’ DCWClCl)

g'(3) = £(3) + 34 (3)
q' 3) = 7 +3(2)
9'(3): — Z

9 (3) = 3(3)

4.9 Cg/lz)
ecl\,(ox\"\ovx 0(\— ‘\‘am?ewt “V\C
\/,\/I:M(X—X\) = V—]Z:-Z(?(—S)

.o \/ = -2 X +\¥




49. If f and g are the functions whose graphs are shown, let
u(x) = f(x)g(x) and v(x) = f(x)/g(x).
(a) Find u'(1). (b) Find v'(5).

S W) = (2) () £ (2) (-




.. . : , #—1
2. [10 pts.] Find equations of the tangent lines to the curve f(z) = o, that are parallel to
T
the line z — 2y = 2.

= . Now, any tangent line to the curve has slope = — = —, This
(z + 1)2 § g Pe=la+12 "¢

implies that = 1 or x = —3. Therefore, the equation of the first tangent lineis y—0 = —(z—1)

We have (/'/(.r) =

; . i : 1
and the equation of the second tangent line is y — 2 = 5(.1' + 3).

NE oo = 2 NEEEY
(r+\)® ¢

\ |
;'panUc\ I = Fox

/

:> 0.9 9( :l Or XZ: ’3
l

Y-\ =wmbc-2) = -0 = /(e =1)
fov(3,2) - -2 =", (%42




8. [10 pts.] Find an equation of the tangent line to the graph of the function f(z) = T +z+3
x
at © = 0.

Te®

(x+1)2
of the tangent line to the graph of the function f at x = 0 is given by y = x + 4.

We have f (z) = + 1. It is clear that f(0) =4 and f (0) = 1. Therefore, an equation

‘SLO)/ C({ULO\JVKOV\ 09 \W\L —Y_v\eul

) slope

x et

(K t1)?

—— slope

+ |

Y
o 4

v st _
0) - — FTot 3=
) O 7
(x/N) = Co/4)  — pounT y=xtf

\/ —\[| = wmOC-x) = y-4 — | (x-0) )]




=

7. [10 pts.] Find the points on the graph: y = where the tangent line is horizontal.

2+ 1

dy 1(z? +1) — z(2x) . z2

T @1 @+

We have

dy ; ;
Thus, 7 = 0 when H So the given curve has horizontal tangents when ‘1':1#1‘.

ar

The corresponding points are | (£1,+1/2) |

\) L T(M\gev‘\- \in e /‘lgvl'zom‘ﬂ/

. dy )5\
o E;LAO & Wi

X oo
dy 1—x |
= . shuall sl bl U a5l ¢, Ul
doc  (xX*+1) l-xf= o

| :xz
(Z>WC<H/ {‘('\) x = 1|




B How Can a Function Fail To Be Differentiable?

not differentiable ;<0 (sie gia

(a) A corner (b) A discontinuity (c) A vertical tangent




64. The left-hand and right-hand derivatives of f at a are
defined by
+ B} —
£ (a) = Ting fla +h) — f(a)

h—0~ h

and f'.(a) = lim fla + h) — fla)

h—0* h

if these limits exist. Then f'(a) exists if and only if these
one-sided derivatives exist and are equal.
/ (a) Find f'-(4) andf".(4) for the function

if x<0

if 0<x<4

f(x) =34

if x=4

3 — ¥

4 (b) Sketch the graph of f.
v"(c) Where is f discontinuous?
' (d) Where is f not differentiable?

&) £o(4) = —




i L) AN S, b o, AL AMSUEE LIANENA. AN
)

W10 8 8 o -4 r—— e L B

' ' ' i ' 4 ‘
-

(c) Where is f discontinuous? X = 0/ 5
(d) Where is f not differentiable? x =o ,4 ,5

corner /
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Limit Laws Suppose that ¢ 1s a constant and the limits

lim f(x) and lim g(x)

v—a x—a

exist. Then

. lim [f(x) + g(x)] = lim f(x) + lim g(x)

r—a

. lim [ f(x) — g(x)] = lim f(x) — lim g(x)

. lim [¢f(x)] = ¢ lim f(x)
- lim [f(x)g(x)] = lim f(x) - lim g(x)
lim £(x)

o SELEE Saeae —
5. lim / = — if lim g(x) # 0
v—a g(x) lim g(x) v—a

SPECIAL VALUES OF THE TRIGONOMETRIC FUNCTIONS

The following values of the trigonometric functions are
obtained from the special triangles.

0 in 0 in
degrees | radians || sin® cos@® tan@® cscf® sec® coth

0
30°
45°
60°
90°

o

0

ENE

V3
1

Ol Wy =




3.3 Derivatives of Trigonometric Functions

I — 9 (tan x) = sec?
— (COS = —SI1n — (tan — SeC"
dx X X d_x o X

Derivatives of Trigonometric Functions \Q_,Q,A
d d

— (sin x) = cos x —(csc x) = —csc x cot x
dx dx

d , d
—(cos x) = —sin x — (sec x) = sec x tan x
dx dx

d S d N
— (tan x) = sec’x —(cot x) = —cscx
dx dx

EXAMPLE 1 Differentiate y = x” sin x.

SOLUTION Using the Product Rule and Formula 4, we have

dy d (i 3 -+ d (x2)
—= 5% — (S11} X §iA X —(x”
dx dx dx

o) .
= x“cos x + 2xsin x




Table of Differentiation Formulas

0 in 0 in
degrees | radians || sin@® cosf® tan@® <cscO

sec 6

cot 6

-

0
30°
45°
60°
90°

0
V3
3
I
V3

Wy &A@ ol

SR

1

e

V3

FUNDAMENTAL TRIGONOMETRIC IDENTITIES

Reciprocal Identities

1
CSC X = =
sin x

sin x
tan x =
COS X

Pythagorean Identities

. 7 2 2 2 ) 7
s x + cos“x = 1 tan’x + 1 = secx 1 + cot°x = ¢csc°x

Even-Odd Identities

sin(—x) = —sinx cos(—x) = cos x tan(—x) = —tanx




R emar K-

PROPERTIES OF LIMITS

These properties require thatthe limit of f(x) and g(x) exist

limlcf(x)] = clim f(x)

X—=a X—=Q

lim{f(x) +gx)] = lim fx) + lim g(x)

X—=d X X—=4a

lim[f(x) g(x)] = lim f(x) lim g(x)

X—=a X—Q X=Q

A T P
7 if limglx) =0
glx.

lim . o
limg(x)  x=a
X—a

X—=a

lim[f(x)]" = [lm*f' 11]

x=a x=a




EXAMPLE 4 Find the 27th derivative of cos x.

SOLUTION The first few derivatives of f(x) = cos x are as follows:

f'(x) = —sinx

Gl . Bidall gl coan Y

el Gudil gSaa ;) Lol

f"(x) = sin x dlall gas ol & S o) gl
$ia) Lad oy I Il udil ga s

fP(x) = cos x o LEBL Jlgall Salsa oy drala
(Blesyl

f"(x) = —cos x

%) = —sinx

We see that the successive derivatives occur in a cycle of length 4 and, in particular,
f"(x) = cos x whenever n is a multiple of 4. Therefore

f(24}(.\.) = COS X
and, differentiating three more times, we have

% (x) = sin x

() (3) (12) (24)
+ () :{' (x) =% 676)_‘._‘._10 (%)

(2¢)
1£ (X) = coSa

kot Answer in seckion
(a) If f(x) = xe™, find f'(x). swe

(b) Find the nth derivative, f"(x). 3.2




1-16 Differentiate.

1. f(x) = x*sinx

?'(X): (ZDL) ( Sy ) #(CoSJQ(Xz)

2. f(x) =xcosx + 2tanx

Fox)y = | cosx 4+ (=swmx) ) +
Jsec x

LYy = cosx — s 4+ 2sec ol

5. y = sec6 tan0

= SecOtonlB tanb + SQLQ-SCLLQ

l
\/‘ — Secd ton?il 4 sec’l
y‘ - 56(6’<t0\/\281’36(15)




1-16 Differentiate. ,»»3\
9(8) W3

6. g(6) = e’(tan® — 6) [EFTIE \er Dl 100 O

¢ g
g(&) =€ tau@ - &
[N S

Z g g e
Tonl + ¢ geczé’_<ﬂ B+tel)

9'(@) ——

a a g
9'(6’) — ¢ tang —\'CQStCZQ — e f—-c

0 .
o' () =€ (tond +sec’8-6 ~ )
‘v seC 8- = tans

59 (8) = e (tand ttan’d )




1-16 Differentiate.

cott

8. f(1) =

ef

(-csc't) et _ ot t)(e)

L) =

(e%)°
‘[\‘/(t) €t<—CSLZJC — COJC>
(e?)”

‘PEJC) = <-CSLZ(J(7)— CO‘E(JE)>
@t_

/ — “( ot (t
£ [csc™e) x cot(t) ]

—
m—

t
€

Jedl Al I3 len was Iyidie Jole Llleall Lods




1-16 Difterentiate.

— (1) (2-Tonx) — (0 -sec?x)(x)
(Z—tAV\XJZ

2 —tanx - ISCQ&X

(2 - €Con)

2

sin 6
1 + cos 6

1. f(0) =

,[L/(@B — (os@ (14 (os8) — (-swmb) (snb)

2
(| + Cos @)

/ , |
_‘[ (9): CoS@ + Cos P +<in‘ 6 _cosE + |
(1+cos8)” C1+cosB)’

C o8|
/

(\+w;&)t

(1 + Cos 6)




31. (a) Use the Quotient Rule to differentiate the function

_ tanx — 1
flx) = ——
Sec X
(b) Simplify the expression for f(x) by writing it in terms
of sin x and cos x, and then find f'(x).
(c) Show that your answers to parts (a) and (b) are

equivalent.

=
P'(X) SCC?USeLx —[ﬁtcxtmud(&mﬁ )

(seex)?

7’<T——_\\\\

P'(X) sec.x)Secx —[&ccxtumx)—secxtmni]
(secx)?

2
LU(x) = Sec X — secxtan®x 4secxtonx

yA
Sec

2
(SeC A — tanx +tann)
SeC o

S@CZ)C —tomzx-é Can x

st Sectx= | ttan

/—ktoﬂzl——tﬂmgt&tamk




31. (a) Use the Quotient Rule to differentiate the function o

Flx) = tanx — 1
5eCX
(b) Simplify the expression for f(x) by writing it in terms
of sin x and cos x, and then find f'(x).
(c) Show that your answers to parts (a) and (b) are
equivalent.

SinX

3| 19) cosx

Cos)

. ‘ — COSX
SW X Cosx slnX

—

Cosx Cosx - cosx
l L

Cosx Cos)c

S\V\X — COoSXx SW\X — (oSx _ SiVI%
CoSx ( B

- CoSX

Cosx

7
f7lx) = cosx —(~sinx) = cosx +slnx

Js¥! cslles Lls) AL

1) flg o [LETanx | T e

Secx Secx Se(x

Sin X .
= Cosx + _Cosx Cosx + Sc‘o':" = COSX + Sinx
| x

—

Cosx Cosx




21-24 Find an equation of the tangent line to the curve at the
given point.

22. y=-¢e"cosx, (0,1)

1 1 \

N o= € CosA —v(—%\\/nc)@)L
( O . O

v (0) = e Coso —swmo g

Y‘(O): l — O — \

eqolion of tangent line

Y =N, = m - xy)

\/_I :l(j(,—())

.o \/:)CJ(l




33-34 For what values of x does the graph of f have a horizon-
tal tangent?

34. f(x) = e*cosx

o = efcosx +(—swma) et

X X
= € Cosx — €& S\WnwX

xX :
- ¢ (CcoSx —s\wnx)

" ‘F \(\O\S \ﬂoﬂ%evxjfa.\ to\w%an& “VLQ

j( |
o ¢ (oS —s\WnXx) = o

L :
e FO CoS ) —SM X =0
CcosX =\ 2

w\/\ﬂw :S
L/

9.0 DL — //% ’{—\Q/ﬂ\'




sec x
EXAMPLE 2 Differentiate f(x) = —="% _ For what values of x does the graph

" ; . ] + tan x
of f have a horizontal tangent?

SOLUTION The Quotient Rule gives

(1 + tanx) — (sec x) — sec x — (1 + tan x)
dx dx

Fx) = (1 + tan x)?

9,

(1 + tan x) sec x tan x — sec x * sec’x
(1 + tan x)?

3
— Secxtanl‘(SCCXfM\Z)L — SeC X

(l t towic) -

z 2
S " .- ‘tAn 7(-\—[:36(7.
sec x (tan x + tan"x — secx)

— J. tav\ZJL_SecLX:_\

(1 + tan x)°

sec x(tanx — 1)
(1 + tan x)°
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\DM

BASIC PROPERTIES
(ef () ) =c(f'(x))
(:f (x) + g(x) ) = f'(x) + g'(x)

—fcl = 0
dx

PRODUCT RULE

(Fx)g(x)) = Fx)g(x) + Fx)g(x)

QUOTIENT RULE
fxglk) - Fix)g'(x)

_(f"]

dx \g(x) [g(x)]?

POWER RULE

—(x™) = ny""
= ™) =nx

CHAIN RULE

" ( f (‘ g(.r_.l ) ] — f '(\ g \x) ) g'l\_r__]
ax v & J

COMMON DERIVATIVES

d
P
—ix) =1
dx
d
—(sinx) = cosx
dx

—(cosx) = —sinx

ax

d - -~
—(tan x) = sec” x

ax

a

—(secx ) =secxtanx
ax

d 4

— (csc.r_.! = —cscxcotx
ax

d

—ucotxl = —cscéx

ax

d

r 3 ¥ =
—(a*) = a* In(a)
dx

—fe ) = e*
dx




Section 3-9 : Chain Rule

We've taken a lot of derivatives over the course of the last few sections. However, if you look back they
have all been functions similar to the following kinds of functions.

R(z)=Vz  f(t)=¢" y =tan(x) h(w)=e"  g(x)=Inx

These are all fairly simple functions in that wherever the variable appears it is by itself. What about
functions like the following,

R(z)=+5z-38 f(t)=(2t3+cos(t))

h(w) =gV g(x) =ln(x_4 + x4)

50

y= tan(3 3x° +tan(5x))

None of our rules will work on these functions and yet some of these functions are closer to the
derivatives that we’re liable to run into than the functions in the first set.

Let’s take the first one for example. Back in the section on the definition of the derivative we actually
used the definition to compute this derivative. In that section we found that,

R(z)=—2

2\5z-8

If we were to just use the power rule on this we would get,

| B | ><
~(5z-8) 2= ——
2( ‘ ) 245z-8

which is not the derivative that we computed using the definition. It is close, but it’s not the same. So,
the power rule alone simply won’t work to get the derivative here.

Let’s keep looking at this function and note that if we define,
f(z):\/; g(z)zSz—S
then we can write the function as a composition.
R(z)=(f2g)(z)=1(g(2)) =528

and it turns out that it’s actually fairly simple to differentiate a function composition using the Chain
Rule. There are two forms of the chain rule. Here they are.

Chain Rule
Suppose that we have two functions f(x) and g(x) and they are both differentiable.

1. If we define F(x) = (fog)(x then the derivative of F(x) is,

Fx)=/(e(x) &) =

2. Ifwehave y= f(u) and u = g(x) then the derivative of y is,

dy_dy du
dx du dx




Example 1 Use the Chain Rule to differentiate R(z)=+/5z-8.

Solution
We've already identified the two functions that we needed for the composition, but let’s write them
back down anyway and take their derivatives.

g(z)=5z-8

s
2J52-8

And this is what we got using the definition of the derivative.

In general, we don’t really do all the composition stuff in using the Chain Rule. That can get a little
complicated and in fact obscures the fact that there is a quick and easy way of remembering the chain
rule that doesn’t require us to think in terms of function composition.

Let’s take the function from the previous example and rewrite it slightly.
1

R(z)= (5z-8) 2

" outside

inside function fynction

derivative of
outside function

2 — —_—
inside function derivative of
left alone inside function

In general, this is how we think of the chain rule. We identify the “inside function” and the “outside
function”. We then differentiate the outside function leaving the inside function alone and multiply all
of this by the derivative of the inside function. In its general form this is,
S (e(x)  £'(x)
S——— el —

derivative of inside function times derivative
outside function left alone of inside function




Example 2 Differentiate each of the following.
(@ f(x)= sin(3.\‘: +.\‘)

) f(1)=(2¢ +Cos(1))50
(c) 11(11:):e“.4 Iu? +9

(e) vy =sec(1-5x)
() P(t)=cos*(t)+cos(r')
Solution
(@) f(x)= :~‘.in(3x2 +.\')
It looks like the outside function is the sine and the inside function is 3x?+x. The derivative is then.
f'(x)=cos (3.\'3+.\') (6x+1)

derivative of leave inside times derivative
outside function g, o S1one  of inside function

Or with a little rewriting,
f'(x)=(6x+ l)cos(}r: + ,\')

(b) f(1)= (Zr-‘ +cos(t))3U
In this case the outside function is the exponent of 50 and the inside function is all the stuff on the

inside of the parenthesis. The derivative is then.
49

f(t)= 50(21"“ +cos (t)) (6r3 —sin(¢)

= 50(6t3 —sin(z‘))(2t3 B cos(t))49

(c) h(w)=e"""+

Identifying the outside function in the previous two was fairly simple since it really was the “outside”
function in some sense. In this case we need to be a little careful. Recall that the outside function is
the last operation that we would perform in an evaluation. In this case if we were to evaluate this
function the last operation would be the exponential. Therefore, the outside function is the
exponential function and the inside function is its exponent.

Here’s the derivative.
h'(w) o (4w3 - 6w)

3 \4—3\"“—9
= (4w - 6w)e ;

Remember, we leave the inside function alone when we differentiate the outside function. So, the
derivative of the exponential function (with the inside left alone) is just the original function.




(e) y =sec(l-5x)
In this case the outside function is the secant and the inside is the 1 —5x.
y'=sec(1-5x)tan(1-5x)(-5)
=-5sec(1-5x)tan(1-5x)

In this case the derivative of the outside function is sec (\) tan (\) However, since we leave the

inside function alone we don’t get x’s in both. Instead we get 1 —5x in both.

(f) P(t)=cos’ (t)+cos(t4)
There are two points to this problem. First, there are two terms and each will require a different
application of the chain rule. That will often be the case so don’t expect just a single chain rule when

doing these problems. Second, we need to be very careful in choosing the outside and inside function
for each term.

Recall that the first term can actually be written as,

C()s4(t):(cc>s(t))4

So, in the first term the outside function is the exponent of 4 and the inside function is the cosine. In
the second term it’s exactly the opposite. In the second term the outside function is the cosine and

the inside function is ¢*. Here’s the derivative for this function.

P'(t)=4cos*(¢)(-sin( —%m( )( )

=—4sin(1)cos’ (1) —4r’ 51n(r )

Example 3 Differentiate each of the following.
@ f(x)=[g(x)]
®) f (x) =

Solution
(a) The outside function is the exponent and the inside is g(x).

f'(x)=n [g(x) i g'(x)

(b) The outside function is the exponential function and the inside is g(\)

/(%) =g (x)e”




Example 4 Differentiate each of the following.

(b) f(z)=si

('.

(1—2)(2 )3

(d) h(t):(

() y=

2t+3j3
6~1*

(b) f(z)= sin(ze:)
cos(zez)i?—[zez]
A

cos(zez)(ez4—zez)

L oladeall o8 Jall 430




(x34—4)5

(1 —2x° )3

(c) y=

5(x° +4) (3x°)(1-2x%) —(#* +jl)5 (3)(1-2x) (~4x)
((I—sz )3)~

) (1- 2x¢) dg(3x2)(r—2xl)—(x%-+4)(3)(—4xi}

 (1-2¢?)

y' =

¢ z 2 4
) - [sat 502 — (24 - 43|

4
(L-22x%)

2 o
(v (1557 18+ 48 %)

(\ozx?)

(xg+‘/)437¢ ( 5x—57(3+\6)

((-ax®)

—

3x(x +4) (5x—6x° +16)

(1-22%)




2z+3j2 d {2”3}

6-t" ) dt| 6-t

2t+3]2 2(6-1*)—(2t+3)(-2t)
’ (6—12)2

’ 2t2+6t+12}

2 _ (6—[2)2

24. f(1) =2"

3

p’(t) — zJc \Mz)(stl)




Example 5 Differentiate each of the following.

(d) g(¢)=sin’ (e"’ + 3sin(6t))

2

) (=)= (42 +e " )10

-10

h(z) = 2(42 +e'9")
Now, let’s start the derivative.

B (z)=-20(dz+e”)

' d
dz
(4-

I (z)=-20(4z+¢”)

(4z+e )

¢”)




(d) g(z)=sin’ (e’*’ +3sin(6t))
We'll need to be a little careful with this one.

g'(t)=3sin’ (e‘*’ +3sin(6t))%sin(e" +3sin(6t))

=3sin’(e'" +3sin(6¢))cos(e" ™ +3sin(6¢ L] e’ +3sin (6t
() (60) 2 (& +35ine1)

3si (e +3sm(6t))cos(e +3sm(6t))(1'(—l)+3cos(6t)(6))

sin
( —e'" +18cos (6t )sm ( ‘+3sin 6t))cos(e'*’+3sin(6t))




CHAIN RULE

d S ’ PR
— (sinlf(x)]) = f'(x) cos[f(x)]
dx

e ok B b ' 3 Wt y
— (cos[f(x)]) = —f (x) sin[f(x) ]
dx

d

— (tan[f(x)]) = f' (x) sec?[f(x)]
ax

d r L -. - r -
—(sec[f(x)]) = f' (x)seclf (x)]tan[f(x)]
dx




3.4 The Chain Rule

Suppose you are asked to differentiate the function

F(x) = /x> + 1

The differentiation formulas you learned in the previous sections of this chapter do not
enable you to calculate F'(x).

The Chain Rule If g is differentiable at x and f is differentiable at g(x), then
the composite function F = fo g defined by F(x) = f(g(x)) is differentiable at x
and F' is given by the product

In Leibniz notation, if y = f(u) and u = g(x) are both differentiable functions,
then

dy dy du

dx du dx

The Chain Rule can be written either in the prime notation

(feo 9)'(x) = f(g(x)) - g'(x)

or, if y = f(u) and u = g(x), in Leibniz notation:

1y dy du
=L %

dx du dx

DOUBLE-ANGLE FORMULAS

Formula for sine: sin 2x = 2 sin x cos x

Formulas for cosine: cos 2x = cos’x — sin’x
=1 — 2sin’x
= 2 cos?’x — 1

2 tan x
Formula for tangent: tan 2x =

1 — tan’x




To do the chain rule:
1. Differentiate the outer function, keeping the inner
function the same.

2. Multiply this by the derivative of the inner function.

) o = (4x _3)
F(x) = 5(4yx-3)(% = 20 (9x-3)

2) g(x) =Ccos(2x)

g'(x) = -sin(2x) (2) =-2s5W(2x)

3) hex) = (s‘wu?.x)q

| 3
\’\/(7‘) - L/( 3\ Zx> ( 2cos2n)
Z(swn2x) (COSZJL)

(gm m) /




EXAMPLE 1 Find F'(x) if F(x) = +/x2 + 1.

SOLUTION 1 (using Equation 2): At the beginning of this section we expressed F as
F(x) = (f°g)(x) = f(g(x)) where f(u) = w/; and g(x) = x* + 1. Since

f'(u) = é—u . and g'(x) = 2x

we have F'(x)

X

/

2{x TVxr+
SOLUTION 2 (using Equation 3): If weletu = x> + l and y = Ju, then

: dy du I
F'(x) = = —r=i(2
du dx 2\/u




A i (1P
dx

S\vx(tk)

2 LA Tl Tliiay Lgyede s, A1) Tl Tl

dy dy du

dc T dn 4dx

cos (xH

. Ck_y = COS(XZ) -2X
dx

EXAMPLE 2 Differentiate (a) y = sin(x*) and (b) y = sin*x.

)Y = s (%)
using C\ain vule
cos (X5 - 21

. Z N Z
S\ o0 = (s o)

Using C\ain vule

2 (swW(x)) - cosk




(4] The Power Rule Combined with the Chain Rule If n is any real number
and u = g(x) is differentiable, then

d y ., du
—(u") = nu" ' —

dx dx

{
Alternatively, -(;—\ [g(x)]" = n[g(x)]"" - g'(x)

EXAMPLE 3 Differentiate y = (x* — 1)'%,

SOLUTION Taking u = g(x) = x> — 1 and n = 100 in (4), we have

1y { "
i = ;(.\_,X _ 1)I()() = ]00(\1 _ 1)9) (_ (1 _ l)
dx dx dx

= 100(x* — 1)* + 3x% = 300x%(x> — 1)*”

1
\"/x2 +x+1

EXAMPLE 4 Find f'(x) if f(x) =
SOLUTION First rewrite f: fx)=@x*+x+ 1)

' /.2 ajs @ 5o
Thus f'(x) —gl¥ + £+ 1) [— (x*+x+1)
dx

—2(x*+x+ 1)2x + 1)




EXAMPLE 5 Find the derivative of the function

SOLUTION Combining the Power Rule, Chain Rule, and Quotient Rule, we get

r—2>3d<r—2> .
7 t-2\ 2t+1-2€+Y .
t dt \2t~+ 1 —= q( 261 )' (k. (2t+))2

=2\ 2t+1)-1-20t-2) - 5 — 2)8
2t + 1 (2t + 1) 2t + 1"

EXAMPLE 6 Differentiate y = (2x + 1)°(x® — x + 1)*.

SOLUTION In this example we must use the Product Rule before using the Chain Rule:

1y .d . . d ]
e S Cx+1)P—x*—x+1D)*+&x°—x+ 1) —02x + 1)
dx dx dx

_ L d
—@x+ 154G —x+ 1P —(* —x + 1)

d
+(xP—x+1*-52x+ 1) T(Z.\‘ + 1)

= 4Q2x + 1P(x* =2 +1P3¢* = )+ 5(x* —x + 1)'(2x + 1)*-

Noticing that each term has the common factor2(2x + 1)*(x* — x + 1)1, we could
factor it out and write the answer as

ay

;= 202x + ' = x + 1(17x7 + 627 — 9x + 3)
ax




EXAMPLE 7 Differentiate y = ™",

SOLUTION Here the inner function is g(x) = sin x and the outer function is the expo-
nential function f(x) = e". So, by the Chain Rule,
(]-" (1 sin x

: y ¢ )
[_ - I_ (e.sm.\) — e.sm.\ ]_ (Sln .\_) = ¢ Ccos X
ax ax ax

More generally, the Chain Rule gives
d du

(e") = e"
dx dx

because In b 1s a constant. So we have the formula

]
L (57 = BIn b

dx

Don’t confuse Formula 5 (where x is

because In b is a constant. So we have the formula the exponent) with the Power Rule
(where x is the base):
d :

— (x") = nx"
dx

d
(5] — (") =b*Inb

dx

In particular, if b = 2, we get

(6]

4
?Ax




7-A6 Find the derivative of the function.




2. y=(2x° + 5)*

using C\nain vule

iﬂ — 4 (ngJrS)S (6x”)
I

7
Adx

3. y=tan mx

3

— 24x" (7% )

US\V\j o vule

wx) (%) = sec @)

y = sin(cot x)

Using ¢ \ain vule
— coS (cotx) (-cs¢™x) 7

- —c¢sc”© (x) cos (cot x )




Using C\nain vule

7. F(x) = (5x° + 2x°)°

3 US\V\j C\{\am yule

;‘(76 4(5% +Z?Q) (Sox*/)c)

Cl ) =4 (X (59C3+2)) b1 (sx4)

() v(

|
Clx) =4 0 - ot (50e2) (s
Cloc) = 242" Cex’r2)” (5t \)




7-46 Find the derivative of the function.

9. f(x) =+5x + 1

|
25X+

Wa‘()ﬁ) — >
2\ 5x+

£ =

' 4

Using C\nain vuld

5

£ 0 = 3JS7H—[

/s
Fix) = (sx+1)

QYx):%(Sx+U

..2/3

)_\:l-i
/3 /33

- -2
R

(S)

US\V\? \nain vule




Using C\nain vule

( 22)




11. £(0) = cos(6?)

Using C\ain vule

t'eg) = -swm(8) (28)
L8 =~ 260 s\n (87

12. g(0) = cos*0

Using C\ain vule

9'(8) =2 cos @ (-sw6)

9' () = =2 cos 0 sinE = —Sn20




15. f(t) = e“ sin bt

€

LE) = (@ o) Sidet +(cosbh)b &

( t o
£ (t) = ea@,S\\r\’\ot + Ct'/\a cos (bt)

Py R
) = € (St &' cosst)

18. g(x) = (x* + 1)°(x* + 2)°

§ 3

) d 3 £
(x) = & 2 z i z
’ (x*+0) (xfag) v - (X2 (" +1)

A x

) z /
9 (1) = 3(x+1) C2x) (x*+x2) + 6(xz+z)5(zx)(x‘+\)3
0 = 4 (i) (e2) g ’
9 — 6 (x%\) (x*+2) + 12x (xx2) (X))

| e e 2
g (1) =6x Cxtl) (o +2) [ G2 + 20 ]

| 2 (P 2
q () = 6x CX ) (ra2) LOdo +2at+2 ]

ﬂ(m:é?c Cx e\ (12*2)5&39&%4)




19. h(r) = (r + D32 — 1)

~/ 3
h'(6) = % Gl ) () Cat™l) & ..
(£+1) 2 3(26%-1) (4t

=% (o) (2851 F 126 Ghu) Cant)

z/, -(_VJ’ =1

A

-

— 2 a)) o) | sE D Ol
3

\ 12t + %,

126 - % =\8¢t
7

-

e ® e’ [2{;4 £19t7 4138
3

-1

32 (£ 1) ® e <20tz* \3 & “k)




(4 1)

2 X (x+l)?

"

Using C\nain vule

(A1)

2 X"

20 (x11) e




Us\ing Chaun Vule

X* >

Using C\ain vule

2 (WCxl) = (30F) (u’-l\

(\L.z‘\'\)z







28. f(z) = 77V

Zz A =z sy Chain vule

‘ - 2-\
F (=" — 2

‘ % < [ (2-1) — (1) (&)




29. H(r) =

2 3
H (py = 3(r2-\)(zr)(2r+\)5—[S(ZWH)‘/(U( rz-\) ]
$ .2
((2v +1))

z 3
Hny= Er(r*-\) (2v41)°— (o (ZW-H)‘/( ri-\)

{
(2v +1)

yA
(r*-1\) (zw«nq [Ev(zs)-jo(r®)) ]

(o
(2v +1)

2
(r*-1) (2r+\)q Clzr i+ €r —lort+\o1

(2v +1)

(r’-\)z [2ria €r+\ol

(2\"\'\)6




59. Find all points on the graph of the function
f(x) = 2sin x + sin’x at which the tangent line is horizontal.

Pl(X) = 2CoSX + 2s\nX CosIC

Yy = 2cosa (L4 Swnx]

Y o

o T&n?wc’k \i\/\ﬂ HOYI'ZDVH‘&(I
S =o

Lo 2cosx (Lt Sinx) =o

l \
£ (x) =0, when 2ceosx=o or |+sinx=o

2 (oSX =o l+tS\WC =o

CoS X o

iy
7L: — 4 20\
2

= 20) +\ =3
» \ -
( %chw/B)/

6 ?




60. At what point on the curve y = /1 + 2x is the tangent line
perpendicular to the line 6x + 2y = 1?

N =\ 12X

— 3=\ 4z

Jltze
>4 (42x = 3=2) =Dx=4
N =\l+zew 2>Va=3 .. (4,3)




dy dy dx dy du dx

dt  dx dr  du dx di

B dx dt B du dx dt

EXAMPLE 8 If f(x) = sin(cos(tan x)), then

f'(x) = cos(cos(tan x)) ;— cos(tan x)
dx

cos(cos(tan x))[ —sin(tan x)]| (1— (tan x)

ax

—cos(cos(tan x)) sin(tan x) sec’x

Notice that we used the Chain Rule twice.

EXAMPLE 9 Differentiate y = e**.

SOLUTION The outer function is the exponential function, the middle function is the
secant function, and the inner function is the tripling function. So we have

dy _
do

— sec3b ~n 2 (l
= ¢ sec 36 tan 360 —/ (30)
i

sec 3
= 3¢* "’ sec 30 tan 30




45. y = cos+/sin(tan 7x)

d
(cQs\I Sintantx ) = - 3\m<\l S toutx ) j—x (] sintosc )
)L ——_— N

-y
1 ( Sth (tovmx)) ,(.1_ <S\V\ (tom))
z dx

P

(S‘W\ (tawm» = cos((tanti)) (secx))ar )

_\/'L

H _ 3“\\/\\] g\v\(tmxk <2’; (S\v\ (tanﬂx))

<(_05 (t(w‘wxw ( Seclﬂ)c) Sl¢

(/><J J I s,

M sec” () cos(Banra)) sivi (Vs (hamm

2 swCtan () S




71. Let r(x) = f(g(h(x))), where h(1) = 2,9(2) = 3, h'(1) = 4,
g'(2) = 5,and f'(3) = 6. Find r'(1).

00 = £ (9 Ch) 19 (\«m)]'
N
(X)) = ﬁl(% (M) - 9'(\a(7()\'h'()<)

POy = g ) 9 (b

)= £ 9(2)) - 3‘(2) - (4)
£le3)




II. If h(z) = g(f(x)), where f(2) =3, f'(2) =4, g(3) =6, and ¢'(:

a) 12

b) 24

c) | —20| e
)

d

None of the above.

W' = 9‘ (f) - L)

h'(2) = j'(wﬁ(zﬂ @

\fl((Z) - 8‘(3)‘ 4

\/1|(2):’5)%‘/:—2_Q




65. If f and g are the functions whose graphs are shown, let

u(x) = f(g(x)), v(x) = g(f(x)), and w(x) = g(g(x)). Find
each derivative, if it exists. If it does not exist, explain why.

(@) u'(1) (b) v'(1) = ONE (¢) w'(1) T W' =-2

J ,
Leguse  Not Jiftevesble »
YN T 1 1 1 T |




The Chain Rule can be written either in the prime notation

2] (fog9)'(x) =f(g(x) - g'(x)

I. If f(x) = 5z and g(x) = 2cosz, then (f o g)’ (1) =

b) 0| ¢) 10. d) —10. e) None of the above.

G ><x) ﬁ(g@>§ﬂﬂ

dde Saae JL.A 1.%%)'-5-” U] - S U
Gia Oliie 5 ur il e el
gONJ! 8 Lasel HISe il

_6 (=2s5WMX) = —|o WL

%F%w<w):—WSMﬁ’
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3.5 Implicit Differentiation

dy

——  @wall sy (implicit Differentiation ) gieall GLEELEY 46,k andliu
4 e X e VI il gule am (15< UL

eXomples: —

2 2
— X +Y =25

— 72Xy Lswmx = fx swnx) —|

— swm(x+y)= X

d

\) 7CL£_> 2
& !

) v s 2y Y
d

S\nx  — | swmx

3)\/6 _“’1>7/€ +Y €




el BELEY] Ja T,k

EXAMPLE 1
dy

(a) If x> + y* = 25, find —.
dx

(b) Find an equation of the tangent to the circle x> + y* = 25 at the point (3, 4).

An equation of the tangent to the circle at (3, 4) is therefore

y—4= _-;l(_\- = 3) or 3x + 4y =25




so dlbys Lw ..chain rule 3.4 aSis da )b yuds Leda G el uds
..dsbk le chain ruledls Ja3 a85 0 JS

Jad T Glinad o Sl Ly by 90 YU gts U Bale 1 daadle
el By

EXAMPLE 1
dy

(@) If x* + y* = 25, find —.
dx

(b) Find an equation of the tangent to the circle x? + y? =25 at the point (3, 4).

SOLUTION 2

(b) Solving the equation x> + y* = 25 for y, we get y = +,/25 — x2. The point
(3, 4) lies on the upper semicircle y = /25 — x? and so we consider the function
f(x) = /25 — x?*. Differentiating f using the Chain Rule, we have

i) = 5128 = 27 i(25 — x?%)

dx

=525 — x3)VA(—2x) = —

x
V25 — x?

3 3

N S

and, as in Solution 1, an equation of the tangent is 3x + 4y = 25.

So

S 5o (oo Tmlall ke Lgiin, s ATl La




EXAMPLE 2
(a) Find y' if x> + y* = 6xy.
(b) Find the tangent to the folium of Descartes x>+ y? = 6xy at the point (3, 3).

SOLUTION
(a) Differentiating both sides of x* + y’ = 6xy with respect to x

3x* + 3y’*y’ = 6xy’ + 6y

2+ yy =2xy + 2y

We now solve for y':

yZyl . 2xyl 2y . x2

(y* — 2x)y' =2y — x°

2y — x*

y* — 2x

(b) When x = y = 3,
23 — 32

s,—-—_‘ :—l
Y T3 _2.3

and a glance at Figure 4 confirms that this is a reasonable value for the slope at (3, 3).
So an equation of the tangent to the folium at (3, 3) is

y=3==lx=3) o x+3=p




EXAMPLE 3 Find y' if sin(x + y) = y*cos x.

SOLUTION Differentiating implicitly with respect to x and remembering that y is a
function of x, we get

cos(x +y) - (1 +y') = y*(—sin x) + (cos x)(2yy’)

!

cos(x + y) + y*sin x = (2ycos x)y’ — cos(x + y) * y

-y sinz + cos(x + y)

y =
” 2y cos x — cos(x + y)

EXAMPLE 4 Find y” if x* + y* = 16.

SOLUTION Differentiating the equation implicitly with respect to x, we get
4x° + 4y’y’

Solving for y" gives

v (d/dx)(x?) — x* (d/dx)(y?)
(y°)

Ladly Lysas oilolie wag]

6
T?zlw‘#’ﬂ

7/(




5-20 Find dy/dx

7. x* + x*y* +y’ =5

le‘@ercmﬁaﬁre \OO*-\(\ S‘\Ckﬁg \U'\H/k Yespec
Co L

' (s)

/
L/?(;Jr <27c\/2+ Z\/\/lxz) T 37/2\/: O

‘7ZIB+ 27(7/Z—l- \/‘ ( 27627/ +3y2) = O

7( (2”1:27/+3\/Z) = -6‘13—2127/

o T et
2xi eyl 71N

X -2y

5. x> — 4xy + y* =4
T Ve




9 v o
.x+y Y

le‘@eramﬁaﬁre oot sides wih (espect
Co

2] = 14V 59140
(X+Y)"

/
2 2 z
2 2xY - X =X
X + 7/ . 7/ :ZY\/
(x+Y)

2 Z 2z ! | 2
L £2x4 =X =Xy =2Yy (A+y]

(

LA 2xy = 2yy Coey) ety

X+ 2xy =y 2y (ey) et
\/l _ 7CZ+2)L>/

e

2y (x+y)* + 2




10. xe' =x —y

I
U)€Y+ xeyy —,—l~>//

| Yy o Y
Y +xe ¥y = [—¢€

( Y 14
vV (l+xe’) =(-¢

l-ﬁ\/

|+ e

11. ycosx = x* + y*

\/I COS K Jc\/(—&'\mt) = 72x+ zyy’

y‘ CoSx —277' = 22+ Y sinXx

\/' (Cosx—2y) =2x+Ysinux

L 2 X +Ysinx
\/ T (oSX—2Y




14. e’sinx = x + xy

(- \% )
ﬁ\/7 SW + € cosoe = [ 4+ CLY) 42y

—— / Y
e N sWx -xXy = lty-¢& cosx

\/l ( €YSiV\)c — 7C) - \+7/ — C\/COI)L

| |+\/ _CY(OSDL

A

€ 'swma- X

da o3 i
4. [10 pts.] Find ]—/ by implicit differentiation: ¢Ysinxz = x + xy.
dx

d d
We have e” cosz + €” sinz2? =1 + o + .
dx dx

dy 14y —eYcosx
Therefore, we obtain — = , .
dx evysine — x







21. If £(x) + x*[ f(x)]’ = 10 and (1) = 2, find f'(1).

D‘lf‘geramtlaﬁe oot sides

) 32
£00 t (Zx [FuoT

2 z
+ 3[ LI Floyx=o0

( z 3
f o[ +2[Ffd x 2 =-2x[fxn2

—2X E\ch)ZS

|+ 3[ L3 x*?

3
‘F‘(” — 200 [+ 2
) + 3 LF)2%®

£ () =

-2 (3)
|+ 12

2
—2 L2132
| +23(2)#1°

e
—

—\¢
K




22. If g(x) + x sin g(x) = x?, find g’ (0).

9 (I S\ g R +2 Cosy) - (2= 2

3 ()( + X CoS (9()( 9 ()c —27(~S\\nj(x)

9‘(7() [ f ‘f'?CCOSCg(X))] ’:Z)L—S\Vlatx)

20 — S\n(gw)
[+ A coS (g(x))

9((2()—

W € heed 9(0) / SUbh X =Zo w man
quaﬁau

9(0) +O§\\/\5(O) =0 , .. 9(0):

2(0) —swn(ga)

Lg' (o) =
| + 0 Cos (9(0))




B Derivatives of Inverse Trigonometric Functions

Derivatives of Inverse Trigonometric Functions

_d :fl,_; d L
dx i) = J1—x2 Ix (csc™lx) = —
1 1 /

= (cos™'x) = — ¢

— s
dx J1 — x2 dx e %)

l
. (tan 'x)
dx

EXAMPLE 5 Differentiate (a) y =

sin” 'x

and (b) f(x) = x arctan+/x.
SOLUTION

1y l « B 2. _
() L o . sin"'x)~! = —(sin”'x)‘"c—(sm '¥)
dx dx dx

1
(sin”'x)*{/1 — x2




49-60 Find the derivative of the function. Simplify wher
possible.

49. y = (tan” 'x)*




51. y =sin '(2x + 1)
|
J | — (2x+1)°

A

- (2)

Y

J | —(#x"+¢x t1)

2

7/ —
\Il—ffy(z—‘f)é’l

s







54.)/==tan_'ﬂx-—\/l-+.x2)

|
RICENIFrO N

_l/z
—d1) = 1= G 4xf) (29

2
(1 +x?) l/z

4 (144 )
dx

\

2
H_(Z “ 21+ At +l+2£z)

\ e

‘ (H?()Z—Z

21"/
4+ 2 m 2 et 4 (L+x7)7®
l/z

(1+x) —x
T (24 2x - {7 ) ClEx)




55
. h
()
= Ccot
(1) +
cot
(1/
t)

h(
£)

N
£)

h' (
t)
— |

|+ ¢

h' (
£ )
4




57. y = xsin 'x + /1 — x2

”
) + 1 (1-1") (-2
2

\/(: (] C z‘m"[x)) + X ’

| -
Y = S\ X +

l

Y — S\Y\’l (X)

d
IIL. If sin~! 2 + ¥ = e, then —2
dx 1(0,1)




one of the above.

Flexg + 1 sin ($G0) % cos Gl (Fo0) =34
WN()() ‘|‘7(CO§(1£(1))'1“(Z):5762- Sin (o)

( 14+ xcos(Fao)) = 32"~ s\t
3% - swt
| + % cos(4 o)

We need £(0), SWh =0 iu mauy

Eq watign

£(0) + O\ (f) = 0 t7
."' ]C(O): g y ,.. 7ﬁl(0) _ 3(0)2‘3\“4:(0)

| +0 cos({ o))

F‘(O): O‘"S\ﬂzE

| + 0




. d
IV. If sin(z) +y® = 2?4+ 1, then -d—z o =

b)1/3.  «¢)o0. d) 1. e) None of the above.

CoOS I + 2yzy‘ - 72X

|
3y27/ = 2 X — oS X

2x — (Osx

(D) —Ccos O

20)°




I. If f(z) =sin"'(2z), then f'(z) =
1

V1 — 422
—1

v 1 — 4x? .

2

—2
(D :
) V1 —4z2

(E) None of the above.

(A)

(B)

|

J1 -’

(2)




.
II. The slope of the tangent line to the graph of 2* — 3y® = —2 at (1,1) is

(A) 1/3.
(B) —9/2.

©) [2/9] l/

(D) 3/2.

(E) None of the above.

)
ZX—QYZY = O

| Y
72X :‘[YY )
72X | 7 (1)

/ —
/_/

|
\




S\now Thoat oy prove

2
| - 4x*

=
L et Y = swlza)

ooo S\V\ 7/ — 27(

Z:\I)z—(ZX)z _ \
now we diff witw vespec to x
g‘\v\y = 2 x

(COSY} 71 = 2

) 2

. \/ = COSY
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Derivatives of Logarithmic Functions

1

d N )
~ (log, x) = ——
dx it xInb

d 9'(x)

— (logp9®) = ——
dx(ogl ) 9(x) In b

EXAMPLE 1 Differentiate y = In(x® + 1).

SOLUTION To use the Chain Rule, we let u = x* + 1. Then y = In u, so

dy dydu 1 du

dx du dx B u dx

| (3x2) = 3x?
x>+ 1 A x>+ 1




Ol Lusi L SX10g o7 INJT Golsd ansies £ Jileadl (aay o
d“ sot “‘“l |.~‘| I -

LAWS OF LOGARITHMS

Let a be a positive number, with @ # 1. Let A, B, and C be any real numbers with A > 0 and B > 0.

Law Description
1. log (AB) = log, A + log, B The logarithm of a product of numbers is the sum of the logarithms of the
numbers.

A
2. logu( B) = log,A — log, B The logarithm of a quotient of numbers is the difference of the logarithms of the
: numbers.
3. log,(A“) = Clog, A The logarithm of a power of a number is the exponent times the logarithm of the
number.

- In(ABR) = lnA 4+ B

n A) = InA-1nB

3
v AX = X \nhA

L>€x; \n XL( = ‘f\n?( / \V\XSMM :(3\V17L)\h1

PROPERTIES OF NATURAL LOGARITHMS

Property Reason
1.In1 =0 We must raise e to the power 0 to get 1.

2. Ine=1 We must raise e to the power 1 to get e.
3. Ine*=x We must raise e to the power x to get e”.

4 ¢V=x In x is the power to which e must be raised to get x.




EXAMPLE 2 Find 4 In(sin x).

dx

SOLUTION

d _ | d '
— In(sin x) = — — (sin x) =
dx sin x dx

EXAMPLE 3 Differentiate f(x) = +/In x.

SOLUTION This time the logarithm is the inner function, so the Chain Rule gives

o d
() = 3(n )" ——(Inx) = -

EXAMPLE 4 Differentiate f(x) = log;y(2 + sin x).

SOLUTION Using Formula 1 with b = 10, we have

1
fix)= (—logm(z + sin x)
dx

| d .
- —(2 + sin x)
(2 + sinx) In 10 dx

CoS X
(2 + sinx) In 10




d x+ 1

| .
dx . VX — 2

EXAMPLE 5 Find

SOLUTION 1

d x + 1 d x—+1

| -
dx N \/ % =2 ax «/x =2

SOLUTION 2 If we first simplify the given function using the laws of logarithms, then
the differentiation becomes easier:

1 x+ 1 l
¥ In }_ = ‘—[ln(.\' +1) — %ln(_\' — 2] D

dx Jx—2 dx
1 I
2\Nx—2

(This answer can be left as written, but if we used a common denominator we would
see that it gives the same answer as in Solution 1.)




EXAMPLE 6 Find £'(x) if f(x) = In|x|.
SOLUTION Since

filx)=

In x if . x >
In(—x) if x <0

it follows that

(1
X

Frix)y = 9

Thus f'(x) = 1/x for all x # 0.

The result of Example 6 1s worth remembering:

d |

(4] — In|x| = —
X

dx

Warning Although the Laws of Logarithms tell us how to compute the logarithm of a
product or a quotient, there is no corresponding rule for the logarithm of a sum or a
difference. For instance,

lOgu(,\' T Y) 7 ]Ogu X+ logu y < —

In fact, we know that the right side is equal to log,(xy). Also, don’t improperly simplify
quotients or powers of logarithms. For instance,

0g 6 ] <6> d (1 ) K31
= — anNC D0, X)° 5 X
et og{ 3 an 0g, X 0g, X

7 AN

et




2-22 Differentiate the function.

2. f(x) =xlnx — x

F'C%) - \\nx +9c(— — |
X

'O =1lnw + | =1

3. f(x) = sin(In x)

£l = cos (Inz) (— ) = cos(lnx
a X

7. f(x) = logio(1 + cos x)

£lx) = . i(HCOSI)

dx




(D) f'(z) =

d ( ) I
— (log, x) =
dx = ° xInb

(z24+1)In10
(E) None of the above.

N =leg (Xt l)

IZ (zx) = 2K

+1) nle (X %4 1) \nlo




9. g(x) = In(xe )

_ X
%C?U:W\D( +\1/)€ 1) IPAA

5(76) = \n +<—ZPC\V) 6)

9(1) = \nax — 2L

/ |
(X)) = Z
J X

11. F(¢t) = (In¢)*sin ¢

(
F(t) = 2(|mt)(?|) Swt +<(wt)ZC05JC

Flet) = 2lut st (1nt) " cost
t

ZSLnJC

\:l(f) = lnt C ‘

+ lut cost)




12
. h(
x) =
= ln(x
+
-
_ 1)

Wi
A)

W(
)

W (
X)




2y + 1)

13. G(y) = In
() \/)72 T

G—CY) — \V)(Z7/+l>§— 0 (\Jyzﬂ )

\/,L

GY) = Sln(ay+«)—la(y+1]

2

2y + |

) —I—Z \V\(YZ*\)




D (V) =

| N +7 mY
4/

Z

4(1—1/)

\ — VWV

v (1-v)%




16. y=1In|1 +¢— ¢’

#l- -3t
4+t -ttt

17. T(z) = 27 log,z

€

T|<Z> -2 n? (loc;z%)+(

Z

— )
\wi

(o

Z




19. y=1In(e™* + xe ™)

e e e M)

—x

e rae

e /,m*

e "t xe”

-xe”

i )7((\“()




-2z (a4 z°%) -ZZ(a.Z—ZZ)

&2- ZZ) (az_r?Z)




21. y = tan[In(ax + b)]

N :(S@cz R (OKXer)K)

oY

o seC [ ntazth) T
oA o

5. [10 pts.] Find v if y = In(1 + Inx).

1
1

- . _ .o —(2+Inxz)
: = . Now we use quotient rule to obtain y = o
l+Inz z(l+Inz) (z(1+Inx))”

We have y =




23-26 Find y' and y".
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B Logarithmic Differentiation

The calculation of derivatives of complicated functions involving products, quotients, or
powers can often be simplified by taking logarithms. The method used in the following
example is called logarithmic differentiation.

Sinx \noc : Llcsa.&im).la]l‘;m

=
exs L ;L Jx o Al G @l -

Lide 3u8as Uls -Y

A x?+ 1

EXAMPLE 7 Differentiate y = Gx + 27
3x -

SOLUTION We take logarithms of both sides of the equation and use the Laws of Loga-
rithms to simplify:
Iny=3Inx+3In(x*>+ 1) = 5In(3x + 2)

Differentiating implicitly with respect to x gives

Solving for dy/dx, we get

dy 3 x 15
_— \V + = —
dx "\ 4x x“+ 1 3x + 2

Because we have an explicit expression for y, we can substitute and write

dy xVJx*+ 1 ( 3 x 15 )

de  (Gx+2° \4x  x2+1 3x+2
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2 You should distinguish carefully between the Power Rule [(x")" = nx""'], where the
base is variable and the exponent is constant, and the rule for differentiating exponential
functions [(b*)" = b" In b], where the base is constant and the exponent is variable.

In general there are four cases for exponents and bases:

l“ d

T — S 5 d -
Constant base, constant exponent 1. /_ (") =0 (b and n are constants) —— 2 -0 y d)l
ax

3 z
Variable base, constant exponent »—[fO]" = n[ (0] f(x) % (ZX‘P 3) - 3(21 t3) (2)

d sinx S\nx
Constant base, variable exponent o = U Wl =p"(Inb)g'(x) = 3 = 3 lVl (3) (o5x%
dx adx

. To find (d/dx)[ f(x)]", logaritmic differentiation can be used, as in the next

Variable base, variable exponent
example.

EXAMPLE 8 Differentiate y = xV*.

SOLUTION 1 Since both the base and the exponent are variable, we use logarithmic
differentiation:
Iny = fln X

b \/\ -—+ (In x)

]
y x 2/x
] In x 2+ Inx

=y — 4 = xV —
"% s 2x o

!




[1I. The derivative of f(z) = zV*! at z = 1 is
a) 0.
b) 1.

e) None of the above.

g =

\V\\{:\mX\I?ﬂ = \V\\{:JTH\V\D(_
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3. [10 pts.] Let f(x) = (34 4x)°*". Find f'(z).

Let y = (3 + 42)°**. Then, Iny = coszIn(3 + 4x).

implicitly w.r.t. z, we get:

4
—sinz) In(3+4xr OST | ———
(—sinz) In(3+4x)+cos a 344z

Differentiating both sides

4cosx
—sinz In(3 + 4x)

Therefore, |/ = (3 + 4x)°*

1. [10 pts.] Let y = (2* 4+ 1)°5*. Use logarithmic differentiation to find = atE =0.
axr

In(z2 + 1)c082 coszIn(z® +1)|.

1. [10 pts.] Using logarithmic differentiation: | In y
2x > |

L = (—sinz)In(2? +1) + cosz < 311
x? +

Therefore, | -
dy

.) / 9 ~ .
= )} (x4 1)°*"* | This implies that "o

(—sinx) lll(.l"“, + 1)+ cosz ( =
x4+ 1

Y

Thatis, |y =




2. [10 pts.] Find an equation of the tangent line to the curve y = ™(*) at the point (1, 1).

: ; . y 1 2nE
We have Iny = In2"* = InzInz = (Inz)?. Therefore, _I. 2(Inz)— = .
Y x z

1 2Inz 2Inx
This implies that ([U ( = ) y = gne < - I) . So %‘(1-1) = 0|

ar xz I

Finally, an equation of the tangent line at the point (1,1) is givenby y — 1 = O(x — 1) =

18 == 14

dy

3. [10 pts.] Let y = (* 4+ 1)*. Find -Z o
<)

We have|Iny = 2 In(z? + 1) | Now we differentiate both sides with respect to z to obtain

y 9 2z
2 —In(z? +1 .
. nfz" + 1+ | — 7

dr

1 2% o
Therefore, we have o <ln(1‘ +1)+z ( : >) (z° +1)%|

2 +1




39-50 Use logarithmic differentiation to find the derivative of the
function.

39. y = (x* + 2)*(x* + 4)°

Wl (x +2) (7(4+4)L/]

2 2 y 1
by = ln (x+2) + (X +4)

WY = 2\n (x“+2) 44 \mcz"‘w)

x’+z w+¢

94X I(X
1% +2 X+

X N
xt+d ) /
x’ )(xz—}z)z(xqw)q
xt+4




lny = X +Z\vx(c@sx)—\m(7<z+9(+t)
= | +2 —S\WaC 2%+ |

COSx ) GBS Y

| — 2 S\nX 2%~ )
CosX y G

2

e CO0S X

(—I— 7 ton - 227‘*\ >
2 X"+ X+
2T+ X+ |




% = 1

xt+1

]

( Z——)

o+

xX — |
x4 )

/2




=/, (luon +1)

y' = 7/[ / (Inax+\) T
\/ 7 LY (eos ) L

y - \1— ( Ineo )




47. y = (cos x)*

X

\V\\/ = v (Ccosx)

Iy = 2\ Ccosx)

, ) — S\hX
v = ln (cosx) + H —=
7/ COSX

)
\/ — 7/ < lVl(COSZ)—X‘[:ovnc)

| R
\/ —(cos ) <\V\CLO§X) —Xfaw)c)




d ,
6. [10 pts.] Find S i v = /)
dx

\n 8 — \/\V\QL :}{\wy

- N -

|
\/\vm)cvl-_i-cy:IlV\)/‘I'Z—,\/\/l e
| {
lnco - X0 =lny — )
N n) \// hy ”

| A

Y (\wm~7 = lny —i(

D
Y

\ny — >

N —
/ lnx — X

!




: d
3. [10 pts.] Let y = (v/2)*™*. Find d—y
e

P L
Iny = In(y/2)™* =sinxIn\/z = 5 sinxInx|

Differentiating implicitly with respect to x gives:

/ : .
_’ | /sinz
== +coszlnzx ).
y 2 x

dy  (yx)™"® (sin T

Therefore. =t :
dx 2 T

+ cosx In 1?) .

[IL If f(z) = z%" ', them f'(1).

/

\one of the above.
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Calculus 1 — Related Rates
(Section 3.9)
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S=Surface Area = A = Area.

Rectangle
A=lw
P=2l +2w

Triangle

A= 1bh
P zatbtC

C/h: >~
_d |

A

b

Cylinder
V=marh

S:Z‘(\'V\A-\- Z'WVL

P = Perimeter = Circumference = C.

Square
A= X g
P=4x

A

X

Pyramid

RECTANGULAR SOLID

h

S=6x"
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Cu

V=

Volume =V

be

X

ength, w
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Volume: V
Surface Aren

)
Sphere
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V=3mr

A =4y’
D = 2r
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Name

Side

Length

Height

Base

Radius

Diameter

Area

Surface

Area Zw\ ?%A \M
Volume W\

Rate J s= 0

Increasing RO

Decreasing

2P\ 0

-
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Related rates pmblemi/czm be 1dentified by their

request for hinding how quickly some quantity 1s
changing when you are given how quickly another
variable 1s changing. There exist a few classic
tvpes of related rates problems with which you

should familianze yoursell.

The Falling LLadder (and other
Pythagorean Problems)

The Leaky Container

The Lamppost and the Shadow
The Change in Angle Problem

Triangle similarity theorem




STEPS:

1. As you read the problem pull out essential information &
make a diagram 1f possible.

Jsedl oo usllally LglS ldaal) S
2. Write down any known rate of change & the rate of change
you are looking for, e.g.
dV dr
dt dt

3. Be careful with signs...if the amount 1s decreasing, the rate
ol change 1s negative.

4. Pay attention to whether quantities are fixed or varying. For
example, 1f a ladder 1s 12 meters long you can just call 1t 12.
And 1f a radius 1s changing a changing rate, just call 1t  You
will plug in values for varying quantities at the end.

csllally ldaall s by (o1 sl 053 A0
6. Set up an equation involving the appropriate quantities.

7. Differentiate with respect to £ using imphicit differentiation.

8. Plug in known items (you may need to find some quantities
using geometry).

9. Solve for the item you are looking for, most often this will
be a rate of change.

10. Express yvour final answer in a full sentence with units that
answers the question asked.

4 gl go Gadlis sacls Ll iy LS (&1

_— - dolaa Luibe baf g,
c“: s JEs.

gl ¢ anall Gals ¢ (a3l de el




1. If V is the volume of a cube with edge length x and the cube
expands as time passes, find dV/dt in terms of dx/dt.

Vol ume of fhe cube

. 3
SV (0 = x

A\ z dx
oQ. — = 3 1 -
dt dt

X

2. (a) If A is the area of a circle with radius r and the circle
expands as time passes, find dA /dt in terms of dr/dt.
(b) Suppose oil spills from a ruptured tanker and spreads in
a circular pattern. If the radius of the oil spill increases at
a constant rate of 1 m/s, how fast is the area of the spill
increasing when the radius is 30 m?

L4

AV&&. cﬂL‘qu, cf/cle .=

Al dA dr
Alr) = fvvr e 2Y YV =

dt
%)j—;:\m/s J jf =o =30 m

dA _ 24T (30m) ([ m = for m’




3. Each side of a square is increasing at a rate of 6 cm/s. At what
rate 1s the area of the square increasing when the area of the
square is 16 cm*?

%PVCM}- Squawa/-——--fcm/s

dt
A=l cm®
d A

Un Known: =7/

dt

FOfMM)&- A M) =

DIfe -
dA s I

At Jt

we need X' -
:McmZ K 7‘3‘:'76l

ol em?P =X = =% cnm fiu\_)aga;\a

. A z
. i—f:Z(L/‘m)(écm/S):é‘g i/,




3.9 Related Rates

EXAMPLE 1 Air is being pumped into a spherical balloon so that its volume increases
at a rate of 100 cm?/s. How fast is the radius of the balloon increasing when the diam-
eter 18 50 cm?

. dV 5
Given: — = 100 cm/s
dt

dr
Unknown: T when r = 25 cm
dt

In order to connect dV/dt and dr/dt, we first relate V and r by the formula for the
volume of a sphere:
V= ;4;"771'3
In order to use the given information, we differentiate each side of this equation with
respect to t. To differentiate the right side, we need to use the Chain Rule:
dv — dV dr , dr

= ——=4qr- —
dt dr dt dt

Now we solve for the unknown quantity:

dr | d_V

; 4t dr

If we put r = 25 and dV/dt = 100 in this equation, we obtain

LA By -
dt — 4m(25) 257

The radius of the balloon is increasing at the rate of 1/(257) = 0.0127 cm/s.




Example 2: “The Leaky Container”

Gas 1s escaping from a spherical balloon at the rate of 2 cubic feet per minute. How fast 1s the surface area

shrinking when the radius of the balloon is 12 feet?

SOLUTION:

First, we identfyv the related rates, that is, the two values that are changing together - the change of volume

and the change ol the surface area (AV and ASA respectively) and state the formula for each:

- ' - . 4 . . - : :
I'herefore, beginning with V = ;7{7‘3 and SA = 4mr?, we take the derivative of each to obtain the change

of rate for each:

av 2 dr

) SA dr
So we have: = = 41rr )

d
. ook Sl S — 9
(1) and = 8nr 5 (2)

d(sA) r

. 3 av . " . . d
We are given Fy and we are looking for . If we knew the value of 7 then we would be done.

, - dr; y 2 v
So how do we find = 2 We look at what we are given and what we now need to know. Using
equation (1), and the facat that we are given values for the change of volume and the radius, we find that

dr 1 > b p ; ; " .
— = ——. Now, the known mformation into equation (2), we obtain
dt 288w

d(SA) _

dr 1 L5 i
” 87[7‘; = 8m(12) (E) = 3 ft/min




-
EXAMPLE 2 A ladder 10 ft long rests against a vertical wall. If the bottom of the lad-

der slides away from the wall at a rate of 1 ft/s, how fast is the top of the ladder sliding
down the wall when the bottom of the ladder is 6 ft from the wall?

wall

dy __ 5

C

10

-

ground dt

FIGURE 1 FIGURE 2

SOLUTION We first draw a diagram and label it as in Figure 1. Let x feet be the dis-
tance from the bottom of the ladder to the wall and y feet the distance from the top of
the ladder to the ground. Note that x and y are both functions of 7 (time, measured in
seconds).

We are given that dx/dt = 1 ft/s and we are asked to find dy/dt when x = 6 ft (see
Figure 2). In this problem, the relationship between x and y is given by the Pythagorean
Theorem:

x* + y* =100
Differentiating each side with respect to 7 using the Chain Rule, we have

dx dy
2x— +2y—=20
dt dt

and solving this equation for the desired rate, we obtain

dy  _xdx

dt y dt

When x = 6, the Pythagorean Theorem gives y = 8 and so, substituting these values
and dx/dt = 1, we have
dy

6 3
g~ g = g s

The fact that dy/dr is negative means that the distance from the top of the ladder to
the ground is decreasing at a rate of 3 ft/s. In other words, the top of the ladder is sliding
v 3
down the wall at a rate of 7 ft/s. i




Example 1: “The Falling Ladder”

A ladder 1s shding down along a vertical wall. If
the ladder 1s 10 meters long and the top 1s
shpping at the constant rate of 10 m/s, how fast 1s
the bottom of the ladder moving along the
ground when the bottom 1s 6 meters from the

wall?

SOLUTION:

10 meters

The relevant equation ‘;_: =7 — when x = 6 meters

here 1s the Pythagorean Theorem:

a® + b? = c? Note that the base is x and the
height is v = x? + y? = 102 is our equation.

Implicitly differentiating thas yields

2x— + 2@ = 0 Plug in all known values.

Pythagorean Theorem. Coo Y Lasd el olise
6% + y? = 102 yields y = 8. ot plasiol Lol

&yt Lad

2(6) =+ 2(8)(—10) = 0

dx 160
Hence, — = 13—111/\
dt 12




EXAMPLE 4 Car A is traveling west at 50 mi/h and car B is traveling north at
60 mi/h. Both are headed for the intersection of the two roads. At what rate are
the cars approaching each other when car A is 0.3 mi and car B is 0.4 mi from the

intersection?

SOLUTION We draw Figure 4, where C is the intersection of the roads. At a given time
t, let x be the distance from car A to C, let y be the distance from car B to C, and let z
be the distance between the cars, where x, y, and z are measured in miles.

We are given that dx/dt = —50 mi/h and dy/dt = —60 mi/h. (The derivatives are
negative because x and y are decreasing.) We are asked to find dz/dt. The equation that

FIGURE 4

relates x, y, and z is given by the Pythagorean Theorem:

. 2

2F=x" Ty

-

Differentiating each side with respect to 7, we have

dz dx dy
., &

” = 2y — —

o dt dt <y dt

dz | dx dy
s — ) ¥ — e P
dt z dt T odt

When x = 0.3 mi and y = 0.4 mi, the Pythagorean Theorem gives z = 0.5 mi, so

2 |
“ _ 1 103(=50) + 0.4(—60)]

dt 0.5
= —78 mi/h

The cars are approaching each other at a rate of 78 mi/h.




EXAMPLE 5 A man walks along a straight path at a speed of 4 ft/s. A searchlight is
located on the ground 20 ft from the path and is kept focused on the man. At what rate
is the searchlight rotating when the man is 15 ft from the point on the path closest to
the searchlight?

SOLUTION We draw Figure 5 and let x be the distance from the man to the point on the
path closest to the searchlight. We let 6 be the angle between the beam of the search-
light and the perpendicular to the path.

We are given that dx/dt = 4 ft/s and are asked to find df/dt when x = 15. The
equation that relates x and 6 can be written from Figure 5:

S P - O

\> @— tan 6 x = 20tan 0

Differentiating each side with respect to ¢, we get

dx . do
— = 20sec’ —
dt dt

do | . dx
—i=r—gaeY —
dt 20 dt FIGURE 5

= —cos’0 (4) = ? cos%6

20

When x = 15, the length of the beam is 25, so cos 6 = f and

b _L(4Y_ 16 ;g
dt  5\5 T

The searchlight is rotating at a rate of 0.128 rad /s.




. The length of a rectangle is increasing at a rate of 8 cm/s and
its width is increasing at a rate of 3 cm/s. When the length is
20 cm and the width 1s 10 cm, how fast 1s the area of the
rectangle increasing?

L
fﬁCJCamyle_ ) j_t - % Qm/y

W: Bc\m/g y L = 20 cw W = \ocm

d A
¢ 2 =71
Uunkvwww Tt &

Formula . A =Lw
Diff:-
oA b gL 9

— = =W
At dt dt
d A

——— = (Bcm/ ) (\ocm) +(200m)(30y

z




5. A cylindrical tank with radius 5 m 1s being filled with water
at a rate of 3 m’/min. How fast is the height of the water
increasing?

Wwen . C \Wuiﬂcm( yr=— Sm
y Y /

o 2q
At

QOVmuhkl—
\/:(\‘fzk :W(SM)Z\a = 25th
DikL& -

dv db
TIF_..ZSW’At

Uhlnown :

S =251




6. The radius of a sphere is increasing at a rate of 4 mm/s. How
fast 1s the volume increasing when the diameter 1s 80 mm?

dr

9\\ven: SPhere ) T = 4w/

D:Z.)/:%(Jlmm V:ﬁmm

2
AV
AN|Chown T =77

xCormudod-

3

1§00
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25400
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14. If a snowball melts so that its surface area decreases at a rate of
1 cm?/min, find the rate at which the diameter decreases when

the diameter 1s 10 cm.

)

9‘\\/6Y\ CSNOW ba ll ! Spheri cal

D:Qy':locm WY = Scm
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9. Suppose y = +/2x + 1, where x and y are functions of 7.
(a) If dx/dt = 3, find dy/dt when x = 4.
(b) If dy/dt = 5, find dx/dt when x = 12.




10. Suppose 4x> + 9y* = 36, where x and y are functions of .
(a) If dy/dt = 3, find dx/dt when x = 2 and y = %—\/5 -
(b) If dx/dt = 3, find dy /dt when x = —2 and y = /5.




1. If x> + y* + z* =9, dx/dt = 5, and dy/dt = 4, find dz/dt
when (x,y,z) = (2,2, 1).

Ditf. Loth side with /csPcd* to

dx dy d =z
2x -2~ 4+ 2y 2 22—— = O
dt ydt N dt

dx dy
2(x<f +y2L 242 O
( A€ i At)

dx dy dz
X— T VYV— 2 ) - O
( A€ A&Jrgolf)

2(5)+2(9Hu)—j§ = O

R tf——ii?

dt
42 _ 3

At




3. [10 pts.] The height of a triangle is increasing at a rate of 1 cm/min while the area of the
triangle is increasing at a rate of 2 cm?/min. At what rate is the base of the triangle changing
when the height is 10 cm and the area is 100 cm??

Let A, b and h be the area, base and height of the triangle at time ¢.

We are given that 4’ = 1 em/min and A" = 2 cm?/min. We need to find 4" when A = 100 cm®
and 4 = 10 cm.

We have | A = — (bh) . Differentiating wrt time ¢ we get: | A" = — (b'h + h'b) |.

¢ i

_2A"—Nb

Therefore, | b’ ]
]

2A
When A = 100 and h = 10 we get |b = = 2(100)/10 = 20 em |
1

2A" — Bt | |
Thus, |’ = 17” — (4 —20)/10 = —1.6 cm/min |
]

The base of the rectangle is decreasing at a rate of 1.6 cm/min.

2. [10 pts.] Two people start running from the same point P. One runs east at 6 km/h and the other

runs north at 8 km/h. How fast is the distance between the two people changing after 0.5 hour?

2. [10 pts.] At a given time £, let x be the distance from one person (the one running east) to P, let y be the

distance from the other person (the one running north) to 7, and let z be the distance between the two people,
. " l/.l‘ . l/]/
where 2, y, and z are measured in km. We are given that x' = 6 km/h and // p7) = 8 km/h.
( (

v . / dz o ; : : -
We are asked to find 2" = s The equation that relates x, y, and z is given by the Pythagorean Theorem:
(

/

Differentiating each side with respect to t, we get | 222" = 2xa’ + 2yy' | Thus, |2’ = — (22" + yy/) |

When # = 3 km and y = 4 km (after 0.5 hour), the Pythagorean Theorem gives z 5 km, so

/

—(3(6) + 4(8)) = 10 km/h |. Thus, the distance between the two people is increasing at a rate of 10 km/h.

AY

e




S N 2 : « ; 7 . )
3. [10 pts.] A rectangle has a fixed area of 24 ¢m”. The length is decreasing at
a rate of 2 em/min. At what rate the width is increasing when the length is 8

cm.
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. [10 pts.] A cylindrical tank of diameter 6 m is being filled with water at a rate of 2 m®/hr, how

fast is the water level rising?

3 o . L dl 1 dV
3. [10 pts] We have |V r<h |. This implies that = T . Therefore, % = — (T .
| mre di

Hence,

3. [10 pts.] A ladder 10 m long rests on horizontal ground and leans against a vertical wall.
If the top of the ladder is being pulled up the wall at a rate of 1 m/min, how fast is the bottom

of the ladder approaching the wall when the bottom of the ladder is 8 m away from the wall?

We have | 2% + y? = 100, so 2.1.“(1,—';' + ‘2;1,/'% = 0| |Now when z =8, we get y = 6| This implies

dx —1 d1
that i e P

- = = Z(1) = —0.75 m/min |
d x d

5. [10 pts.] The radius of a circle is decreasing at a rate of 2 cm/min.

5 . . . Ve
At what rate is the area of the circle changing when the area is 257 ¢cm*?

o o 9
The area of a circle is: | A = 7r° |. Therefore,

dA

. 2 e
—207 cm®/min |.
dt |, _s

' g ‘ 2
When A = 257 em®, » = 5 cm. Hence.

A=yt = 25w
,'.fzzzs = r=5




=

6. [10 pts.] Air is being bumped into a spherical balloon so that its volume increases at a rate

of 100 cm”/s. How fast is the radius of the balloon is increasing when the radius is 25 cm?

" . 4 . dV o dr , sdr: . .
We have V = —7r®. Therefore, we obtain — = 4mr®—. In particular, 100 = 47(25)*—. This
dt dt dt
s dr 1
implies that — = —em/s.
( 25T

S JERrNY
30. A kite 100 ft above the ground moves horizontally at a speed
of 8 ft/s. At what rate is the angle between the string and the
horizontal decreasing when 200 ft of string has been let out?

_\ |6#
,]7 'OO S\n g = 2—@/
—csC B do)_ 1 dx s
1€ | oo At
| dé __ I
Sinzl%) A_t' - | oo * g
|
| (Ae — _z_ = ﬁ = i F - 0-02 fed
’(l—)z dt \ 20 A€ oo 7 a
2 = nl,
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3.10 S (o8 A ¢ I3

I) Find the linearization

L(x) = f(a) + f'(a)(x — a)

Z) Use a linear approximation (or differentials) to estimate

W) =@ + fa)x — a

J

€X. \|o~‘\ ;X =09 0= ) i Jlsdl adl iad dile e 1)
ol saall 5555 €5 b ol @1 s

e ) X =0l oz=0 Jleall L j5Y
a ,bas el

o X! o a8 o 055
Jaas o X =48 om0 T

3) Find the differential of each function.

dy = f'(x) dx Ay = f(x + Ax) — f(x)




3.10 Linear Approximations and Differentials

is called the linear approximation or tangent line approximation of f at a. The linear
function whose graph is this tangent line, that is,

L(x) = f(a) + f'(a)(x — a)

is called the linearization of f at a.

EXAMPLE 1 Find the linearization of the function f(x) = /x + 3 ata = 1 and use it
to approximate the numbers /3.98 and 1/4.05 . Are these approximations over-
estimates or underestimates?

SOLUTION The derivative of f(x) = (x + 3)'/*is

and so we have f(1) = 2 and f'(1) = % Putting these values into Equation 2, we see
that the linearization is

Lx) =f() +f(Dx -1 =2+ 3(x— 1)
The corresponding linear approximation (1) is

(when x1s near 1)

, 7
Vi3 =+

X
4

In particular, we have




1-4 Find the linearization L(x) of the function at a.

1. fx) =x*—x*+3, a= -2

L (X)) =L (o) + () Cx-a)

oA = -2
3 yA
Lla) = £(-2) = (-2)-(-2)+3=-3 -4+3 = -9

we need to Find 1C|(7() then 1CI(~Z?

Plx) = 3x 7= 2x

Fl(~2) = 3(-2) —2(-2) =12 +4 =1{

Lix) = (-4) + Cl1¢) (x—(2)

- -9 + {fx+32
L(X) — lgx+ 23




2. f(x) =sinx, a=m/6

L (X)) = £ (o) + ') (x-a)

oL —




11-14 Find the differential of each function

—qz
ﬂ:@ (=42 )
A X

d = (-7 ) du

11. (a) y=xe ™

| _yx _4x

VAEN N +(=4) (¢ ) X
—4X - X

y‘ = € —Ux ¢




(b) y = 6%sin 20

Y (2) (430 () (1+2w))
d (1+3w)*%

Ay 2448w —3 -6
Clt3u) @

A

e
d B — |

d W Cl+3uw) ¢

— | Lo
(l+3uw) ¢

(b) y = 07 sin 20

% 10 S8 + 8% cos20) (2)

Ay :[26 (s\wzB8tE@cos (26))]<X 7




11-14 Find the differential of each function

13. (a) y = tan \/t_

I

= Se ,
- ec V¢ ) <ZJ§

SCCZ(\]?) At
2Nt

1 — v?
1 + v?




11-14 Find the differential of each function

14. (a) y = In(sin 6) (b) y=

dY B cos @

a(_é Sin B

C(Y o cot‘é’ O(@

(b) y=




15-18 (a) Find the differential dy and (b) evaluate dy for the
given values of x and dx.

x4 1

8. y= x=2, dx=0.05

x—1’

| Cx=1) — (1) (x+l)
(x-1) %




19-22 Compute Ay and dy for the given values of x and
dx = Ax.

21. y=+x—2, x=3, Ax=0.8

Ay = f(x + Ax) — f(x)

F (X +bpx) :\I 2+ X -2

fx) = Ja-2

Sub =3, nx =08  veget

/

3-2




23-28 Use a linear approximation (or differentials) to estimate
the given number.

23. (1.999)

qc (x) = £ (a) + (o) Cx-a

Let a =1.49919

L/
(1.1999) = 1§ +(32)(-0-00l)

L/
] = l({—<0-032 ) = \S.q48
\Scl“l\o
\& 74

0 0372 —
(s . 468

Co 01119




23-28 Use a linear approximation (or differentials) to estimate
the given number.

27. V!

£ (x) =) + +') (x-a]

Let X = o0\
&~ = (O




23-28 Use a linear approximation (or differentials) to estimate
the given number.

28. cos 29°

L) ~ Fea) +Flax-a)

X =29
C— o) = 2‘?0—300




\) \inm( JV\/\C\\V\ea.V aPProxiMa+iow
SW (46

L) ~ fa) + Fla)(x-a)

X =44"
(CXC— ) =48°-45° =

Fox) = Sin X , F(457) =sings® = s

|
OO = cosx ias?) conss zca

l./




2) e<timate \Jclcl-%

Py = Lcay 4 (ay (-a)
7( = C\C\g , O = \OO

(X —a) =49-.% — 00 = - . Z

w&CX) = \\ 2C y L (Joo) =J10o = [0




Use linear approximation to estimate

ln ({.0l3)

l
£ = Feay +F (a0 (x-a)
X = \.ol3 y
(X—a)=].0l3-1 = 0.-0l3

Py = lnx S fw=Wi=0

| | l
Loy = — , fa = -
X 1

o \n(lol3) = 0 + 1 (0013

oco \W(\O‘g) - OO(%




7. [10 pts.] Use linear approximation to estimate 2" + (0.1)%.

We let y = f(x) = 2e” + 2°. Also, we let a = 0 and Az = 0.1.

° ! ¢ xT ¢ a . e . s . .
It is clear that f (z) = 2e* + 2x. According to differentials or linear approximation,

we obtain f(0.1) = 2¢”! + (0.1)* = f(0) + f’(())A;I?




4. [10 pts.] Let f(z) = 32 + 4z — In(cos ).

(a) Find the linearization of f at z = 0.

(b) Estimate f(0.01).

L (X)) = £ (o) + (0 (x-a)

WCCX):BQLZ-F‘/?C —\MQCOQX)
o) = 6x + & — il

Co S

Flox) = 6 +¢ + S\

C 0 S)

Pla)y=DL (o) =3C0) +4(0) —|ncoso

= ov tawﬂ
s

- 0o t+ 0 —\lul =0
10‘(0\) =}'Co) = §(0)+ Y 44an0
= o0 +4 T o =¢
oo =04 y) (x—-0)
= 0+ Y9 = 7X
L) Poon) =y(ool) =0 oY




r—1

6. (10 pts.] Let f(z) = 53

(a) Find the linearization of f at z = 1.

(b) Use part (a) to estimate f(1.02).

Rrs (;1,'2 —3) — (2z)(x — 1) —z2 4+ 22— 3
We bavs | f (m) = (2 —=3)2 - (z2 — 3)2

-1 1
Therefore, | L(z) = 0 + T(;’lf —-1) = —5(;1:' —-1) |

~

1
Now | f(1.02) = —=(1.02 — 1) = —0.01 |
2

4. [10 pts.] Use linear approximation to estimate f(2.1), where f(z) = vaz? + 1.

f(z) = f(2) + f'(2)(z — 2) |when z is near 2.

32
2v/ 23 + 1

Thus, | f(2.1) ~ 3+ 2(2.1 — 2) = 3.2}

We have | f(2) = 3|, | f'(x)

) =2]|




5. [10 pts.] Find the linearization of the function f(z) = zlnz at @ = 1 and use it to
approximate f(1.1).

. [10 pts.] We have: |L(z)= f(1)+ f/(I)(z—=1) =0+ f/(1)(x —1)|

Since f'(z) = 2(1/z) + Inz = 1+ Inz and hence f'(1) = 1, we get | L(x

Thus, | f(x) =« — 1|, when z is near 1.

Hence, | f(1.1) =~ 1.1 —-1=0.1}

™

1 Use linear approximation to estimate f(1.05).

3. [10 pts.] Let f(z) = tan_l(:zr) —

. [10 pts.] M(.r) =~ f(D)+ /() (x-1) when x is near 1.

i T
e have | f'(z) —5—— | Since | f(1) = tan~1(1) - 4
e +

= (|and ’ F1) == 1794

therefore, | f(z) = —(xz — 1) |, when x is near 1. Thus, | f(1.05) =~ —(1.05—1) = 0.025 |,

‘ i

4. [10 pts.] Let f(z) = e cos z. Use linear approximation to estimate f(0.1).

!

4. [10 pts] We have | f (z) = e* cosx — e*sinx |. Also, we have

Therefore, | £(0.1) ~ f(0) + £ (0)(0.1 —0) =1+0.1=1.1]|
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3.11 Hyperbolic Functions

Definition of the Hyperbolic Functions

. ‘).\ = e—\ ]
sinhx = ——— csch x = —
& sinh x

e*+ e |
coshx = — sech x =
2 cosh x

sinh x cosh x
tanh x = coth x = —
cosh x sinh x

290

sinh(—x) = —sinh x cosh(—x) = cosh x

Hyperbolic Identities

cosh’x — sinh’x = 1 1 — tanh’x = sech’x
sinh(x + y) = sinh x cosh y + cosh x sinh y

cosh(x + y) = cosh x cosh y + sinh x sinh y




EXAMPLE 1 Prove (a) cosh’x — sinh’x = 1 and (b) 1 — tanh*x = sech’x.

SOLUTION

(a) cosh®x — sinh®x

(b) We start with the identity proved in part (a):

2 . 2
cosh“x — sinh“x = 1

If we divide both sides by cosh’x, we get

i sinh’x 1

. 7 _ 7
coshx coshx

1 — tanh’x = sech’x




m Derivatives of Hyperbolic Functions

d . d
1— (sinh x) = cosh x — (csch x) = —csch x coth x
dx Ix

d . d
— (cosh x) = sinh x — (sech x) = —sech x tanh x
dx dx

1 3 1 5
g, (tanh x) = sech™x B (coth x) = —csch™x
dx dx

d

— (cosh Jx )

dx




1-6 Find the numerical value of each expression.

1. (a) sinh O

S x =

oo Swan o=

(b) cosh 0




1-6 Find the numerical value of each expression.

2. (a) tanh O

W\ x

tonhx) =

Coshx

X X

S Tonhix) = ¢ -2
ex+e”

@, —

oaDtQMhO: 6—6
O — O

€ +c

o

(b) tanh 1

aa factor cusw of O

&o rainS Huli oo b
L quyie aAll Y alall

T, ol factordl wlas

(e*-1)= (ex)(e-1)=




1-6 Find the numerical value of each expression.

3. (a) cosh(In5) (b) cosh 5

cosh C(lng)

(b) cosh 5

S

5 p—
e +c

Cosh s =




1-6 Find the numerical value of each expression.

4. (a) sinh 4 (b) sinh(ln 4)

| TR
&> swnyd = € — ¢
2

Y

I
Swh¢ = & ~ -

Z

. 3
S\V\\/\L/: ¢ —|
2e”

L) sy (lny) = =
3




7-19 Prove the 1dentity.

7. sinh(—x) = —sinh x
(This shows that sinh 1s an odd function.)

— X - (-x)
e =

Stnh (=) =

_x X

=)

) = — SRW\/)()()

8. cosh(—x) = cosh x
(This shows that cosh 1s an even function.)

_¢+ - (-X) _x x
cosh-x = & 26 = € t€  _ coshw
2




7-19 Prove the identity.
9. cosh x + sinh x = ¢”

~< _ < < — X
e +e n e — €&
2 2
C — X 2 — X
e1e T+ e e
/
74 y,
_ 2¢% _— A
Z

X

10. cosh x — sinh x = e~

_ K < -~ X

el te e —e
2 2
2 - X 2L — X )
e re —etre TR

7 2




7-19 Prove the 1dentity.

11. sinh(x + y) = sinh x cosh y + cosh x sinh y

x - X N =Y . x
(S22 (e ) (e
2 2 2z

A -7
7”7 e ")

7 2

swla (X +y)




30-45 Find the derivative. Simplify where possible.

30. f(x) = e*coshx

)

C X :
@'(76):6 Cost + € Swlhx

— 61 ( coshac + S\ux)




30-45 Find the derivative. Simplify where possible.

32. g(x) = sinh’x

g'wc) — 25wmh) - cosh
. SWh20 = 28w coshoc

9’ (X) = swh2x

A 2
i x :(S\mhx)

2

33. h(x) = sinh(x?)

h' (x) = coshh (x7) - 2x
— 2% cosh ()




35
. G
(1)
= sinh(l
nt)

G (
t)
— C
O
sh (|
nt
)

G-'(
t)
— e\nt

o
(t)




30-45 Find the derivative. Simplify where possible.

37. y — ecosth

| cosh 3

Y =z e o swlh(3x) - 2

cos\w 3

yl — 3 <swmh (3 €




(o
[II. lim St 5] —

L—00 8e”
(A) oo.

1
B) -.
(B) 1

(C) 0.

1
16 |
(E) None of the above.

(D)

Cavmot USe Saw\o(WIC\/[ Jrll\goycm own

W\ x
cosWac

X

: xX -
p— \\YV) e - ¢
X—>0 |6e”




—_—

L) w
X = 0

Coslhhx — |

X




1. [10 pts.] Let f(x) = zsinh(z® —1). Find f'(1).

Answer. We have f'(z) = sinh(z* — 1) + z (22 cosh(z® — 1)).

Therefore, f'(1) = 2cosh0 = 2.

2. [10 pts.] Find the slope of the tangent line at the point (0, 0) to the curve with equation

e™ + sin(z”) = cosh(x) + .

Differentiating implicitly wrt x we get: |e™(y + xy) + 2x cos(x?) = sinh(z) + /' |.

At the point (0,0) |y = 0.

IV. The derivative of cosh? z — sinh? z is

(A) 0] ZCosm - Z_S\nw

(B) 4 cosh x sinh z.
= O

(C) —2cosh x sinh z.
(D) 2 cosh z sinh z.

(E) None of the above.




[I. The value of lim tanh x is

T—r0o0

a) does not exist.

b) 0.
c) —m.

4] 1.

e) None of the above.

A%
tonhcx) = 2%

Coshx

A -
S Tonhix) = ¢ -¢




[. If 2 =1In (

29
a) —.
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SPECIAL VALUES OF THE TRIGONOMETRIC FUNCTIONS

The following values of the trigonometric functions are
obtained from the special triangles.

0 in
degrees

0 in
radians

sinf® cos@® tan@® csch secd

cot 0

0
30°
45°
60°
90°

~
-

PO Wl &8

0

V3

3
1
V3




SIGNS OF THE TRIGONOMETRIC FUNCTIONS

Quadrant Positive Functions Negative Functions
I all none

11 sin, cScC cos, sec, tan, cot

tan, cot sin, CSc, COS, sec

| MY CoS, sec sin, csc, tan, cot

R ewmark: -

Sine

Tangent Cosine

You can remember this as “All
Students Take Calculus.”




=

What are critical numbers?

Critical numbers or critical points are values of & where the first derivative of a function is either equal
to zero or undefined. Let’s say we have & = ¢, the critical numbers of the function, f(z ), will satisfy either

of the following:
f'le)=0
f'(c) = DNE (Does Not Exist)

This means that £ = c is a critical number when a tangent line passing through * = cis either a

horizontal or vertical line.

y

f(z)

» Local Maximum
— Local Minimum

» Global Minimum

» Plateau Point

How to find critical numbers?

We can use the definition of critical numbers to determine the critical numbers — by finding the values of
where f'(a:) = 0or f’(.r) = DNE. These are some guide points to help you find a function’s critical

numbers:

e Use the derivative rules to find f'(x)'s expression.
® Find the values of  where f'(z) = 0.
* Include the values of  where f'(z) is undefined.

Only include critical numbers that are within the function’s domain. This means that values of z where f'(x)

is undefined will only count when the point is within the domain of f(z).




Horizontal Line: f'(z) = 0
Vertical Line: f'(z) = DNE

e When the tangent line at = c s vertical, f'(¢) = 0 and we have critical point at z = c.

e Similarly, when the tangent line passing through & = c is horizontal, f'(¢) is undefined and ¢ = cis
also a critical point.

Example 1 Bel58

What are the critical numbers of the function, f(z) = 2z°-8z* + 2z-1?

f(z) = 22°-8z2 + 221 DK e
L yklla e critical]!
f,(CU) — 6$2—16$ —I— 2) Since f’(a:) 1S D ﬂg\y\ CA e\/e/)lwkcn

We can only find

the critical number f’(m) — O

by flnzo

6332—]_633 f 2 — O Y L Ul ¥ gle cind

alae¥l a8

322-8x+1=0

(-8 £ /COHEM _ 4+ VI3
2(3) 3

L=

4+ 13
T

This means that f() has critical numbers at =




Example 2

What are the critical numbers of the function, g(x)

Domoin of 361) = (R /Zré/}
22(z — 4)—(a26)  22>-8x—a>+ 6
(z — 4)2 o (z—4)?
r°—8x + 6
(z — 4)2

We can find the critical numbers of g(z) by equating g'(z) to zero or by finding undefined values within its

g (z) =

domain. For ¢/(z) to be undefined, the denominator must be zero.

It may be tempting to include = 4 as one of g()’s critical numbers, but keep in mind & = 4 is not part of

g(x)’s domain. Hence, we disregard it.

g’(fr) =0
> 8 +6=0 o- : VEAME) 8% Vel

2(1)

_ Sizm — 4+ /10

This means that g(z) has critical numbers at z = 4—/10 and z = 4 + v/10.




@ Definition A critical number of a function f is a number ¢ in the domain of
f such that either f'(c) = 0 or f'(c) does not exist.

. function 1 - critical numberJ) <3 oo 13) oLl

l
O 1[\' (x) =0 salls L sl dainll 9525 -

(odemn alill gslal piny ) diyme yu2 (S0 U dhall Ciguts -Y

sunge o cilS 1) olelal] ..3;.51 o) CL\;? 2 ?AJ daadle

EXAMPLE 7 Find the critical numbers of f(x) = x*°(4 — x).

SOLUTION The Product Rule gives D O \noa\w of £(u = R

3/5 7/5 / 3 4 - ..
f./(x) _ ﬁ\_,ub(_l) + (4 _ x)(%x—-/.> — _-\_3/5 2 (5 ’/ﬁ\)
X ¢
—5x+3(4—x) 12— 8

2/5 2/5
Sx I

[The same result could be obtained by first writing f(x) = 4x*° — x*3.] Therefore
f'(x) =0if 12 — 8x = 0, that is, x = % and f'(x) does not exist when x = (). Thus the
critical numbers are % and 0. (]




29-44 Find the critical numbers of the function.

39. F(x) = x*3(x — 4)°
Twe domowm of £ is (R

| B o ‘1/5 2 4/
Foo) = Tx (x-4) +a2 20x-%)

z Y/
- =9 + 2 X !(?C—ﬁl)

o x’s

1/ Ve
21 7 (x-4) (sx )

\
5x’s

L,(,(_Wf—% |0 (X=4)  _ 4(x-9] +lox(x-4)
e

—

51\/5- 59(\/5

2(x4)L2(x=9)+5x1 _ 2(Xx-%)[2x-g+5*2
576\/5' SX\/S

2(x-4)(7x - 3)
S xvs

flio=0 when | £=DNE , Wher

2(xX-4)(Zx-%) =0 Sz'/f - O

a'-;(:g/]:%

.. X =0

_ _ _ 3




29-44 Find the critical numbers of the function.

41. f(0) = 2 cosf + sin’0

I) Domoin o +¢8) :I/R

( : .
Z) )C (B) = —=2e¢vnd@ + 2swnmBcos &

10|(6) = 2 3m& <Cos@—l)

2<swméE = O
S\wnwl = O
S, B8 =0 4+nlr

. B =nwT

cos 88—l =0O
CcCos8 = |
.8 o t2n W

\S /\‘\Vlf; C\/}J(iCa\ Nl €7




29-44 Find the critical numbers of the function.

43. f(x) = x’e™™

Dowoin of fcx)=[K

£

2) tO WD‘\V\OK ’\"’\ﬁ CVH"\CO\\ him b e7’s

W€ \OOK I\10\/ Ll:O ounck UW\a(e\C'\vxeA

N
2 oo Yo

-3
= e (2-3x) =zo

-0 /\U\f\ﬂV\ X = o

. (2-3x) =0 = Wwhen oC = &

s
°e {3‘ s defined on K y o The crivial nuwbes




Local Maximum and Minimum

Functions can have "hills and valleys": places where they reach a minimum or maximum value.

It may not be the minimum or maximum for the whole function, but locally it is.

y /

/ Local Minimum

-
v

X

We can see where they are,
but how do we define them?

Local Maximum

First we need to choose an interval:

Then we can say that a local maximum is the point where:

f(a) = f(x) for all x in the interval

In other words, there is no height greater than f(a).

Note: a should be inside the interval, not at one end or the other.




Local Minimum

Likewise, a local minimum is:

f(a) < f(x) for all x in the interval

The plural of Maximum is Maxima
The plural of Minimum is Minima

Maxima and Minima are collectively called Extrema

Clobal (or Absolute) Maximum and Minimum

The maximum or minimum over the entire function is called an "Absolute" or "Global" maximum

or minimum.

There is only one global maximum (and one global minimum) but there can be more than one local

maximum or minimum.

Global
Maximum

Global
Minimum

-00

Assuming this function continues downwards to left or right:

e The Global Maximum is about 3.7

e The Global Minimum is —=Infinity




The Closed Interval Method To find the absolute maximum and minimum values
of a continuous function f on a closed interval [a, b]:

1. Find the values of f at the critical numbers of f in (a, b).
2. Find the values of f at the endpoints of the interval.

3. The largest of the values from Steps 1 and 2 is the absolute maximum value;
the smallest of these values is the absolute minimum value.

\) Q‘MVICJ{TOH |§ CﬁVl‘l"\VlOlLS cogjﬁr)g;laﬁ:

2,) ‘(ClV\A JD\nc C/H’I-C(x\ numb ers € Domon

on a 7 f ~ -t I ol critical valuesy! <t
\oco) ‘::-'vn ? & M\ 4 \ o) domaing! ;peis agialle
‘ool aleay! Ul

3) 70 ind end Po'mJFS

o F(X) Jbs Lnse 5531 3l L

critcal numbers!

8 dll o8 yaeal Lo aas

L/) T\/l € \4{9@5*’ \/0\\\/&6 ,&d:jcc;uciﬁ:
| | e sy ol ol i
| € *‘\v\ e O.\oSolkL{'ﬂ Mo Xlinwin abs maximum

02 Lo aay

The qmallest Value R
. ot abs 9
(S the absolate WMinlnm minirLr:TJjn




Example . Determine the absolute maxim

L
and minimum of f(z) = —gzzr'j + 42 on the interval [0, 3]. Also, verify that the function

satisfies the hypothesis of the Extreme Value Theorem.

Solution:

Verification of the Extreme Value Theorem: f is continuous since it is a polynomial,
and the domain is a closed interval, so the conditions of the Extreme Value Theorem are
met. (this part gets some marks).

Now, use the Closed Interval Method:

(the discussion below gets the remaining part of the grade)
Next Step: Find the derivative:
—z2 +4

Next Step: Search for the points in the domain at which the derivative does not exist:

there are no such points.

Next Step: Search for the points in the domain at which the derivative is zero:
—?+4=0 = - r==+2 = only 2is in the domain

Next Step: According to the previous two steps, the only critical number is x = 2.

Next Step: Calculate the value of f at the the critical numbers and the endpoints and
then compare these values:
16

fQ) = —3P+4@)=-3+8==
s g e g = g

2 : i .16 . :
Therefore, f has the absolute maximum of 3 and has the absolute minimum of 0.




The Closed Interval Method To find the absolute maximum and minimum values
of a continuous function f on a closed interval [a, b]:

1. Find the values of f at the critical numbers of f in (a, b).
2. Find the values of f at the endpoints of the interval.

3. The largest of the values from Steps 1 and 2 is the absolute maximum value;
the smallest of these values is the absolute minimum value.

EXAMPLE 8 Find the absolute maximum and minimum values of the function

fla)=x°—3%"+1 —s<x<4

SOLUTION Since f is continuous on [—5' 4]. we can use the Closed Interval Method:

x> —3xt+1
3x? — 6x = 3x(x — 2)

Since f'(x) exists for all x, the only critical numbers of f occur when f’(x) = 0, that is,
x = 0 or x = 2. Notice that each of these critical numbers lies in the interval (fé— 4).
The values of f at these critical numbers are

1) =1
The values of f at the endpoints of the interval are
F=3) =5

Comparing these four numbers, we see that the absolute maximum value is f(4) = 17
and the absolute minimum value is f(2) = —3.

Note that in this example the absolute maximum occurs at an endpoint, whereas the
absolute minimum occurs at a critical number. The graph of f is sketched in Figure 15.




47-62 Find the absolute maximum and absolute minimum

values of f on the given interval.

47. f(x) =12 + 4x — x%, [0, 5]

" F s continous on Lo,5 (Po\ywOmml)

l) critical numbers

) £l =4 -2x

fleco =0 , 4-2x=0
CL2X=¢ = X =2

b) £l existe £or all x S The om\y

critical vuwmber is A = 2

2) Tlﬂe Valwcs O\c ('\' ojk ‘H'\e €,V\J~ Po\ﬁ's
= |2

£Co) =12 +4(0) _(0) =

£(5) =12 +4(5) = (9" =
‘F(Z) =2 +4(2) —(2)Z = |4

The absolute magimunm Valwe of 9/10(2) =24
The absolute mnimm  Valwe of -P/P(j) =X




Find the absolute maximum and minimum values of the function

53. f(x) = x + % 0.2, 4]

®

) 0 = - —

W) £ = DNE

‘p '(S conTinous on [O,Z/l{] (Po\y/Roi'ioml)
l) critical wumber
\

z
,when 2 =0

X = O EEO-Z»/Q‘Z
o The criticoal s o = |
2) The \/OleLCS O\c 4\' @J% ‘H’\e (’,V\(i PO;\O\A—S

I

-F(DZ): 0_2_', P =O-Z-+—'2 ;O-Z+5:5-Z
fcy) =
fery =

The absolute maXimuer Value of 1C/1a(0—2):5.z,
The absolute minimam  valwe of Pﬂa(l) =2




Find the absolute maximum and minimum values of the function

59. f(x) =x*Inx, [%, 4]

® 9

| . ‘p 'S continows ow[l//t‘f
l) critical wumber “ ]

) ) = a4

]Ql(x) =0 ) —Z\mx;I - 0O
X
L _2\ax+lzmo = -2lnx = -1

|
x=e® e, 41
\o) 101(9() - DN E )
— |
o The critical s o= €
2) The \/Mwas O\c @ &JV fhe QV\J Po"\omjrs 5:1,8

=t
whew X

\/Z

l

ﬁ(—;):(%)‘z(ln_'z_) “dinl, =dlaz =-4lnz

1{:(\]?) —;(\JI__e)'Z( \v\e‘/L

: U7 ayy Y 6,0 Lo
The absolufe m?v){mvum valwe of {3/ s,sg}?ﬁil__ :;MIA
The absolute minimem value of £ Sl




47-62 Find the absolute maximum and absolute minimum
values of f on the given interval.

62. f(x) =x — 2tan"'x, [0, 4]

£ is continous on [0/41
|> critical numbey
o F () =\ =2

\
X2+ |

— x?.+‘ - 2
p A

|
f =0

X~ =0 = x"=\ m>x=-1,x=
But X:—'g [O/‘/Z , The critical value

LS )C:\

Cl/(ﬁ(a\ nuwmber |S X

O-Ztmﬂ_‘o

4 -2 ‘an”\‘{

| —2 tan~'| = | =27
The absolute maximuwe \/o,\\:l;; of £ tula oy ¥ gl Lo
The albsolute mnimbm \/plue of £ Q'ﬁ-’ﬂ'é—'bsﬁﬁlﬁi




Find the absolute maximum and minimum values of the function

(L) = smx — cosx

£ 1s continuous on CL 27T
Prax) = cosx +swmx

flix) =o , Cosxt+SmxX =0

— — CoSIC — COSX

« |
1‘1(%) <in 2L
2

-F(%L/’U') = S\n 37(“-

The absolube maximue valwe of £ 10(3“)_
The absslufte minimem value of -{1 ﬁ(” - -




5. [10 pts.] Find the absolute maximum and the absolute minimum values, if

any, of f(x) = sin(2x) — 2x on the interval [0, 27].

10(74) 1S cOmJCivxouns on [0/ ZﬂT]

0 = cos(ax)(2) -2
= 2cos(2x) —2 = 2] ¢cosC — | 1
To Lind critical values we set £'=0
2 Lcoszx -1 =0
2 # 0 /cos(Zx)—\ =0
cos(2x) =\

22X = O
x = 0 € (0,27) 2L = 2% => X =T £(¢)0

CoThe ariticalvalee is 2 =0 and o = O
L(o) = s (2¢)) =2 (o) =0

L) = sw(2an) =2 () = O —4c = 41
F(r) = swm(2m) —2(v) = 0 =20 = —21

The absolute maximws Valwe of -P/P(o) =0
The absolufe minimam value of £ £@r) = -4T




8. [10 pts.] Find the absolute maximum and absolute minimum values of

: i
f(x) = cos® z + sinz on the interval [(), E] :

‘PCX) IS contivnous on EO/—}] (Trigonometric)

We have f'(z) = —2coszsinz + cosz = cosz(—2sinz + 1) = 0

i i
on the given interval only at = ore=75

— . ; ™ T
Therefore, the only critical numbers of f on the given interval are x = @ —. —.
. D ( 2
)
0

Now we have f(0) =1, f (%) =7 and f (g) = 1.

=
that the absolute maximum value of f is 1 and the absolute minimum value is 1.




5. [10 pts.] Find the absolute maximum and minimum values of the function f(z) = 3z — 5z

on the interval [—1, 32].

) o
We have | f (= 3—3z3 =3

Therefore, the critical numbers of f in (—1,32) are | x

Evaluating f at the end points and the critical numbers, we get:

f(=1) =2, f(32) =56, f(0) =0, and f(1) = —2|

Therefore, l the absolute maximum value of f is 56 | and \ the absolute minimum value of [ is —2 }




II. Let f(x) = 2 + 1. On the interval [—1, 1]:

(A) { 1 is the absolute minimum value of f and 2 is the absolute maximum value of f |

(B) f(0.5) is a local minimum value of f.
(C) f has no absolute extreme values.
(D) f(0.5) is a local maximum value of f.

(E) None of the above.

2 _—2x

. [10 pts.] Find the absolute maximum and absolute minimum values of f(z) = 2“¢™*" on the interval

[-1,1].

¥ 4

e We have| f(—1) =e*and f(1) = e 2|

. SN g 2 Dr o ~YBN i 2 : ~ - ~
e Since | f (z) = 2ze™ *" 4+ 2°(—2¢ ") = 22" “"(1 — 2) } the function has only one critical number in
(—1,1),thatis |z = 0| The valueof fatz =0is| f(0) =0 ‘
e Comparing f(—1), f(1)and f(0), we see that the absolute maximum value of fis| f(—1) = ¢ |and the

absolute minimum value of fis| f(0) = 0|

1
ITI. The function f defined by f(x) = — has a critical point at:
"

a)x =0. b))z = 1. c)x = -—1. d) a= 2 e) ] None of the above |.




7. [10 pts.] Find the absolute maximum and absolute minimum values of

xe * on [0, 2].

We have

, so f has one critical number x = 1.

and | f(2) = = |

' €

Now | f(0) =0, f(1) = ‘i

2
2

1 .
absolute maximum value — and absolute minimum value 0 |.
e

Thus, f has
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4kl s Lada

Rolle’s Theorem Let f be a function that satisfies the following three hypotheses:
1. f is continuous on the closed interval [a, b].

2. f is differentiable on the open interval (a, b).

3. fla) = f(b)

Then there is a number ¢ in (a, b) such that f'(c) = 0.

Ll ey Lada

The Mean Value Theorem Let f be a function that satisfies the following
hypotheses:

1. fis continuous on the closed interval [a, b].
2. f is differentiable on the open interval (a, b).
Then there is a number ¢ in (a, b) such that

i o) = L ~ 1@

b— &

or, equivalently,

2] £(b) = fl@) = f()b — a)




Remar K

Theorem The following types of functions are continuous at every number in
their domains:

» polynomials o rational functions « root functions

« trigonometric functions ¢ inverse trigonometric functions

» exponential functions o logarithmic functions

Contradict = jasls
Applicable = kil dlls
Hypothesis = oLus s
Root = dulaall Ja

or <ritical nuwbe

» To prove the function has exactly one root :

P section 2.5

l - ITVT Theorem (to show t\at o root exist)

’O’\“B\'\'O o U5

2 - R()Hﬁj +hCO fem Ox.VlJ Oufc()ue. b)/ Con*fa\tjid\'a

Q.V\A W e SU‘PPOSe 't Wad two voots

O 0»“0\10 )(F(A):‘F('\a) =0 /Fumcﬁow

Cont. £ J\QQ T hen \oy Rolles ¥hweorem T here s
number ¢ bvetween o and Vo such Jc%o.)(

\ trla s (T a8 T, (gdny il skaall
-@ (C)=C© _-_--. aluatols e Lieasd o e £« Ualaal
Sladl da (o8 gt Thg .0 cpls Ll suemy




e To prove the function at most one real solution
P Oh\\/ US'\V\? R0“€,$ \'\v\eove\m orgue and

Con‘rmdic’rion root sé &1 s sal i iy
root ,e gdble o) ST g

weladle gia plaas . aaly

@8 O IVT 4k 3ok e o]

J3YI sle siay at least root

root s

RemmrK>

@ Theorem If f is differentiable at a, then f is continuous at a.

The Intermediate Value Theorem Suppose that f is continuous on the
closed interval [a, b] and let N be any number between f(a) and f(b), where
f(a) # f(b). Then there exists a number c¢ in (a, b) such that f(c) = N.

Ja @k Sd Q 53. x*+x-3=0, (1,2
I.V.T \5

4 datall 51 SGE a3
LeE XA CE = FL 2=8 s nrs

DOW“LiV\ 0£ ‘F lS lR om:l confiawows
Fa) :(I)L{ 2 3 5 =) %O

F(2)=(2)" +2-3=15>0

Fis cont. on (1,2) Theu
\oy‘ T .V T, Twere exists a ¢ (l,2)
Such that £ty =a . € |S o Veef




5-8 Verify that the function satisfies the three hypotheses of
Rolle’s Theorem on the given interval. Then find all numbers ¢
that satisfy the conclusion of Rolle’s Theorem.

5. f(x) =2x*—4x+5, [—1,3]

Ndifferentiable si continous Jssi W ! <S4

l) 10(1) s Continuous on [-l/ﬂ (PO\\/V\omio\)

=YY
£ ‘ ~
2) £+ 0 s differentiavle on (-1, 3)

Z

3) F(-1)=2¢1) =4¢) +5 =1l
f(3) = 2<3>Z~%‘(3) TS5 = |l
BYD,@,3 , + satisfies The conditions

of Rolle’s Thesrem [-1,31

Then Yhere exists c€(-1,3) such
that (0 =0 . Flao=Hc-4 =0
SoHe=¢9  oc =) € [-1,3]




9. [10 pts.] Verify that the function f(z) = x + — satisfies the hypotheses of Rolle’s Theorem
x

on the interval {5. ‘2}. Then find all numbers ¢, if any, that satisfy the conclusion of Rolle’s

Theorem.

['he function is continuous on the interval [5. 2| since it is an algebraic function with domain

that includes this interval. Also, the function is differentiable on the interval <;,2) for the

e! . : .
same reason. Now f <—)> : ‘ — 4+ 2 = f(2). Thus, by Rolle’s Theorem there exits

~

' 1
cE ( 2> such that f (¢) = 0 which implies that 1 — — = 0. Therefore, ¢ = 1.
2

6. [5+5=10 pts.] Let f(z) = In(2? + 1).

(a) Verify that f satisfies the conditions of Rolle’s Theorem on [—1, 1.

(b) Find all ¢ € (—1, 1) that satisfy the conclusion of Rolle’s Theorem.

(a) [5 pts] The function is a composition of a polynomial and a logarithmic function with domain

all of the real numbers. Therefore, | the function is continuous on [—1, 1] and differentiable on (—1,1) |,

.). 6
iy == _,—_L T Also, we have | f(—1) =In2 = f(1) | Therefore, f satisfies the conditions
g

of Rolle’s Theorem on [—1, 1].

9.
(b) [5 pts] | f (c B 0| This gives ‘(' =0€(-1,1) l so 0 satisfies the conclusion of

Rolle’s Theorem.




9. Let f(x) =1 — x**. Show that f(—1) = f(1) but there is
no number ¢ in (—1, 1) such that f'(¢) = 0. Why does this
not contradict Rolle’s Theorem?

fx) =\ ——@7)2 € power Luncion’

Fen=1-27 = |-Cla)= o
F(1) = l‘%/z :l—(gxl_l)zr()

S - = £ )

_2
3¢ "3

Lcto

CoF s not differentiable on (=1, 1)

«ae. ROU€/5 J(\/\eovem \S \no‘(,‘ aPV\SCa\,\b\Q




EXAMPLE 2 Prove that the equation x° + x — 1 = 0 has exactly one real root.

) Lets prove it has o voot s
t) = P+ —| Tt
£ (o) :5+o—|:~a<o'm”““
fC)y =)+ 1-1=1 >0

s comton L0013 “poly Y

oond Since 1C (0) <o < f0) Fhew \QVIVT
Theve exists ¢ wm (0,1) Swch that
+ () =0 ;o cC Wt has ot leas

one yveol /MJC

Z) Let/s Prova it hos on\\/ One Voot

COVltYax(JSLJﬁom , Let/s Mavc two VCQ) Yoots
, L=b o fw=0 ,f)=0
) £ is cont an Layb l{ll’o'Y; Plog = 3x%

2)1CJS ditf . on (0\./‘9) COV\!T.
—

X = oo




3) fay = Fa =0
B\/ CD/@/@Thcn \DV Rolle's Theorew

There |S hamber ¢ \peJﬂu@en a and b

Sweh thet flvo =0

FI(C)_—_BCZ%-\ —® \mposs'\\o\e




19-20 Show that the equation has exactly one real root.

20. x° +e* =0

) prove v hag root
£ = x* + 61

FQ) = (o +e =
fC-2) =(-2) +e

" F s comtion L-2,0T “poly  exponadi
ond sice T (2 <o < F) Fhen \OVIVT
Theve exists ¢ W (2,0)  Swch that

.. C \\\' ha& O»J( [@er
\ /oﬂf

Z) Let/s Pro\/C’_ it hos on\\/ One Voot
LeJC/,s \I\Q\/C_ tuJo Vta) Yoots

far=0 , F(v) =0

() \c llS COY\{- an [0\)19 1{()9017; 'PI()L) :3Za+@7<
cont

2)+is ditt. on (o) =S

COVIt v oo dickion

X=a , X ="




3) fay = Fv) =0
B\/ (D/@/@The\n \07 Rolle's theorew

TH&WC \S \mrdm\oﬁf C ECJVWCQH @ and b

Sweh That Fl(() — O

l 2 c : .
f(¢0)=3c +e =o0 \W\[)oss\\ole

ey tmniok

9 C +Ve = Poshvc

. gC —|- 6 > O Volue
S "l
tve €2°
Since £ # O, our dssumption
(S Wrong

e

o o 66{ b\inDW \/10.3 €X&C+l>/ one Vea' (oot




19-20 Show that the equation has exactly one real root.

19. 2x + cosx =0

Yx._\;.u.«u’» ULJ..:AS J:\S.L»

fx) =22+ cosx T
Ljden Aslall 23¥ -
f(0) =200) vcoso = | 20 pramuson
L(-1) = 20-1) Fcos(-D= -Z +cos(~1) <O

S

S oE s comtion LU, 00 “pely, Trigmman
ond swmce £ <o < Fo fhen \oyIvT
Theve exists ¢ W (-1,0)  Swch that
b has ot least
\ Voot

Z) Let/s PFOV@. it hos O\n\\/ One Voot

contradiction: Let’s hove two veal rodts
X=a , Xx=% .. fw=0  f®)=0
1) £ s cont an Loyl V' £100 = 2 -5wx
2)1”5 ditf. on (o))




3) fay = Fv) =0
B\/ CD/@/@‘H\@V\ \oy Rolle's theorew

There S \mun\oef C befween a and b

Sweh That \C|(<) — 0
Fl(C) —J7-sS\wt =0 \MPOSS'\\D\Q

be canse we Kuow (< sSwx <\

S ce \C '(C) * @), s OUV dssumption
S wmm%

e

o 66{ lAJHOW \/\O.S €X&C+l>/ one Vea' foot




23. (a) Show that a polynomial of degree 3 has at most three
real roots.

Let Fop = P13+ 712+ ' X 4+ S
o s P0\7° Domoin o £ (SR

| 2
fF oo = 3P X Zgax+v
. , =R
o ]0 (X) \S COVH’WIOU-S aY\(/l O(lqclcefélflt'\o.\:lc Ve y Wheve

SuPPOSe F(?C) \(MS ICOM/ veal VooJ(y

Liline asd ags) JssT ol

P<qqrdeg
ol P(p) :F(cp =ty =fw =o
o flen = Bpxz—qux + v (Z"dpewec
10 ‘ (X) s o qwadﬁﬁ(c Ffunction and she
can have No  move than Lwe veal roots

THCKC 1S CoeraJic{'l‘on wll\'\/\ Ro“cs Thcorem/

There must be. Three wnumber m,n, K and mE(ab) ,nEGY
ke (¢, d)

| | |
.F (n) = 10 (n) = (»\ (m) =0 % The Fonction f has at most three veal voots




21. Show that the equation x> — 15x + ¢ = 0 has at most one
root in the interval [ —2, 2].

() Let/s Prova it ha on\\/ One Voot~

contradiction: Let’s have two veal rodts
X=a , X=b .. fw=0  f®)=0
) £ is conton Cab T “poly.)

e Pl = 34518

2) fis differentiable on (a,b)

3) fy = F) =0

By ©, D, @ Then by Rolle’s theovew

There (S Wwumber ¢ \peJVl/uee\a a ond b
Swnech Thet o =0
FI(C):BcZ—\s =0 = 3c¢5=1\5

c 5 (=5 0 c=tls

BuJC ‘_(:J_S_ % ["2—/22

‘ : +we veal
o.’ T\/\ﬁ ?lVCVl BquaJHOm (o\vmo‘b \nave onution




Q4. [10 pts.) Show that, if a > 0, then the equation: 23 + az — 1 = 0 has at most one real root.

Let g(z) = z° + az — 1. To show that g can not have two real roots. We use Rolle’s Theorem
and argue by contradiction. Suppose that g had two real roots ¢; and c; (where ¢; < ¢3). Then
g(c1) = g(c2) = 0 and, since g is a polynomial, it is continuous on [c;, ¢;] and differentiable
on (¢1,c2). Then, by Rolle’s Theorem, there is a number ¢ € (c;, ¢;) such that ¢’(¢) = 0. But

¢'(z) = 32% + a > 0 for all z. This gives a contradiction. Therefore, the given equation cannot
have two real solutions.

2 = : , . 1
8. [10 pts.] Verify that f(z) = 2z° + 3x + 4 satisfies the hypotheses of Rolle’s Theorem on the interval [J_). E]

Then find all numbers ¢ that satisfy the conclusion of Rolle’s Theorem.

Then find all numbers ¢ that satisfy the conclusion of Rolle’s Theorem.

‘

: . . 1 - . L1 - .
It is clear that f is continuous on [—2, 3] and differentiable on (—2, —> (f is a polynomial),

~

Also, | f(—: 6= f(1/2)|

Therefore, by Rolles’s Theorem there exists a ¢ € (2. - ) s.t. ./'l((-) =4c+3=0




The Mean Value Theorem Let f be a function that satisfies the following
hypotheses:

1. fis continuous on the closed interval [a, b].
2. f is differentiable on the open interval (a, b).
Then there is a number ¢ in (a, b) such that

(1] £(c) = f(b) — fla)

b— a

or, equivalently,

f(b) — fla) = f'(c)(b — a)

e _ £0) ~ (@

b—a

which is the same expression as on the right side of Equation 1. Since f'(c) is the slope of
the tangent line at the point (¢, f(c)), the Mean Value Theorem, in the form given by Equa-
tion 1, says that there is at least one point P(c, f(c)) on the graph where the slope of the
tangent line is the same as the slope of the secant line AB. In other words, there is a point
P where the tangent line is parallel to the secant line AB. (Imagine a line far away that
stays parallel to AB while moving toward AB until it touches the graph for the first time.)

P(c, flc))

;\‘~.

/\((1, fla)) -

B(b, f(b))

b

FIGURE 3 FIGURE 4




EXAMPLE 3 To illustrate the Mean Value Theorem with a specific function, let’s
consider f(x) = x* — x,a = 0, b = 2. Since f is a polynomial, it is continuous and
differentiable for all x, so it is certainly continuous on [0, 2] and differentiable on (0, 2).
Therefore, by the Mean Value Theorem, there is a number ¢ in (0, 2) such that

f2) = £(0) = f(c)(2 - 0)

Now f(2) = 6, f(0) = 0, and f’(x) = 3x*> — 1, so this equation becomes

which gives ¢2 = %, that is, ¢ = *£2/+/3. But ¢ must lie in (0, 2), so ¢ = 2//3.
o 3

EXAMPLE 5 Suppose that f(0) = —3 and f'(x) < 5 for all values of x. How large can
f(2) possibly be?

SOLUTION We are given that f is differentiable (and therefore continuous) everywhere.
In particular, we can apply the Mean Value Theorem on the interval [0, 2]. There exists
a number ¢ such that

f(2) = f(0) =f'(c)(2 — 0)
S0 f(2) =f(0) + 2f'(c) = —

We are given that f'(x) =< 5 for all x, so in particular we know that f'(¢) =< 5. Multiply-
ing both sides of this inequality by 2, we have 2f'(c) = 10, so

f2)=-3+2f(c)=s-3+10=7

The largest possible value for f(2) is 7.




11-14 Verify that the function satisfies the hypotheses of the
Mean Value Theorem on the given interval. Then find all num-
bers ¢ that satisfy the conclusion of the Mean Value Theorem.

11. f(x) =2x*—3x+ 1, [O0,2]

Domawn of fcx2 15 R 4 Po\Ynomio\\“
) F0 is Continvous on L0,21

Phx) =Yg =3
) £n 1 Jitterentiable on (0,2)

\3\/ /V\\/T/ There exists ot leosT

c € Co,2) such That flo = f@-f0

.l -0

Py = e -2
fo=2"-302) +1=3
Lo)=200"=300) +1 = |
HJe-3 = 2= —Yc-3=|

2 —0O

> Yec=¢ = c=|1 E£Lo;2.1




17. Let f(x) = (x — 3) % Show that there is no value of ¢
in (1, 4) such that f(4) — f(1) = f'(c)(4 — 1). Why does
this not contradict the Mean Value Theorem?

\

Fox) = (x=3)" = .
(x—3)

£(¢) | - £ =

(-3 !

U0 = —2(2-3)" =

Pey)y—£(1) = 1 -—
fw) -f0) =f@ (¢-1)

2
2 — ¢ L3 = 3(c=23)
61 (c-3)

3
(c=3) =-8 = c-3=-2=>c=| ¢(4)

‘F(?C) — / — Dowmaw of § (x)
(Z-3)
(S I/R /{ 35 / 10 s not Continuous on3

3 E (\/ 4) MV T (s et o\PP\\caHe




25. If f(1) = 10 and f'(x) = 2 for 1 =< x < 4, how small can
f(4) possibly be?

We have 101(7022 For ISQCS‘/
o 16(7C) 1S J'\Ppewemtio\ale on ( \/L/)
o £00 s differeatioble S a

'S (ontinuous on EI/Q/] € Theovem "

By /"\VT/ there efists of leost

c € CL,4) such That foo = £y -fy
4|

Pl = F“"B"O > 1 = fwy—lezb

£4) =16
10(‘/) con be ot least \({




26. Suppose that 3 < f'(x) < 5 for all values of x. Show that
18 <f(/) — f(2) = 30.

We Wwave 3<ECOSS

For \8§Q(§)‘\C(2)SZO

S P X)) s didferentiovle on (Z,8)
o £00 s differentioble o t

s continous own [2,%7] “Theovem

. B}/ /V\\/T/ There ﬁx"\g%s ot leosT

c € (2,3) such Thalt fio = F;w-im

WCI(C) = £ - f@2) 3$F'CX)S5
§

3 < P(Z){-Pw <sS

12 < £8) -f@) <Ro




=
27. Does there exist a function f such that f(0) = —1, f(2) = 4,
and f'(x) =< 2 for all x?

We wave 00 <2

o { (X) 1S J\“pycefeh\’ia\o\c ov (O/Z)
o F00 s differeatioble L F

s conTinous on [0,27] “Theorem”

o By /V\\/T/ There eXists of leost

c € (0,2) such That fo = f2)-fco)

2 -0

|
£ () = 4 -l - ? Co,2)
2 —O 2

- Ploo <

G2 <2 Which is wrong
Re cause 2 Q% . £ does wot ex\sy




4. [10 pts.] Verify that f(z) = V4 — 22 satisfies the hypotheses of the Mean Value Theorem on
the interval [—2, 0]. Then, find all numbers ¢ that satisfy the conclusion of the Theorem.

4. [10 pts.] f is continuous on its domain [—2,2]. Thus, it is continuous on [-2,0] C [-2,
_.I'

Moreover, | f'(z) = and hence f is differentiable on (—2.0).

Applying MVT, there exists at least ¢ € (—2,0) such that

—C
/4 — 2

Solving the equation ¢* = 4 — ¢?, we get ¢ = +v'2. Recalling that ¢ € (—2,0

=l=—c=V4-d=c?=4-c?withce (-2

is the only real number that satisfy the conclusion of MVT.

PROPERTIES OF ABSOLUTE VALUE INEQUALITIES

Inequality Equivalent form Graph

1. | x| <e < x<e

D) x| =c S o =l

3. x| =& X== —¢' ot lcis=x

4. | x| =c XS —=C

“o poll
5. [10 pts.] leen a function f(z) such that f(6) = 5 and f'(z) < —5 for all z € [6, 10]. How
large can ﬂﬂb possibly be? -

We are given that f'(z) < —5 for all 6 < = < 10, so certainly f is continuous on [6, 10] and
differentiable on (6, 10). Therefore, using the MVT on [6, 10], there exists a number ¢ € (6, 10)
such that f(10) — f(6) = (10 — 6) f'(c) i.e., | f(10) = f(6) +4f'(c) =5+ 4f'(c)|.
Now since f'(c) < —5,| f(10) =5 +4f'(c) < 5+ 4(=5) = —15|
Hence the largest possible value of f(10) is —15.




31. Use the Mean Value Theorem to prove the inequality

|sina — sinb| < |a — b for all @ and b

Dowoaiy ol

We \ove £ =3s\wxX iR
flcx) = cosx

T 1S conTinous every where “Trigonometric”

P'C}() ES AiFPerentm\o\e everyuhere

o B}/ /V\\/T/ There exists ot leosT

c € (o, b) such that flo = T&-fa

b — os

CosCC) = Sinb — Sina Gxs YN AN LA S
v —a

ORS ICo;clS\
, We Ko w

| cos C | p— ‘
DO — A

. } cwmb - sina

<

S siwbosina | < | b-al




|

Let o = v x € R

3+ 2"

oond £ (1) =0 y Show That

o< fo) <
X 5

Using MVT -

\ ) |
Sthee 417 = exists

42N

ARSI diff own (1,2)
1C 'S Cconl own [(/L-} [(”Hl\cof(i\m?
T\!\U\ \o\/ /V\\/T *‘hcrc s wuwmber ce(\,2)
Such that %)|(() _ {(2*"F(U _ fay- o
2 - | [
v

)
-t ceq o keca
3t+2c” /

1< <Y =22<2¢°< 8§ = 5<3+2¢< 0\
|

/4

)




Dse MVT to show Hhat for x>0
ton ' <X

L e t @ (X) =Tan_ | X R
Lylas
|

Flon = —
X Tt

[O/?Cl .
Fx) 1s continous/ and diffeventioble on (0,%)

immscT Vi(afOV\OMC‘{' ric {: UV\L+(Om)

S By MVT ) Fhere exists ot leost
c € Co,) such That flo = fw =Ko

X

ta\V\-ID( — 0

Lon ' x X




